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m e n t ( i  =  0 ,  m  =  1, n  =  1) .  S o l i d  l i n e  d e n o te s  
th e  t h i r d  te r m  a p p r o x im a t i o n ,  o p e n  c i r c l e s ,  
t h e  f i r s t  te r m  a p p r o x im a t i o n ,  a n d  t r i a n g l e s ,  
t h e  s e c o n d  te r m  a p p r o x im a t io n . 168
3 . 3 . 7 S e l f - s i m i l a r  h a l f - t h i c k n e s s  d i s t r i b u t i o n  o f  
r a d i a l  v i s c o u s  s u b m e rg e d  d e n s i t y  s p re a d  l a y e r  
d u e  t o  a c o n s t a n t  r a t e  o f  d is c h a r g e  i n t o  a 
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  
( i  =  1, m  =  1, n  =  1) .  S o l i d  l i n e  d e n o te s  th e  
t h i r d  te r m  a p p r o x im a t io n ,  o p e n  c i r c l e s ,  t h e  
f i r s t  te r m  a p p r o x im a t i o n ,  a n d  t r i a n g l e s ,  
th e  s e c o n d  te r m  a p p r o x im a t io n . 169
3 . 4 . 1 ( a ) F lo w  r e g im e s  o f  a n  o u t f a l l  d is c h a r g e  (s o o n  
a f t e r  s t a r t u p ) :
I : S u b m e rg e d  b u o y a n t  j e t  f l o w ,
I I :  S u r fa c e  t r a n s i t i o n ,
I I I :  S u r fa c e  b u o y a n t  j e t  f l o w . 173
3 . 4 . 1 ( b ) A s u r f a c e  b u o y a n t  j e t  f l o w  m o d e l w i t h  f i n i t e  
d im e n s io n  o f  d i s c h a r g e  ( s o o n  a f t e r  s t a r t u p ) . 173
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3 . 4 . 2 P o in t  s o u r c e  s u r f a c e  j e t  n o m e n c la tu r e . 174
3 . 4 . 3 Two s e l f - s i m i l a r  p r o f i l e s  o f  m ean h o r i z o n t a l  
v e l o c i t y ,  F ' ( ξ ) = u ( r ,  z ) / u m ( r ) , a n d  m ean t r a c e r  
w h e n  Ku  = K c , θ ( ξ )  = c ( r ,  z ) / c m ( r ) . D a sh  l i n e  
i n d i c a t e s  t h e  s o l u t i o n  d e r i v e d  f r o m  th e  
P r a n d t l - T o l l m i e n  a s s u m p t io n  a n d  s o l i d  l i n e  
f r o m  P r a n d t l - G ö r t l e r  a s s u m p t io n . 186
3 . 5 . 1 S k e tc h  o f  a r a d i a l  s u r f a c e  b u o y a n t  j e t . 187
3 . 5 . 2 T h re e  r e g im e s  o f  s t a r t i n g  s u r f a c e  o r  s u b m e rg e d  
b u o y a n t  j e t  f l o w . 197
3 . 5 . 3 T h re e  s ta g e s  o f  d y n a m ic  c o l l a p s e  f l o w s . 198
4 . 1 . 1 C ro s s  s e c t i o n  o f  t h e  h a l f - r a d i a l  d i s c h a r g in g  b o x . 205
4 . 1 . 2 O v e r a l l  e x p e r im e n t a l  s e t - u p  f o r  t h e  h a l f -  
r a d i a l  s u r f a c e  b u o y a n t  j e t . 205
4 . 1 . 3 P h o to g r a p h  o f  a c o n d u c t i v i t y  p r o b e . 207
4 . 1 . 4 T y p i c a l  c a l i b r a t i o n  c u r v e  o f  c o n d u c t i v i t y  p r o b e . 207
4 . 2 . 1 O v e r a l l  e x p e r im e n t a l  s e t - u p  f o r  r a d i a l  s u r f a c e  
h e a te d  j e t . 210
4 . 2 . 2 P h o to g r a p h  o f  a r a k e  o f  f i v e  f a s t - r e s p o n s e  
t h e r m i s t o r s . 212
4 . 2 . 3 F a s t - r e s p o n s e  t h e r m i s t o r  c i r c u i t  d e s ig n e d  b y  
G a r t r e l l  ( 1 9 7 9 ) . 212
4 . 2 . 4 B u f f e r  c i r c u i t  f o r  A /D  c o n v e r t e r  f r o m  G a r t r e l l  
( 1 9 7 9 ) . 214
4 . 2 . 5 T y p i c a l  c a l i b r a t i o n  c u r v e  f o r  f a s t - r e s p o n s e  
t h e r m i s t o r . 215
5 . 1 . 1 ( a ) C ro s s  s e c t i o n s  o f  h a l f - c i r c u l a r  f r o n t  a t  v a r i o u s  
t im e  t  a f t e r  i n i t i a t i o n  o f  d i s c h a r g e .  ( a )  Run 
N o . 1 0 / 5 / 7 7 ,  F r  =  5 . 2 5 ,  Re = 7 1 0 0 . 221
5 . 1 . 1 ( b ) R un N o . 1 1 / 1 6 / 7 7 ,  F r  = 1 0 . 0 ,  Re = 8 8 4 0 . 222
F ig u r e P age
5 . 1 . 1 ( c ) R un N o . 1 1 / 4 / 7 7 .  F r  = 1 5 . 0 ,  Re = 8 8 4 0 . 223
5 . 1 . 2 G ro w th  h i s t o r y  o f  s t a r t i n g  r a d i a l  s u r f a c e  
t u r b u l e n t  b u o y a n t  j e t  f l o w .  C lo s e d  s y m b o ls  
i n d i c a t e  th e  p h o to g r a p h s  a r e  sh o w n  i n  
F ig u r e  5 . 1 . 1 . 224
5 . 1 . 3 N o r m a l iz e d  g r o w th  h i s t o r y  o f  s t a r t i n g  r a d i a l  
s u r f a c e  t u r b u l e n t  b u o y a n t  j e t  f l o w .  C lo s e d  
s y m b o ls  i n d i c a t e  t h e  p h o to g r a p h s  a r e  sh o w n  
i n  F ig u r e  5 . 1 . 1 . 224
5 . 1 . 4 ( a ) R e la t i o n  o f  s t a r t i n g  j e t  c o e f f i c i e n t  t o  
j e t  R e y n o ld s  n u m b e r . 226
5 . 1 . 4 ( b ) R e la t i o n  o f  s t a r t i n g  j e t  c o e f f i c i e n t  t o  
r a d i a l  j e t  F ro u d e  n u m b e r . 226
5 . 1 . 5 R e la t i o n  o f  r a d i a l  s t a r t i n g  p lu m e  c o e f f i c i e n t  
t o  ( a )  j e t  R e y n o ld s  n u m b e r ,  ( b )  F ro u d e  n u m b e r , 
( c )  R1 / ℓQM. 228
5 . 1 . 6 S i m i l a r i t y  p r o f i l e s  o f  v i s c o u s  r a d i a l  s u r f a c e  
s p r e a d in g  c u r r e n t s  a t  t im e  t  ( 7 1 . 4  s e c o n d s  
f o r  N o . 9 / 2 1 / 7 7 ,  1 0 1 .7  f o r  9 / 2 8 / 7 7 ,  a n d  9 6 .6  
f o r  1 0 / 5 / 7 7 )  a f t e r  d i s c h a r g e . 230
5 . 1 . 7 R a d ia l  s t r a t i f i e d  f l o w  d u e  t o  a h a l f - r a d i a l  
s u r f a c e  b u o y a n t  j e t  d is c h a r g e
( a )  R un N o . 1 0 /5 / 7 7
( b )  R un  N o . 1 1 /1 6 / 7 7
( c )  R un N o . 1 1 / 4 / 7 7 .
232
233
234
5 . 1 . 8 D e n s i t y  m e a s u re m e n ts  o f  a h a l f - r a d i a l  s u r f a c e  
b u o y a n t  j e t  (R u n  N o . 1 0 / 2 7 / 7 7 )  w i t h  F r  = 1 0 .0 0  
a t  a r a d i a l  d i s t a n c e  r  = 3 2 .3 9  cm ( o r  r/ℓMB = 
0 . 7 2 6 ) .  235
5 . 1 . 9 D i s t r i b u t i o n  o f  r e l a t i v e  d e n s i t y  d i f f e r e n c e  
r e s p e c t i v e l y  a t  a d i s t a n c e  r  =  1 7 . 1 5 ,  3 2 . 3 9 ,  
a n d  6 7 .9 5  cm ( o r  r /ℓM B  = 0 . 3 8 4 ,  0 . 7 2 6 ,  a n d  
1 .5 2 3 )  f o r  a r a d i a l  s u r f a c e  f l o w  f i e l d  
(R u n  N o . 1 0 / 2 7 / 7 7 ) . 237
5 . 1 . 1 0 S e l f - s i m i l a r  d i s t r i b u t i o n  o f  r e l a t i v e  d e n s i t y  
d e f i c i e n c y .  D o t t e d  l i n e  d e n o te s  P r a n d t l -  
T o l l m i e n 's  s o l u t i o n . 238
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5 . 1 . 1 1 R e la t i o n  o f  t h e  m ax im um  v a lu e  o f  r e l a t i v e  d e n s i t y  
d e f i c i e n c y  t o  t h e  r a d i a l  d i s t a n c e .  S y m b o ls  a r e  
d e f i n e d  i n  F ig u r e  5 . 1 . 1 0 . 239
5 . 1 . 1 2 R e la t i o n  o f  th e  h a l f - t h i c k n e s s  t o  th e  r a d i a l  
d i s t a n c e .  S y m b o ls  a r e  d e f i n e d  i n  F ig u r e  5 . 1 . 1 0 . 239
5 . 1 . 1 3 S e l f - s i m i l a r  d i s t r i b u t i o n  o f  r e l a t i v e  d e n s i t y  
d e f i c i e n c y  (R u n  N o . 1 0 / 1 0 / 7 7 ,  F r  = 5 . 2 6 ) . 240
5 . 1 . 1 4 R e la t i o n  o f  th e  m ax im um  v a lu e  o f  r e l a t i v e  
d e n s i t y  d e f i c i e n c y  t o  t h e  r a d i a l  d i s t a n c e .  
S y m b o ls  a r e  d e f i n e d  i n  F ig u r e  5 . 1 . 1 3 . 241
5 . 1 . 1 5 R e la t i o n  o f  t h e  h a l f - t h i c k n e s s  t o  t h e  r a d i a l  
d i s t a n c e .  S y m b o ls  a r e  d e f i n e d  i n  F ig u r e  5 . 1 . 1 3 . 241
5 . 1 . 1 6 C o m p a r is o n  o f  t h e  o b s e r v e d  p e r i o d  w i t h  th e  
p r e d i c t e d  v a lu e  T g i v e n  b y  E q . ( 3 . 2 . 8 7 ) . 243
5 . 2 . 1 T h e rm a l e x p a n s io n  c o e f f i c i e n t  o f  w a t e r  a s  a 
f u n c t i o n  o f  t e m p e r a tu r e  a f t e r  K o t s o v in o s  ( 1 9 7 5 ) . 247
5 . 2 . 2 K in e m a t ic  v i s c o s i t y  o f  w a t e r  a s  a f u n c t i o n  o f  
t e m p e r a t u r e . 247
5 . 2 . 3 R e la t i o n  o f  t h e  m axim um  v a lu e  o f  r e l a t i v e  m ean 
t e m p e r a tu r e  e x c e s s  t o  t h e  r e l a t i v e  r a d i a l  
d i s t a n c e  r / r j . 248
5 . 2 . 4 R e la t i o n  o f  t h e  m axim um  v a lu e  o f  r e l a t i v e  m ean 
t e m p e r a tu r e  e x c e s s  t o  t h e  n o r m a l iz e d  r a d i a l  
d i s t a n c e  r / ℓM B. 249
5 . 2 . 5 R e la t i o n  o f  th e  n o r m a l iz e d  h a l f - t h i c k n e s s  t o  th e  
n o r m a l iz e d  r a d i a l  d i s t a n c e .  S y m b o ls  a r e  d e f in e d  
i n  F ig u r e  5 . 2 . 4 . 249
5 . 2 . 6 S e l f - s i m i l a r  r e l a t i v e  m ean t e m p e r a tu r e  e x c e s s  a b o v e  
t h e  a m b ie n t  t e m p e r a t u r e .  S o l i d  l i n e  d e n o te s  th e  
P r a n d t l - T o l l m i e n  s o l u t i o n  g iv e n  i n  C h a p te r  3 .
( a )  R un  N o . 1 0 / 1 9 / 7 8 ,  F r  =  6 .3 6 .
( b )  R un N o . 1 0 / 2 0 / 7 8 ,  F r  =  6 .2 8 .
( c )  R un N o . 1 0 / 1 8 / 7 8 ,  F r  = 1 0 .1 0 .
( d )  R un  N o . 1 0 / 1 7 / 7 8 ,  F r  =  9 . 2 8 .
251
251
252 
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5 . 2 . 7 P r o f i l e s  o f  t h e  i n t e n s i t y  o f  t u r b u l e n t  t e m p e r a t u r e  
f l u c t u a t i o n s  f o r  r a d i a l  s u r f a c e  h e a te d  j e t  (R u n  N o . 
1 0 / 1 7 / 7 8 )  v e r s u s  d e p th  a n d  r e l a t i v e  r a d i a l  d i s t a n c e . 253
5 . 3 . 1 ( a , b ) P h o to g r a p h s  o f  t h e  d e v e lo p m e n t  o f  a  s u r f a c e  f l o w  
d u e  t o  a  r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a  c r o s s  
c u r r e n t  (R u n  N o . 4 / 1 0 / 7 7 ) .  ( a )  t  =  3 5 ,  ( b )  t  =  80 
s e c o n d s  a f t e r  i n i t i a t i o n  o f  d i s c h a r g e . 256
5 . 3 . 1 ( c , d ) P h o to g r a p h s  o f  t h e  d e v e lo p m e n t  o f  a s u r f a c e  f l o w  
d u e  t o  a  r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a  c r o s s  
c u r r e n t  (R u n  N o . 4 / 1 0 / 7 7 ) .  ( c )  t  =  1 1 0 ,  ( d )  t  = 4 8 5  
s e c o n d s  a f t e r  i n i t i a t i o n  o f  d i s c h a r g e . 257
5 . 3 . 2 G ro w th  h i s t o r i e s  o f  t h e  d o w n s tre a m  e d g e  o f  an  
i n i t i a t i n g  s u r f a c e  f i e l d . 258
5 . 3 . 3 U p s tre a m  e d g e  p o s i t i o n  o f  s u r f a c e  b u o y a n t  f i e l d .  
S y m b o ls  a r e  d e f i n e d  i n  T a b le  5 . 3 . 2 . 261
5 . 3 . 4 G ro w th  o f  a s u r f a c e  b u o y a n t  f i e l d  m e a s u re d  f r o m  
u p s t r e a m  e d g e . 263
6 . 1 . 1 G ro w th  h i s t o r i e s  f o r  p la n e  s u r f a c e  s p r e a d in g  
c u r r e n t s  d u e  t o  a f i n i t e  v o lu m e  r e l e a s e .  E x p e r i ­
m e n t a l  d a t a  a r e  f r o m  A lm q u is t  ( 1 9 7 3 ) .  S y m b o ls  
a r e  d e f i n e d  i n  T a b le  6 . 1 . 1 . 267
6 . 1 . 2 N o r m a l iz e d  g r o w th  h i s t o r i e s  o f  p la n e  s u r f a c e  
s p r e a d in g  c u r r e n t s  d u e  t o  a  f i n i t e  v o lu m e  r e le a s e .  
S y m b o ls  a r e  d e f i n e d  i n  T a b le  6 . 1 . 1 .
6 . 1 . 3 C o e f f i c i e n t s  o f  i n e r t i a l - b u o y a n c y  s p r e a d in g  c u r r e n t s
e x p r e s s e d  as  a f u n c t i o n  o f  R e y n o ld s  n u m b e r
√gΔho h o / ν .  270
6 . 1 . 4 C o e f f i c i e n t s  o f  v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t s
e x p r e s s e d  as  a f u n c t i o n  o f  R e y n o ld s  n u m b e r
√gΔho h o / ν .   270
268
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6 . 1 . 5 F r o n t a l  v e l o c i t y  d e c a y  o f  d e n s i t y  c u r r e n t s  f r o m
a f i n i t e - l e n g t h  l o c k  e x c h a n g e  f l o w ,  e x p e r im e n t a l
d a ta  f r o m  F ig u r e  3 o f  K e u le g a n  ( 1 9 5 7 ) .  H  =  5 . 8  cm ,
Lo = 4 1 . 7  cm , a n d  w id t h  o f  c h a n n e l  =  2 .5 4  cm. 273
6 . 1 . 6 F r o n t a l  v e l o c i t y  d e c a y  o f  t u r b i d i t y  c u r r e n t s  f r o m  
a f i n i t e - l e n g t h  l o c k  e x c h a n g e  f l o w ,  e x p e r im e n t a l  
d a ta  f r o m  F ig u r e  10  o f  M id d le t o n  ( 1 9 6 6 ) .
H  =  2 0 .3  cm , L o  =  2 8 .3  cm , w id t h  o f  c h a n n e l  = 1 3 .8 3  cm , 
a n d  a v e r a g e  s e t t l i n g  v e l o c i t y  o f  s u s p e n s io n  =
0 .9  c m /s e c . 274
6 . 1 . 7 ( a ) F r o n t a l  t r a j e c t o r y  f o r  a n  i n e r t i a l - b u o y a n c y  o i l  
s l i c k  s p r e a d in g  i n  a c h a n n e l ,  d a ta  f r o m  R un N o . 1 
o f  L ia n g  ( 1 9 7 1 ) .  V  = 1 3 1 .2  cm2 , Δ = 0 .1 3 6 . 276
6 . 1 . 7 ( b ) "W ave  g a g e "  m e a s u re m e n ts  ( i n  s o l i d  c u r v e )  o f  
i n e r t i a l  o i l  s l i c k  s p r e a d in g  t h i c k n e s s  b y  p h o t o ­
c e l l  e q u ip m e n t  l o c a t e d  a t  t h r e e  l o c a t i o n s  ( 6 0 ,  8 5 ,  
110  cm f r o m  e n d  w a l l  o f  c h a n n e l  f o r  S t a t i o n  n o .  
1 , 2 , 3 ) .  D o t t e d  c u r v e s  i n d i c a t e  p r e d i c t i o n  b y  
s i m i l a r i t y  s o l u t i o n s ,  d a ta  f r o m  L ia n g  ( 1 9 7 1 ) . 278
6 . 1 . 8 D y n a m ic  c o l l a p s e  o f  a  h o m o g e n e o u s  r e g io n  a t  a s t a b l y  
s t r a t i f i e d  i n t e r f a c e .  N u m e r ic a l  c a l c u l a t i o n  d a ta  
f r o m  F ig u r e  7 o f  M eng a n d  T hom son  ( 1 9 7 8 ) . 279
6 . 1 . 9 ( a ) O i l  s p r e a d in g  s e c t i o n s  a t  f o u r  t im e s  a f t e r  r e le a s e  
o f  1 5 0 0  c u b ic  m e te r s  o f  o i l  (1 2 0 0  t o n s ) . D a ta  
f r o m  A b b o t t  ( 1 9 6 1 ) . 281
6 . 1 . 9 ( b ) G ro w th  h i s t o r y  o f  i n e r t i a l - b u o y a n c y  r a d i a l  o i l  
s p r e a d in g  f r o n t .  D a ta  f r o m  F ig u r e  6 . 1 . 9 ( a ) . 282
6 . 1 . 9 ( c ) C o m p a r is o n  o f  o i l  s p r e a d in g  l a y e r  t h i c k n e s s  g iv e n  
i n  F ig u r e  6 . 1 . 9 ( a )  w i t h  s i m i l a r i t y  p r o f i l e s  ( n  = 0 
d e n o te s  p la n e  c a s e ,  E q . ( 6 . 1 . 1 0 )  a n d  n  =  1 d e n o te s  
r a d i a l  c a s e ,  E q . ( 6 . 1 . 1 1 ) ) . 282
6 . 1 . 1 0 ( a ) R a d ia l  g r a v i t y  c u r r e n t s  p ro d u c e d  f r o m  c i r c u l a r  
l o c k  e x c h a n g e  f l o w .  T h e  a s p e c t  r a t i o  A r  = 2 a n d  
t h e  i n i t i a l  r a d iu s  Ro  =  3 .4 5  cm , d a ta  f r o m  T a b le  1 
o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  P a r t  V ) . 285
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6 . 1 . 1 0 ( b ) R a d ia l  g r a v i t y  c u r r e n t s  p r o d u c e d  f r o m  c i r c u l a r  
l o c k  e x c h a n g e  f l o w .  T h e  i n i t i a l  r e l a t i v e  d e n s i t y  
d i f f e r e n c e  Δ  = 0 . 4 2 8 ,  d a ta  f r o m  T a b le  2 o f  M a r t i n  
a n d  M o yce  ( 1 9 5 2 ,  P a r t  V ) . 286
6 . 1 . 1 1 G ro w th  h i s t o r y  o f  a  v o lu m e  o f  s y r u p  s p r e a d in g  o n  
th e  s h i n in g  f a c e  o f  a lu m in u m  f o i l . 287
6 . 1 . 1 2 ( a ) P la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  f r o m  a  c o n t in u o u s  
s te a d y  d i s c h a r g e ,  d a ta  f r o m  B a r r  ( 1 9 5 9 ) . 289
6 . 1 . 1 2 ( b ) P la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  f r o m  a c o n t in u o u s  
s te a d y  d i s c h a r g e ,  d a ta  f r o m  A lm q u is t  ( 1 9 7 3 ) . 290
6 . 1 . 1 3 P la n e  b o t t o m  s p r e a d in g  c u r r e n t s  f r o m  a s te a d y  
c o n t in u o u s  d i s c h a r g e . 291
6 . 1 . 1 4 U n s te a d y  s u r f a c e  s p r e a d in g  c u r r e n t s  i n  a  c h a n n e l  
d u e  t o  a b u o y a n t  p ip e  f l o w  d i s c h a r g e ,  d a t a  f r o m  
S h a rp  ( 1 9 7 1 ) . 293
6 . 1 . 1 5 ( a ) R a d ia l  s u r f a c e  s t r a t i f i e d  f l o w  fo r m e d  a f t e r  th e  
d i l u t e d  e f f l u e n t  r e a c h e d  th e  f r e e  s u r f a c e  ( 7 7 . 9  
a n d  1 5 5 .5  s e c o n d s  l a t e r ) .  D ue t o  a s u b m e rg e d  
b u o y a n t  r o u n d  j e t  ( d j  = 0 .5 8 6  cm , Δ  = 0 .0 1 7 0 ,
Qj  = 4 0 .8  cm3 / s e c )  d is c h a r g e d  v e r t i c a l l y  i n t o  a 
u n i f o r m  s t a g n a n t  e n v i r o n m e n t  ( H  = 1 1 .7 2  c m ) . 297
6 . 1 . 1 5 ( b ) A b a n d  o f  r a d i a l  s u r f a c e  s t r a t i f i e d  f l o w  fo rm e d  
a f t e r  t h e  d i l u t e d  e f f l u e n t  r e a c h e d  th e  f r e e  
s u r f a c e  ( 7 0 . 5  a n d  1 6 6 .5  s e c o n d s  l a t e r ) .  D ue t o  
a s u b m e rg e d  b u o y a n t  r o u n d  j e t  ( d j  = 0 .5 8 6  cm ,
Δ  = 0 .0 1 4 2 ,  Qj  = 1 8 .9  cm 3/ s e c )  d is c h a r g e d  v e r t i c a l l y  
i n t o  a u n i f o r m  s t a g n a n t  e n v i r o n m e n t  ( H  =  6 .1 9  c m ) . 298
6 . 1 . 1 5 ( c ) A  s e r i e s  o f  o u tw a r d  t r a v e l l i n g  c i r c u l a r  i n t e r n a l  
w a v e s  fo rm e d  a f t e r  t h e  d i l u t e d  e f f l u e n t  r e a c h e d  
th e  f r e e  s u r f a c e  ( 7 9 . 1  a n d  1 2 1 .6  s e c o n d s  l a t e r ) .
D ue t o  a s u b m e rg e d  b u o y a n t  r o u n d  j e t  ( d j  = 0 .5 8 6  cm ,
Δ  = 0 .1 0 9 2 ,  Qj  = 4 . 5  cm3 / s e c )  d is c h a r g e d  v e r t i c a l l y  
i n t o  a u n i f o r m  s t a g n a n t  e n v i r o n m e n t  ( H  = 2 3 .4 1  c m ) . 299
6 . 1 . 1 6 G ro w th  h i s t o r i e s  o f  r a d i a l  s u r f a c e  s p r e a d in g  f r o n t s  
sh o w n  i n  F ig u r e s  6 . 1 . 1 5 ( a ) ,  ( b ) , a n d  ( c ) . 301
6 . 1 . 1 7 G ro w th  h i s t o r i e s  o f  b o t t o m  r a d i a l  g r a v i t y  c u r r e n t s ,  
d a ta  f r o m  B r i t t e r  ( 1 9 7 9 ) . 302
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6 . 1 . 1 8 G ro w th  h i s t o r y  o f  r a d i a l  s u r f a c e  s p r e a d in g  f r o n t s  
d u e  t o  a s u b m e rg e d  b u o y a n t  r o u n d  j e t  d i s c h a r g in g  
h o r z o n t a l l y  i n t o  a u n i f o r m  s t a g n a n t  e n v i r o n m e n t ,  
d a ta  f r o m  S h a rp  ( 1 9 6 9 a ) . 304
6 . 1 . 1 9 G ro w th  h i s t o r y  o f  r a d i a l  b o t t o m  g r a v i t y  c u r r e n t s  
d u e  t o  a s u b m e rg e d  b u o y a n t  r o u n d  j e t  d is c h a r g e  
h o r i z o n t a l l y  i n t o  a  u n i f o r m  s t a g n a n t  e n v i r o n m e n t ,  
d a ta  f r o m  S h a rp  ( 1 9 6 9 b ) . 305
6 . 1 . 2 0 R a d ia l  s p r e a d in g  r a t e  o f  c r u d e  o i l  on  i c e .  T he  
k in e m a t i c  v i s c o s i t y  ν  o f  c r u d e  o i l  i s  a ssu m e d  a s  
60  cm2 / s e c  f o r  o p e n  s y m b o ls  a n d  a s  2 3 .1  cm2 / s e c  
f o r  s o l i d  s y m b o ls .  D a ta  a r e  f r o m  M c M in n  a n d  G o ld e n  
( 1 9 7 3 ) . 3 0 6
6 . 1 . 2 1 G ro w th  h i s t o r y  o f  s u r f a c e  s p r e a d in g  f r o n t  a t  
c e n t e r l i n e  o f  b o u n d a r y  b u o y a n t  s u r f a c e  d i s c h a r g e ,  
d a ta  f r o m  B a r r  (1 9 5 9 )  a n d  H a y a s h i  a n d  S h u to  ( 1 9 6 7 ) . 307
6 . 1 . 2 2 ( a ) I n i t i a l  c o l l a p s e  o f  a  r e c t a n g u la r  s h a p e  c o lu m n ,  
l i n e  s k e t c h  o f  p h o to g r a p h  f r o m  M a r t i n  a n d  M o yce  
( 1 9 5 2 ,  p a r t  I V ) . 310
6 . 1 . 2 2 ( b ) C a lc u la t e d  s e l f - s i m i l a r  p r o f i l e s  o f  i n i t i a l  c o l la p s e  
sh o w n  i n  F ig u r e  6 . 1 . 2 2 ( a ) . 310
6 . 1 . 2 3 G ro w th  h i s t o r y  o f  p la n e  f r o n t  d u r i n g  i n i t i a l  c o l l a p s e  
o f  a  l i q u i d  c o lu m n  w i t h  r e c t a n g u la r  s e c t i o n  ( h 1 = 
3 h o / 2  i n  E q . ( 6 . 1 . 3 9 ) ) .  D a ta  f r o m  T a b le s  1 ,  2 ,  a n d  
3 o f  M a r t i n  a n d  M o y c e  ( 1 9 5 2 ,  p a r t  I V ) . 311
6 . 1 . 2 4 G ro w th  h i s t o r y  o f  p la n e  f r o n t  d u r i n g  i n i t i a l  c o l l a p s e  
o f  a  l i q u i d  c o lu m n  w i t h  s e m i - c i r c u l a r  s e c t i o n
( h 1 = (3π/8) h o i n  E q . ( 6 . 1 . 3 9 ) )  (R o  = 2 i n c h e s ) ,  d a ta
f r o m  T a b le  4 o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  p a r t  I V ) . 312
6 . 1 . 2 5 G ro w th  h i s t o r y  o f  r a d i a l  f r o n t  d u r i n g  i n i t i a l  
c o l l a p s e  o f  a l i q u i d  c o lu m n  w i t h  v e r t i c a l  c i r c u l a r  
c y l i n d e r  ( h 1  = 2 h o i n  E q . ( 6 . 1 . 4 0 ) ) ,  d a t a  f r o m  
T a b le  5 o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  p a r t  I V ) . 313
6 . 1 . 2 6 C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l
c a l c u l a t i o n  r e s u l t s  b y  H a r lo w  a n d  W e lc h  (1 9 6 5 )  and
F o x  a n d  G o o d w in  (1 9 5 2 )  f o r  t h e  c o l l a p s e  o f  a p la n e
s y m m e t r i c a l  c o lu m n  i n  v a c u o ,  i n i t i a l l y  r e c t a n g u la r
a t  r e s t ,  a t  v a r i o u s  r e l a t i v e  d i s t a n c e  η = R ( t ) / R o . 315
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6 . 1 . 2 7 C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l  
c a l c u l a t i o n  r e s u l t s  b y  th e  m e th o d  o f  c h a r a c t e r i s t i c s  
b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 )  f o r  th e  c o l l a p s e  o f  
a n  i n i t i a l l y  s e m i - c y l i n d r i c a l  s e c t i o n  c o lu m n  a t  r e s t
a t  s p e c i f i c  t im e  t  √ g/ho = 0 .8  o r  η = R ( t ) / R o = 1 . 7 8 . 316
6 . 1 . 2 8 C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l  
c a l c u l a t i o n  r e s u l t s  b y  th e  m e th o d  o f  c h a r a c t e r i s t i c s  
b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 )  f o r  th e  c o l l a p s e  o f  
a n  i n i t i a l l y  s e m i - e l l i p t i c  c o lu m n  a t  r e s t  a t  v a r i o u s  
t im e  t √ g h o/R o = 0 . 5 ,  1 . 0 ,  1 . 5 ,  a n d  2 . 0  o r  v a r i o u s  
r e l a t i v e  d i s t a n c e  η  = R ( t ) / R o  = 1 . 4 4 ,  2 . 0 8 ,  2 . 7 5 ,  
a n d  3 . 5 0 . 317
6 . 2 . 1 T h re e  s p r e a d in g  s ta g e s  o f  a  p la n e  m ix e d  r e g io n  
c o l l a p s i n g  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t . 320
6 . 2 . 2 C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  ( t h e  i n i t i a l  
a n d  t h e  f i n a l  c o l l a p s e  s t a g e s )  f o r  s u b m e rg e d  
d e n s i t y  s p r e a d in g  f r o n t  w i t h  e x p e r im e n t a l  r e s u l t s  
b y  v a n  de W a te r in g  (1 9 6 6 )  o n  a p la n e  m ix e d  r e g io n  
c o l l a p s i n g  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t . 324
6 . 2 . 3 E le v e n  c a s e s  o f  g r o w th  h i s t o r y  f o r  s u b m e rg e d  d e n s i t y  
s p re a d  f r o n t  d u e  t o  a p la n e  m ix e d  r e g io n  c o l l a p s i n g  
i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  D a ta  
a r e  t a k e n  f r o m  F ig u r e s  1 0 ,  1 1 ,  a n d  12 o r  Wu ( 1 9 6 5 ) .  
D e t a i l s  o f  e x p e r im e n t a l  p a r a m e te r s  f o r  e a c h  c a s e  
a r e  s h o w n  i n  T a b le  6 . 2 . 1 . 325
6 . 2 . 4 A p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  C o m p a r is o n  o f  
t h e o r e t i c a l  s o l u t i o n s  ( t h e  p r i n c i p a l  a n d  th e  f i n a l  
c o l l a p s e  s ta g e s )  f o r  s u b m e rg e d  d e n s i t y  s p r e a d in g  
f r o n t  w i t h  e x p e r im e n t a l  r e s u l t s  b y  Wu ( 1 9 6 5 ) . 328
6 . 2 . 5 A p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  C o m p a r is o n  o f  
t h e o r e t i c a l  s o l u t i o n s  f o r  s u b m e rg e d  d e n s i t y  s p r e a d ­
i n g  f r o n t  ( t h e  i n e r t i a l - b u o y a n c y  a n d  th e  v i s c o u s -  
b u o y a n c y  r e g io n s )  w i t h  e x p e r im e n t a l  r e s u l t s  b y  
Wu ( 1 9 6 5 ) . 329
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6 . 2 . 6 C o e f f i c i e n t  o f  th e  p r i n c i p a l  c o l l a p s e  s ta g e  ( t h e  
i n e r t i a l - b u o y a n c y  s u b m e rg e d  s p r e a d )  a s  a f u n c t i o n  
o f  R e y n o ld s  n u m b e r ReN a n d  th e  i n i t i a l  r a d iu s  o f  
s e m i - c i r c u l a r  m ix e d  r e g i o n . 3 3 0
6 . 2 . 7 C o e f f i c i e n t  o f  th e  f i n a l  c o l l a p s e  s ta g e  ( t h e  
v is c o u s - b u o y a n c y  s u b m e rg e d  s p r e a d )  as  a  f u n c t i o n  
o f  R e y n o ld s  n u m b e r ReN a n d  th e  i n i t i a l  s i z e  o f  
s e m i - c i r c u l a r  o r  c i r c u l a r  m ix e d  r e g i o n . 331
6 . 2 . 8 P la n e  m ix e d  r e g io n  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t :  c o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n  
w i t h  e x p e r im e n t a l  r e s u l t s  b y  Wu ( 1 9 6 5 ) ,  f o r  an  
i n t e r f l o w i n g  f r o n t  i n  t h e  f i n a l  c o l l a p s e  s t a g e .  
D e t a i l  o f  r e c a l c u l a t i o n  i s  sh o w n  i n  F ig u r e  6 . 2 . 2 . 333
6 . 2 . 9 C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  w i t h  p r e v io u s  
n u m e r ic a l  c a l c u l a t i o n s  b y  s e v e r a l  i n v e s t i g a t o r s  
a s  sh o w n  i n  T a b le  6 . 2 . 3 . 3 3 6
6 . 2 . 1 0 G ro w th  h i s t o r y  o f  an  i n e r t i a l  s t a r t i n g  p lu m e  
o b s e r v e d  b y  M a n in s  ( 1 9 7 6 a ) .  D e t a i l s  o f  e x p e r im e n t a l  
p a r a m e te r s  a r e  g iv e n  i n  T a b le  6 . 2 . 6 . 342
6 . 2 . 1 1 G ro w th  h i s t o r y  o f  v i s c o u s  p lu m e  o b s e r v e d  b y  
M a x w o r th y  ( 1 9 7 2 ) .  D e t a i l s  o f  e x p e r im e n t a l  
p a r a m e te r s  a r e  g iv e n  i n  T a b le  6 . 2 . 6 . 344
6 . 2 . 1 2 G ro w th  h i s t o r y  f o r  s u b m e rg e d  p la n e  h o r i z o n t a l  
s t a r t i n g  b u o y a n t  j e t s  o b s e r v e d  b y  Z u lu a g a - A n g e l  
e t  a l .  ( 1 9 7 2 ) .  D e t a i l s  o f  e x p e r im e n t a l  p a r a m e te r s  
a r e  g iv e n  i n  T a b le  6 . 2 . 6 . 347
6 . 2 . 1 3 I n t r u s i o n  f r o n t  v e l o c i t y  as  a f u n c t i o n  o f  b u o y a n c y  
f l u x  B1 = NQ. E x p e r im e n t a l  d a ta  a r e  t a k e n  f r o m  
M a n in s  ( 1 9 7 6 a ) ,  Ο ,  N 2 = 3 . 5 ;  □ ,  N2  =  7 . 0 ;  Δ , N2  =  1 . 4 0 . 348
6 . 2 . 1 4 S e l f - s i m i l a r  d i s t r i b u t i o n  o f  i n t r u s i o n  l a y e r  h a l f ­
t h i c k n e s s  n e a r  t h e  s o u r c e .  E x p e r im e n t a l  d a ta  a r e  
ta k e n  f r o m  M a n in s  (1 9 7 6 a ) ,  Ο ,  N 2 = 3 . 5 ;  □ ,  N2  =  7 . 0 ;  
Δ , N 2 =  1 4 . 0 . 348
6 . 2 . 1 5 T h e  p la n e  s u b m e rg e d  f r o n t  v e l o c i t y  d u e  t o  a s t a r t i n g  
h o r i z o n t a l  s l o t  b u o y a n t  j e t  d is c h a r g e  a t  i t s  n e u t r a l  
l e v e l  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  
T he  r e l e v a n t  e x p e r im e n t a l  p a r a m e te r s  a r e  g iv e n  i n  
T a b le s  6 . 2 . 5  a n d  6 . 2 . 6 . 350
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6 . 2 . 1 6 T h e  c o e f f i c i e n t  o f  s u b m e rg e d  p la n e  v i s c o u s  s t a r t i n g  
p lu m e  ( o r  s u b m e rg e d  v i s c o u s - b u o y a n c y  s p r e a d )  e x ­
p r e s s e d  as a f u n c t i o n  o f  d is c h a r g e d  R ic h a r d s o n  n u m b e r 
R i j  a n d  v i s c o u s  p lu m e  R e y n o ld s  n u m b e r Rev .  E x p e r i ­
m e n t a l  p a r a m e te r s  g i v e n  i n  T a b le  6 . 2 . 6 . 351
6 . 2 . 1 7 T he  c o e f f i c i e n t  f o r  a s u b m e rg e d  p la n e  v is c o u s  
s t a r t i n g  p lu m e  e x p r e s s e d  a s  a f u n c t i o n  o f  R1 / ℓ QM. 
S y m b o ls  a r e  d e f in e d  i n  T a b le  6 . 2 . 7 . 353
6 . 2 . 1 8 T h e  c o e f f i c i e n t  o f  s p r e a d in g  f o r  a s u b m e rg e d  p la n e  
s t a r t i n g  j e t  e x p r e s s e d  as  a f u n c t i o n  o f  d is c h a r g e  
R ic h a r d s o n  n u m b e r R i j , d a ta  f r o m  T a b le  6 . 2 . 7 . 355
6 . 2 . 1 9 ( a ) V is c o u s  i n t r u s i o n  l a y e r  p r o f i l e s  a t  e a c h  t im e  t .  
D a ta  a r e  t a k e n  f r o m  e x p e r im e n t  N o . R - 11 i n  
T a b le  4 o f  Z u lu a g a - A n g e l  e t  a l .  ( 1 9 7 2 ) . 356
6 . 2 . 1 9 ( b ) S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  v i s c o u s  
i n t r u s i o n  l a y e r .  S o l i d  c u r v e  i s  t h e  v i s c o u s  
lo n g  w a v e  s o l u t i o n  ( 3 r d  o r d e r )  d e r i v e d  i n  
S u b s e c t io n  3 . 3 . 5 . 3 5 6
6 . 2 . 2 0 L in e  s k e t c h  f o r  a s e r i e s  o f  r a d i a l  r i n g  d is c o n ­
t i n u i t i e s  i n  a h o r i z o n t a l  s p r e a d in g  c o o l in g  to w e r  
p lu m e  i n  a tm o s p h e r e . 359
7 . 1 . 1 ( a ) B u o y a n t  s u r f a c e  s p r e a d in g  w a s te w a te r  f i e l d  f r o m  s u b ­
m e rg e d  s i n g l e  p o r t  ( d ia m e t e r  78  in c h e s )  d i s c h a r g e ,  
a v e r a g e  d i s c h a r g e  r a t e  Q  = 1 2 0  mgd ( 1 8 5 . 6  c f s ) , 
s u b m e rg e d  d e p th  H  = 55  f t ,  Δ  = 0 .0 2 5 .  P h o to g r a p h  
f r o m  F ig u r e  21  o f  A l l a n  H a n c o c k  F o u n d a t io n  ( 1 9 6 4 ) . 361
7 . 1 . 1 ( b ) P h o to g r a p h  f r o m  F ig u r e  22 o f  A l l a n  H a n c o c k  
F o u n d a t io n  ( 1 9 6 4 ) . 362
7 . 1 . 1 ( c ) P h o to g r a p h  f r o m  F ig u r e  20  o f  A l l a n  H a n c o c k  
F o u n d a t io n  ( 1 9 6 4 ) . 363
7 . 1 . 1 ( d ) B u o y a n t  s u r f a c e  s p r e a d in g  w a s te w a te r  f i e l d  f r o m  
s u b m e rg e d  s i n g l e  p o r t  ( d ia m e t e r  36  in c h e s )  
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F lS i n t e r f a c i a l  s h e a r  f o r c e  r e s i s t i n g  s p r e a d in g
F i i n i t i a l  d e n s im e t r i c  F ro u d e  n u m b e r o f  h o r i z o n t a l  
s p r e a d in g  f l o w
x x x i i
F r d is c h a r g e  F ro u d e  n u m b e r o f  b u o y a n t  ℓMB/ℓQM
F r j i n l e t  F ro u d e  n u m b e r , u j /√ g Δ h j
F r 1 F ro u d e  n u m b e r o f  e m p ty in g  c a v i t y  f l o w  b a s e d  on  
c a v i t y  d e p th  h 2 , U /√ g h 2
F r 2 F ro u d e  n u m b e r o f  e m p ty in g  c a v i t y  f l o w  b a s e d  on  
t o t a l  d e p th  d ,  U /√ g d
F r 3 F ro u d e  n u m b e r o f. e m p ty in g  c a v i t y  f l o w  b a s e d  o n  
f l o w  d e p th  d  -  h 2 ,  U / √ g ( d  -  h 2 )
F ℓ l o c a l  d e n s im e t r i c  F ro u d e  n u m b e r u /√ g Δ h
F∞ F ro u d e  n u m b e r a t  f a r  d o w n s tre a m  o f  p la n e  f o r c e d  
g r a v i t y  c u r r e n t s ,  U / √ g ( ρ s -  ρ a ) h ∞ / ρ a
F1 F ro u d e  n u m b e r a t  f a r  f i e l d  o f  f i n i t e  l e n g t h  l o c k  
e x c h a n g e  f l o w ,  U /√ 2 g Δ ρ f d 1 / ( ρ 1  +  ρ2 )
F 2 F ro u d e  n u m b e r a t  f a r  f i e l d  o f  l o c k  e x c h a n g e  f l o w ,  
U /√ 2 g Δ ρ f d 2 / ( ρ 1  +  ρ 2 )
f s e l f - s i m i l a r  f l u i d  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  
o f  ( i  +  4 ) t h  p o w e r  f u n c t i o n  o f  Η ( ξ )  f o r  v i s c o u s  
s p r e a d in g  f l o w
g g r a v i t a t i o n a l  a c c e l e r a t i o n ,  9 8 0  c m /s e c 2
g ' e f f e c t i v e  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  g ( ρa - ρ i ) / ρ a
H a m b ie n t  w a t e r  d e p th
Η ( ξ ) s i m i l a r i t y  t h i c k n e s s  d i s t r i b u t i o n
HB
l e n g t h  s c a le  a s s o c ia t e d  w i t h  b u o y a n t  p lu m e  h e i g h t  
o f  r i s e
HM
le n g t h  s c a le  a s s o c ia t e d  w i t h  m om entum  j e t  h e i g h t  
o f  r i s e
ΗΑ ( ξ ) a p p r o x im a t io n  f u n c t i o n  o f  Η ( ξ )
ΗL ( ξ ) lo w e r  b o u n d  o f  Η ( ξ )
Hu ( ξ ) u p p e r  b o u n d  o f  Η ( ξ )
Η1 ( ξ ) d im e n s io n a l  s e l f - s i m i l a r  t h i c k n e s s  s c a le
x x x i i i
h ( r ,  t ) s p r e a d in g  l a y e r  t h i c k n e s s  a t  p o s i t i o n  r  a n d  t im e  t
h ,  h ( t ) a v e ra g e  t h i c k n e s s  o f  s p r e a d in g  f i e l d  o r  s p r e a d in g  
l a y e r
h i i n i t i a l  s u r f a c e  s p r e a d in g  l a y e r  t h i c k n e s s  d u e  t o  
a s u b m e rg e d  b u o y a n t  j e t  d is c h a r g e
h j t h i c k n e s s  ( i  = 0 )  o r  h a l f - t h i c k n e s s  ( i  =  1) o f  b u o y a n t  
j e t  d is c h a r g e
h ℓ h e a d  l o s s  i n  e m p ty in g  c a v i t y  f l o w
hn h e i g h t  o f  d e n s i t y  n o s e
ho i n i t i a l  t h i c k n e s s  o f  a s p r e a d in g  v o lu m e  a t  s y m m e t r ic  
p o i n t
h 1 t h i c k n e s s  s c a le  f o r  i n i t i a l  s p r e a d in g  s ta g e  l i s t e d  i n  
T a b le s  3 . 2 . 1  a n d  3 . 2 . 2
h 2 t h i c k n e s s  o f  c a v i t y  i n  e m p ty in g  c a v i t y  f l o w  i n  a 
c h a n n e l
h∞ p la n e  g r a v i t y  c u r r e n t  t h i c k n e s s  a t  f a r  d o w n s tre a m  
f r o m  h e a d
I imn i n t e g r a t i o n  c o n s t a n t  f o r  t h e  c a s e  o f  i ,  m , n
i e n v i r o n m e n t  p a r a m e te r  d e n o te s  u n i f o r m  e n v i r o n m e n t  w i t h  
i  =  0 and  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  
w i t h  i  = 1
J d im e n s io n a l  n u m b e r i n v o l v i n g  m om entum  f l u x  i n t e g r a t i o n
j i n d e x  i n t e g e r  n u m b e r 0 ,  1 ,  2 ,  -
Ku u n k n o w n  c o e f f i c i e n t  r e l a t e d  t o  e d d y  v i s c o s i t y  ε u
Kc u n k n o w n  c o e f f i c i e n t  r e l a t e d  t o  e d d y  d i f f u s i v i t y  ε c
k u n k n o w n  i n t e g e r
k in s h a p e  f a c t o r  f o r  t h e  c a s e  o f  i  a n d  n
L ( t ) f r o n t a l  p o s i t i o n  a t  t im e  t
L l e n g t h  o f  f i n i t e  l e n g t h  l o c k  e x c h a n g e  f l o w
ℓ lo b e  l e n g t h  o f  t h r e e - d im e n s io n a l  f e a t u r e  o f  d e n s i t y  
c u r r e n t  o r  u n k n o w n  i n t e g e r
x x x i v
ℓMB l e n g t h  s c a le  d e f i n e d  b y  M a n d  B
ℓQM l e n g t h  s c a le  d e f in e d  b y  Q a n d  M
ℓQB l e n g t h  s c a le  d e f i n e d  b y  Q a n d  B
ℓu m ix in g  l e n g t h  s c a le  o f  v e l o c i t y  u
ℓc m ix in g  l e n g t h  s c a le  o f  t r a c e r  c
M k in e m a t i c  m om entum  f l u x  o f  b u o y a n t  j e t
m s o u r c e  p a r a m e te r  d e n o te s  c o n t in u o u s  s te a d y  d is c h a r g e  
w i t h  m  = 1 ,  t h e  f i n i t e  v o lu m e  r e le a s e  w i t h  m = 0
N B r u n t - V ä i s ä l ä f r e q u e n c y  o f  a m b ie n t  s t r a t i f i c a t i o n
n g e o m e t r i c  p a r a m e te r ,  d e n o te s  p la n e  s y m m e t r ic  f l o w  
w i t h  n  =  0 ,  a n d  r a d i a l l y  s y m m e t r ic  f l o w  w i t h  n  =  1
P d
t o t a l  f l o w  f o r c e  a t  d o w n s tre a m  o f  e m p ty in g  c a v i t y  f l o w
P r P r a n d t l  n u m b e r
Ps p r e s s u r e  a t  t h e  n o s e  o b s e r v e d  f r o m  a c o o r d in a t e  s y s te m  
t r a v e l l i n g  w i t h  f r o n t
Pu t o t a l  f l o w  f o r c e  a t  u p s t r e a m  o f  e m p ty in g  c a v i t y  f l o w
P∞ p r e s s u r e  f o r c e  a t  f a r  d o w n s tre a m  o b s e r v e d  f r o m  a 
c o o r d in a t e  s y s te m  t r a v e l l i n g  w i t h  f r o n t
p g a s  p r e s s u r e
Q v o lu m e  f l u x  o f  b u o y a n t  j e t
Qc
c o m p u te d  f l o w  r a t e  o f  a p la n e  s p r e a d in g  c u r r e n t  i n  a 
l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t
Qi
c a l c u la t e d  v o lu m e  f l u x  r a t e  a t  t h e  s o u r c e  o f  s p r e a d in g
Qj
d is c h a r g e  f l o w  r a t e  o f  s u b m e rg e d  b u o y a n t  j e t
R ( t ) f r o n t a l  d i s t a n c e  o r  r a d iu s  a t  t im e  t
Re g e n e r a l  s y m b o l f o r  R e y n o ld s  n u m b e r
R e j b u o y a n t  j e t  R e y n o ld s  n u m b e r ,  uMBℓMB/ v j  o r  Q / v s
ReN i n i t i a l  R e y n o ld s  n u m b e r o f  i n t e r n a l  s p r e a d in g  i n  a
l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t  d u e  t o  f i n i t e  v o lu m e
r e l e a s e ,  Nho 2 / ν s o r  NRo 2 / ν s
x x x v
Rep p lu m e  R e y n o ld s  n u m b e r
R e y n o ld s  n u m b e r o f  p la n e  j e t  d i s c h a r g in g  i n t o  
a l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t
R e y n o ld s  n u m b e r o f  d e n s i t y  h e a d  b a s e d  o n  t r o u g h  
h e i g h t  d 1 a n d  a v e r a g e  v i s c o s i t y  ν m
R e y n o ld s  n u m b e r o f  d e n s i t y  h e a d  b a s e d  o n  c r e s t  
h e i g h t  d 2 a n d  a v e r a g e  v i s c o s i t y  νm
R e y n o ld s  n u m b e r o f  d e n s i t y  h e a d  b a s e d  o n  c r e s t  
h e i g h t  a n d  s p r e a d in g  f l u i d  v i s c o s i t y  νs
f r o n t a l  R ic h a r d s o n  n u m b e r o f  p la n e  c u r r e n t  i n  
s t r a t i f i e d  a m b ie n t
l o c a l  R ic h a r d s o n  n u m b e r
f r o n t a l  R ic h a r d s o n  n u m b e r
i n i t i a l  p la n e  R ic h a r d s o n  n u m b e r o f  s l o t  j e t  
d i s c h a r g in g  i n t o  a l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t
RMB l e n g t h  s c a le  d e f i n e d  b y  M a n d  B
RBν l e n g t h  s c a le  d e f in e d  b y  B a n d  v i s c o u s  s p r e a d in g
Ro i n i t i a l  r a d i a l  d i s t a n c e  a n d  h a l f - l e n g t h  o f  b a s e
R1
t r a n s i t i o n  l e n g t h  s c a le  f r o m  i n e r t i a l - b u o y a n c y  
s p r e a d in g  t o  v is c o u s - b u o y a n c y  s p r e a d in g  a s  
d e f in e d  i n  T a b le s  3 . 1 . 2  a n d  3 . 1 . 5
r s p a c e  v a r i a b l e
r j r a d iu s  o f  r a d i a l  s u r f a c e  b u o y a n t  j e t
r s m e a s u r in g  l o c a t i o n  f r o m  t h e  e n d  o f  w a l l
x x x v i
S ( γ ,  m ,  n ) c o e f f i c i e n t  i n  s h o c k  w a v e  f r o n t  p r o p a g a t io n
sc c h a n n e l  s lo p e
so a v e r a g e  d i s t r i b u t i o n  a t  f r e e  s u r f a c e  d u e  t o  s u b m e rg e d  
d is c h a r g e
T m e a s u re d  te m p e r a tu r e  o r  t h e o r e t i c a l  o s c i l l a t i n g  
p e r i o d  o f  i n e r t i a l  r a d i a l  p lu m e
Ta t e m p e r a tu r e  o f  a m b ie n t  f l u i d
T j te m p e r a tu r e  o f  j e t  f l u i d
To b o b s e r v e d  o s c i l l a t i n g  p e r i o d  i n  d e n s i t y  m e a s u re m e n t
T ' f l u c t u a t i o n  f r o m  m ean t e m p e r a tu r e
t t im e  a f t e r  i n i t i a t i o n  o f  d is c h a r g e
t MB t im e  s c a le  d e f i n e d  b y  M a n d  Β
t Bν
t im e  s c a le  d e f i n e d  b y  B and  v i s c o u s  s p r e a d in g
t o d im e n s io n le s s  t im e  s c a le  f r o m  t h e  i n i t i a l  c o l l a p s e  s ta g e  
t o  t h e  p r i n c i p a l  c o l l a p s e  s t a g e ,  Ro /√ g Δ i h o i + i
t 1 t r a n s i t i o n  t im e  s c a le  f r o m  i n e r t i a l - b u o y a n c y  s p r e a d in g  
t o  v is c o u s - b u o y a n c y  s p r e a d in g  a s  d e f i n e d  i n  T a b le s  
3 . 1 . 2  a n d  3 . 1 . 5
u a m b ie n t  c u r r e n t  v e l o c i t y  o r  f r o n t a l  v e l o c i t y
Ud d e n s i t y  f r o n t  v e l o c i t y  u s e d  b y  L a r s e n  a n d  S o re n s e n  
t o  e s t im a t e  s p r e a d in g  f i e l d  i n  a c u r r e n t
U 2 a v e ra g e  f l u i d  v e l o c i t y  i n  e m p ty in g  c a v i t y  f l o w
uMB v e l o c i t y  s c a le  d e f i n e d  b y  M a n d  B
uQM v e l o c i t y  s c a le  d e f i n e d  b y  Q a n d  M
uQB
v e l o c i t y  s c a le  d e f in e d  b y  Q a n d  B
u ( r ,  t ) a v e ra g e  f l u i d  v e l o c i t y  a t  t im e  t  a n d  l o c a t i o n  r
u ( r ,  z ) f l u i d  v e l o c i t y  i n  h o r i z o n t a l  d i r e c t i o n
u f f l u i d  v e l o c i t y  j u s t  b e h in d  t h e  f r o n t
u j i n i t i a l  b u o y a n t  j e t  v e l o c i t y
x x x v i i
u m( r ) h o r i z o n t a l  f l u i d  v e l o c i t y  a t  f r e e  s u r f a c e  z = 0
u ' f l u c t u a t i o n  v a lu e  o f  h o r i z o n t a l  v e l o c i t y
V ( t ) ,  V v o lu m e  o f  s p r e a d in g  f l u i d  o r  m e a s u re d  v o l t a g e
Vj ( t )
t o t a l  v o lu m e  s u p p l ie d  a t  t im e  t
Vo i n i t i a l  t o t a l  v o lu m e  o f  s p r e a d in g  f l u i d
W ( r ) t u r b u l e n t  t r a c e r  f l u x  a t  r
w w id t h  o f  c h a n n e l  o r  f l u i d  v e l o c i t y  i n  z d i r e c t i o n
w ' f l u c t u a t i o n  v a lu e  o f  v e r t i c a l  v e l o c i t y
x d o w n s tre a m  d i s t a n c e  i n  th e  d i r e c t i o n  o f  c u r r e n t  o r  
x  = 1 -  ξ  s p a c e  v a r i a b l e
x d
d o w n s tre a m  e d g e  p o s i t i o n  o f  i n i t i a t i o n  o f  s u r f a c e  f i e l d
xe u p s t r e a m  e d g e  p o s i t i o n  o f  s u r f a c e  f i e l d
x i  a n y  in d e p e n d e n t  v a r i a b l e  n u m b e r i
y ( x ) h a l f - w i d t h  o f  s u r f a c e  f i e l d
Z v e r t i c a l  c o o r d in a t e
zm m axim um  h e i g h t  o f  r i s e
Z 1 / 2 ( r )
t h i c k n e s s  a t  50% v a lu e  o f  th e  m axim um  d e n s i t y  d e f i c i e n c y
α u n k n o w n  c o n s t a n t
α (T ) t h e r m a l  e x p a n s io n  c o e f f i c i e n t  a t  te m p e r a tu r e  T c
β i n c l i n e d  a n g le  o f  f r o n t a l  i n t e r f a c e  o r  some c o n s t a n t
β o
i n i t i a l  f r o n t a l  a n g le
Γ ( x ) Gamma f u n c t i o n  o f  x
γ s p e c i f i c  g a s  c o n s t a n t
Δ r e l a t i v e  d e n s i t y  d i f f e r e n c e ,  Δ = (ρj -ρa)/ρj
Δ ( r ,  z) r e l a t i v e  d e f i c i e n c y  a t  ( r ,  z )
x x x v i i i
Δ i r e l a t i v e  d e n s i t y  d i f f e r e n c e  Δ w i t h  i  =  0 a n d  d e n s i t y -  
s t r a t i f i e d  a m b ie n t  s lo p e  w i t h  i  =  1
Δm ( r ) m axim um  v a lu e  o f  d e n s i t y  d e f i c i e n c y
δ s u p e r - e le v a t i o n  o f  s u r f a c e  s p r e a d in g  l a y e r  a b o v e  f r e e  
s u r f a c e
δ1
R a y le i g h 's  u n s te a d y  l a m in a r  b o u n d a ry  l a y e r  t h i c k n e s s ,
√νa t  
ε e f f e c t i v e  e d d y  v i s c o s i t y  o r  a m b ie n t  d e n s i t y  g r a d i e n t ,
(-1/ρs)(dρa(z)/dz)
εu e d d y  v i s c o s i t y
εc e d d y  d i f f u s i v i t y  o f  t r a c e r  c
εo i n i t i a l  e d d y  d i f f u s i v i t y  a t  o r i g i n  o f  w a s te w a te r  f i e l d
η r e l a t i v e  f r o n t a l  d is p la c e m e n t  R ( t )  t o  th e  i n i t i a l  
l e n g t h  o r  r a d iu s  Ro , η = R ( t ) / R o
θ a n g le  b e tw e e n  th e  a m b ie n t  f l o w  d i r e c t i o n  a n d  th e  
t a n g e n t  a t  th e  b o u n d a r y  o f  w a s te w a te r  f i e l d
θa p o t e n t i a l  t e m p e r a tu r e  o f  a m b ie n t  a i r
θs p o t e n t i a l  t e m p e r a tu r e  o f  s p r e a d in g  a i r
Λ d e c a y  c o e f f i c i e n t ,  A = ṘṘ/ Ṙ2
λ d im e n s io n le s s  n u m b e r r e l a t i v e  t o  f r o n t  v e l o c i t y  t o  
a v e ra g e  o r  h e a d  s p r e a d in g  l a y e r  t h i c k n e s s
ν k in e m a t i c  v i s c o s i t y  o f  s p r e a d in g  f l u i d  ( 0 . 0 1  cm2 / s e c )
νa k in e m a t i c  v i s c o s i t y  o f  a m b ie n t  f l u i d
νm a v e r a g e  v a lu e  o f  k i n e m a t i c  v i s c o s i t y  o f  tw o  f l u i d s  o f  
l o c k  e x c h a n g e  f l o w
νs k in e m a t i c  v i s c o s i t y  o f  s p r e a d in g  f l u i d
x x x i x
ξ d im e n s io n le s s  h o r i z o n t a l  c o o r d in a t e  ξ  = r / R ( t )  
r e l a t i v e  t o  f r o n t a l  l e n g t h  o r  ξ  = a z / r  d im e n s io n le s s  
v a r i a b l e
π 3 .1 4 1 5 9
ρ g a s  d e n s i t y ,  f l u i d  d e n s i t y
ρ a
m ass d e n s i t y  o f  a m b ie n t  f l u i d
ρ i
c a l c u la t e d  d i l u t e d  f l u i d  d e n s i t y  a t  s o u r c e
ρ j
d e n s i t y  o f  d is c h a r g e  f l u i d
ρ s
m ass d e n s i t y  o f  s p r e a d in g  f l u i d
ρu
m ass d e n s i t y  o f  u p p e r  a m b ie n t  f l u i d  l a y e r  o f  s t a b l y  
s t r a t i f i e d  f l u i d
ρ 1 ,  ρ2 m ass d e n s i t y  o f  l o c k  e x c h a n g e  f l o w
ρ = ( ρ 1  +  ρ 2 ) / 2 a v e ra g e  m ass d e n s i t y  o f  tw o  f l u i d s  i n  l o c k  e x c h a n g e  
f l o w
Δ ρf d e n s i t y  d i f f e r e n c e  a t  d e n s i t y  h e a d
Δρn s a l i n i t y  d i f f e r e n c e  b e tw e e n  t h e  f r o n t a l  a n d  th e  
a m b ie n t  f l u i d s
Σ s u m m a tio n  o f  s e r i e s
σ s ta n d a r d  d e v i a t i o n  o f  c o n c e n t r a t i o n  d i s t r i b u t i o n
τ d im e n s io n le s s  t im e ,  t  √  g Δ i h i i + 1 / R o
τzr t u r b u l e n t  s h e a r  s t r e s s  a t  ( r ,  z )
T ( t ) s p r e a d in g  l a y e r  t h i c k n e s s  s c a le
φ a r b i t r a r y  d im e n s io n le s s  f u n c t i o n ,  d e p e n d e n t v a r i a b l e
φ ( ξ ) s i m i l a r i t y  d i s t r i b u t i o n  o f  a v e ra g e  v e l o c i t y
φ1 d im e n s io n a l  s e l f - s i m i l a r  v e l o c i t y  s c a le
φ * d im e n s io n le s s  f u n c t i o n
χ u m ix in g  l e n g t h  c o e f f i c i e n t  r e l a t e d  t o  u
χ c m ix in g  l e n g t h  c o e f f i c i e n t  r e l a t e d  t o  c
ψ s t r e a m  f u n c t i o n
Ω ( t ) m ean v e l o c i t y  s c a le
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p r im e  ( ' ) d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  ξ  o r  f l u c t u a t i n g  
p a r t
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∞ i n f i n i t y
(-) m ean
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- l i m i t  f r o m  b e lo w
* n o r m a l iz e d  v a lu e
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1I t  i s  a common p r a c t i c e  t o  d is p o s e  o f  t r e a t e d  w a s t e w a t e r ,  
o r  c o o l i n g  w a t e r  f r o m  p o w e r p l a n t s ,  b y  d i s c h a r g in g  i t  i n t o  a 
l a r g e  b o d y  o f  r e c e i v i n g  w a t e r ,  s u c h  as  th e  o c e a n ,  l a k e s ,  o r  
r i v e r s .  I n  o r d e r  t o  p r e v e n t  t h e  p o s s i b le  c o n t a m in a t io n  o f  
t h e  a m b ie n t  w a t e r ,  p o l l u t i o n  c o n t r o l  a g e n c ie s  u s u a l l y  e s t a b l i s h  
r e q u i r e m e n t s  s p e c i f y i n g  t h e  d is c h a r g e  c o n c e n t r a t i o n  l e v e l s  
p e r m is s i b le  w i t h i n  a g i v e n  d i s t a n c e  f r o m  t h e  p o i n t  o f  
d i s c h a r g e .  T h e s e  p e r m is s i b le  c o n c e n t r a t i o n  l e v e l s  c a n  th e n  b e  
u s e d  t o  c a l c u l a t e  t h e  d i l u t i o n  o f  t h e  d is c h a r g e  t h a t  i s  
n e c e s s a r y .  T o  g a in  t h e  r e q u i r e d  d i l u t i o n  tw o  t y p e s  o f  
s u b m e rg e d  d i s c h a r g e  f a c i l i t i e s  a r e  f r e q u e n t l y  u s e d :  o n e  i s  
t h e  s i n g l e  p o r t  d is c h a r g e  a t  th e  o p e n  e n d  o f  a n  o u t f a l l  p i p e l i n e  
a n d  t h e  o t h e r  i s  a  m u l t i - p o r t  d i f f u s e r .  T h e  u s u a l  g o a l  i s  
r a p i d  m ix in g  t o  r e d u c e  t h e  u n d e s i r a b le  a t t r i b u t e s  o f  t h e  d is c h a r g e  
t o  a  t o l e r a b l e  c o n c e n t r a t i o n  b e f o r e  t h e  d is c h a r g e  i s  f u l l y  
d i f f u s e d  i n t o  a  l a r g e r  e n v i r o n m e n t a l  s c a le  b y  a m b ie n t  t u r b u le n c e .
T h e  m in im u m  d i l u t i o n  r e q u i r e m e n t  f o r  s u b m e rg e d  o u t f a l l  
d is c h a r g e s  u s u a l l y  c o n s id e r s  o n l y  t h e  d i l u t i o n  in d u c e d  b y  t h e  
d is c h a r g e  m om entum  a n d  b u o y a n c y  w i t h o u t  r e g a r d  f o r  d i l u t i o n  
s u b s e q u e n t  t o  t h e  d is c h a r g e  r e a c h in g  a f r e e  s u r f a c e  o r  b e c o m in g  
t r a p p e d  b y  a m b ie n t  d e n s i t y - s t r a t i f i c a t i o n .  M in im u m  s u r f a c e  
d i l u t i o n  i s  s o m e t im e s  p r e d i c t e d  o n  t h e  b a s i s  o f  t h e  d i l u t i o n  a t  
t h e  same e l e v a t i o n  a s  i f  t h e  d is c h a r g e  w e re  i n  a n  i n f i n i t e l y
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INTRODUCTION
2d e e p  r e c e i v i n g  w a t e r .  H o w e v e r ,  t h e  o u t f a l l  e f f l u e n t ,  w h ic h  
i n i t i a l l y  b e h a v e s  l i k e  a  p o s i t i v e  b u o y a n t  j e t ,  m ay r e a c h  th e  
f r e e  s u r f a c e  a n d  becom e  a f r e e  s u r f a c e  h o r i z o n t a l  f l o w .  T he  
r e s i d u a l  b u o y a n c y  a n d  t h e  f l o w  m om entum  th e n  in d u c e  a h o r i z o n t a l  
f l o w  p r o d u c in g  f u r t h e r  d i l u t i o n  r e g a r d le s s  o f  w h e th e r  th e  
a m b ie n t  f l u i d  i s  i n  m o t io n .
S in c e  o c e a n s  a n d  la k e s  a r e  u s u a l l y  d e n s i t y - s t r a t i f i e d ,  
e s p e c i a l l y  i n  th e  sum m er s e a s o n ,  d i l u t e d  e f f l u e n t  m ay b e  t r a p p e d  
a t  som e s u b m e rg e d  l e v e l  o f  n e u t r a l  b u o y a n c y  a n d  th e n  m ay 
s p re a d  l a t e r a l l y .  S u ch  a s u b m e rg e d  w a s te w a te r  f i e l d  i s  f a v o r e d  
f o r  a v o id in g  c o n t a m in a t io n  o f  s u r f a c e  w a t e r s .  F ig u r e s  1 . 1 ( a )  
a n d  ( b )  sh o w  th e  c o n f i g u r a t i o n s  o f  t h e  s u r f a c e  s p r e a d in g  f l o w  
a n d  s u b m e rg e d  s p r e a d in g  f l o w  d u e  t o  a h o r i z o n t a l  s i n g l e - p o r t  
o u t f a l l  d i s c h a r g e ;  F ig u r e s  1 . 2 ( a )  a n d  ( b )  d e p i c t  th o s e  d u e  t o  
a  m u l t i - p o r t  d i f f u s e r  d i s c h a r g e .  T h e  sam e i n t e r n a l  s p r e a d in g  
l a y e r s  a r e  a l s o  fo u n d  i n  t h e r m a l l y  s t r a t i f i e d  l a k e s  a s  sh o w n  
i n  F ig u r e  1 . 3 .
A s i m i l a r ,  th o u g h  i n v e r t e d ,  s i t u a t i o n  o c c u r s  w i t h  m a r in e  
b a r g e  s lu d g e  d i s p o s a l ,  w h ic h  c a n  s i n k  a s  a n e g a t i v e l y  b u o y a n t  
p lu m e  a n d  s p re a d  a s  a s u b s u r f a c e  t u r b i d i t y  c u r r e n t ,  a t  t h e  
s e a  f l o o r  o r  som e i n t e r m e d ia t e  l e v e l  a s  sh o w n  i n  F ig u r e  1 . 4 .
S u ch  b o t to m  c u r r e n t s  a r e  a l s o  fo r m e d ,  f o r  e x a m p le ,  b y  t u r b i d  
o r  c o ld  r i v e r s  f l o w in g  i n t o  a r e s e r v o i r  o r  l a k e ,  o r  b y  th e  
d is c h a r g e  o f  a  r e l a t i v e l y  d e n s e  l i q u i d ,  a s  sh o w n  i n  F ig u r e  1 . 5 .
F ig u r e  1 . 1 ( a )  S u r fa c e  d e n s i t y  s p re a d  f i e l d  
f r o m  a h o r i z o n t a l  s i n g l e - p o r t  
o u t f a l l  d is c h a r g e  i n t o  a 
u n i f o r m  e n v i r o n m e n t .
F ig u r e  1 . 1 ( b )  S u b m e rg e d  d e n s i t y  s p re a d  f i e l d  
f r o m  a h o r i z o n t a l  s i n g l e - p o r t  
o u t f a l l  d is c h a r g e  i n t o  a d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t .
F ig u r e  1 . 2 ( a )  S u r fa c e  d e n s i t y  s p r e a d in g  f i e l d  
d u e  t o  a m u l t i - p o r t  d i f f u s e r  
d is c h a r g e  i n t o  a u n i f o r m  
e n v i r o n m e n t .
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F ig u r e  1 . 2 ( b )  S u b m e rg e d  d e n s i t y  s p r e a d in g  f i e l d  
d u e  t o  a m u l t i - p o r t  d i f f u s e r  
d is c h a r g e  i n t o  a d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t .
F ig u r e  1 .3  S u b m e rg e d  d e n s i t y  f i e l d  f r o m  a s i n g l e - p o r t  
o u t f a l l  d is c h a r g e  s p r e a d in g  b e tw e e n  tw o  
h o m o g e n e o u s  l a y e r s  o f  d e n s i t i e s  ρ u  a n d  ρa
( e . g .  e p i l i m n io n  a n d  h y p o l im n i o n ) .
F ig u r e  1 . 5 D e n se  b o t to m  c u r r e n t s  f r o m  a n e g a t i v e l y  
b u o y a n t  d is c h a r g e .
F ig u r e  1 . 4 ( a )  B o t to m  t u r b i d i t y  c u r r e n t  f r o m  
a b a rg e d  s lu d g e  d i s p o s a l .
F ig u r e  1 . 4 ( b )  S p r e a d in g  t u r b i d i t y  c u r r e n t  a t  
th e  s t a b l y  s t r a t i f i e d  i n t e r f a c e  
f r o m  b a rg e d  s lu d g e  d i s p o s a l .
F ig u r e  1 . 4 ( c )  S p r e a d in g  t u r b i d i t y  c u r r e n t  a t
an  i n t e r m e d ia t e  l e v e l  o f  d e n s i t y  
s t r a t i f i e d  o c e a n  f r o m  b a rg e d  
s lu d g e  d i s p o s a l .
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5A n a n a lo g o u s  s i t u a t i o n  i s  fo u n d  i n  t h e  s u r f a c e  c h a n n e l  d is c h a r g e  
o f  c o o l i n g  w a t e r  f r o m  p o w e r  p l a n t s  a n d  a ls o  f r o m  l a r g e  s c a le  
r i v e r  f l o w s  i n t o  t h e  o c e a n .
W hen t h e r e  i s  a  p r e v a i l i n g  c u r r e n t  t h e  d i l u t e d  d is c h a r g e  
fo r m s  a w id e  d o w n s tre a m  f i e l d ,  w h ic h  m ay b e  fo u n d  a t  t h e  s u r f a c e  
a s  sh ow n  i n  F ig u r e  1 . 6 ,  o r  l i e  b e lo w  th e  s u r f a c e  f o r  d is c h a r g e s  
t r a p p e d  i n  a d e n s i t y  s t r a t i f i c a t i o n .  P r e v e n t in g  t h e  s u r f a c e  
o r  s u b s u r f a c e  w a s te w a te r  f i e l d  f r o m  r e a c h in g  t h e  s h o r e l i n e  
i n v o l v e s  p r e d i c t i n g  t h e  s i z e  o f  t h i s  f i e l d .  On th e  o t h e r  h a n d , 
f o r  c o o l i n g  w a t e r  d is c h a r g e s  f r o m  n e a r s h o r e  p o w e r  p l a n t s  i t  
m ay b e  p r e f e r a b l e  t o  h a v e  a w id e  s u r f a c e  f i e l d  t o  a c c e le r a t e  
t h e  h e a t  t r a n s f e r  t o  t h e  a tm o s p h e r e .
T h e  o b j e c t  o f  t h e  p r e s e n t  i n v e s t i g a t i o n  i s  t o  e x a m in e  
s u r f a c e  a n d  s u b s u r f a c e  b u o y a n t  s p r e a d in g  m e c h a n is m s  f o r  th e  
w a s te w a te r  f i e l d s  d u e  t o  s u b m a r in e  o c e a n  o u t f a l l s  d i s c h a r g in g  
w a s te w a te r  o r  c o o l i n g  w a t e r ,  o r  t h e  o c e a n  b a r g e d  d i s p o s a l  o f  
s lu d g e  o r  d r e d g e  s p o i l .  A  r e v ie w  o f  p r e v io u s  s t u d i e s  o f  s u c h  
g r a v i t y  c u r r e n t s  i s  g i v e n  i n  C h a p te r  2 .
I n  C h a p te r  3 ,  t h e o r e t i c a l  a n a ly s e s  a r e  p r e s e n t e d  f o r  u n s te a d y  
g r a v i t y - d r i v e n  s u r f a c e  a n d  s u b s u r f a c e  s p r e a d in g  f l o w s  a n d  
n e a r f i e l d  s u r f a c e  b u o y a n t  j e t  m ix in g .  A f o r c e  s c a le  a n a l y s i s  i s  
u s e d  t o  d e r i v e  a s e r i e s  o f  f u n c t i o n s  t o  d e s c r ib e  b o t h  s u r f a c e  
a n d  s u b m e rg e d  d e n s i t y  s p r e a d in g  i n  a s t a g n a n t  e n v i r o n m e n t .  I n  
e a c h  a s y m p t o t i c  f o r m u la  f o r  f r o n t a l  p o s i t i o n  t h e r e  i s  o n e  e m p i r i c a l  
c o e f f i c i e n t .  S i m i l a r i t y  s o l u t i o n s  o f  i n v i s c i d  a n d  v is c o u s  lo n g
6F ig u r e  1 .6  A w id e  s u r f a c e  d e n s i t y  s p r e a d in g  f i e l d  p e r s i s t i n g  f o r  
a lo n g  d i s t a n c e  b e f o r e  o c e a n ic  t u r b u l e n t  d i f f u s i o n  
ta k e s  o v e r ,  a e r i a l  p h o to g r a p h  ta k e n  b y  F o x w o r th y  a n d  
K n e e l in g  (1 9 6 9 )  a t  V e n tu r a  O u t f a l l  on  N o v e m b e r 1 1 ,  1 9 6 6 .
7w a v e  a p p r o x im a t io n  e q u a t io n s  w i l l  b e  u s e d  t o  d e te r m in e  th e  u n k n o w n  
c o e f f i c i e n t s .  T h e  f l u i d  v e l o c i t y ,  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  
f o r  t h e  i n e r t i a l  a n d  t h e  v is c o u s  r e g im e s  o f  b o t h  s u r f a c e  a n d  
s u b s u r f a c e  s p r e a d in g  f l o w s  w i l l  b e  d e s c r ib e d .  S u r fa c e  j e t  
m ix in g  o f  t h e  n e a r f i e l d  s p r e a d in g  f l o w  w i l l  b e  m o d e l le d  u s in g  
P r a n d t l ' s  a s s u m p t io n s .  D im e n s io n a l  a n a l y s i s  i s  u s e d  t o  sh o w  
th e  e f f e c t  o f  i n i t i a l  c o n d i t i o n s  o n  t h e  s p r e a d in g  c u r r e n t s .
E x p e r im e n t a l  s t u d i e s  o f  s t a r t i n g  h a l f  r a d i a l  s u r f a c e  b u o y a n t  
j e t  f l o w s ,  t h e  f u l l  r a d i a l  s u r f a c e  b u o y a n t  j e t  f l o w  i n  a c r o s s ­
c u r r e n t  a n d  n e a r f i e l d  s u r f a c e  j e t  m ix in g  a r e  d e s c r ib e d  i n  
C h a p te r  4 .  Two s e t s  o f  e x p e r im e n t a l  m e a s u re m e n ts  o n  s u r f a c e  
b u o y a n t  j e t  m ix in g  w e re  m ade : o n e  f o r  a f u l l  r a d i a l  h e a te d  
j e t  a n d  t h e  o t h e r  f o r  a  h a l f  r a d i a l  b u o y a n t  j e t .  E x p e r im e n t a l  r e s u l t s  
a r e  p r e s e n t e d  i n  C h a p te r  5 .
I n  C h a p te r  6 ,  m any p r e v i o u s l y  p u b l i s h e d  d a t a  o f  im p o r t a n c e  
t o  t h e  h o r i z o n t a l  s p r e a d in g  p r o b le m  a r e  c o m p a re d  w i t h  p r e s e n t  
t h e o r e t i c a l  r e s u l t s .  E x a m p le s  o f  e n g in e e r in g  a p p l i c a t i o n s  w i l l  
b e  p r e s e n t e d  i n  C h a p te r  7 . A  su m m a ry  o f  c o n c lu s io n s  a n d  d i s c u s s io n  
i s  g iv e n  i n  C h a p te r  8 .
82 . 1  W a s te w a te r  F i e l d  f r o m  S u b m a r in e  O u t f a l l  D is c h a r g e s
2 . 1 . 1  M axim um  H e ig h t  o f  R is e  a n d  S p r e a d in g  L e v e l
W hen t h e  r e c e i v i n g  b o d y  o f  w a t e r  i s  d e n s i t y - s t r a t i f i e d ,  
a d i l u t e d  b u o y a n t  f i e l d  c a n  s o m e t im e s  r e a c h  t h e  f r e e  s u r f a c e  a n d  
s p r e a d  o u tw a r d  t o  becom e  a  s u r f a c e  f i e l d ,  b u t  i t  i s  m o re  u s u a l l y  
t r a p p e d  a t  som e n e u t r a l l y  b u o y a n t  l e v e l  b e lo w  th e  s u r f a c e .  I f  
i t  i s  t r a p p e d ,  i t  th e n  s p r e a d s  l a t e r a l l y  a t  t h a t  l e v e l  a s  an  
i n t r u s i o n  l a y e r  a n d  fo r m s  a  s u b m e rg e d  f i e l d .
To d e te r m in e  w h e th e r  t h e  d i l u t e d  w a t e r  w i l l  e i t h e r  be co m e  a 
s p r e a d in g  f i e l d  a t  t h e  f r e e  s u r f a c e  o r  a t  som e s u b m e rg e d  l e v e l ,  
i t  i s  n e c e s s a r y  t o  d e te r m in e  th e  m axim um  h e i g h t  o f  r i s e  a n d  th e  
s u b m e rg e d  s p r e a d in g  l e v e l  f o r  a s u b m e rg e d  b u o y a n t  j e t  d i s c h a r g in g  
i n t o  a d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  S e v e r a l  p r e v io u s  
i n v e s t i g a t i o n s  h a v e  s t u d ie d  t h e  m axim um  r i s e  p r o b le m  b o t h  
t h e o r e t i c a l l y  a n d  e x p e r i m e n t a l l y  a n d  th e  t e r m i n a l  h e i g h t  o f  
r i s e  c a n  b e  p r e d i c t e d  r e a s o n a b ly  w e l l  i n  te r m s  o f  t h e  p a r a m e te r s  
o f  t h e  j e t  a n d  t h e  e n v i r o n m e n t .  T h e s e  p r e v io u s  r e s u l t s  a r e  
s u m m a r iz e d  i n  T a b le  2 . 1 . 1  i n  te r m s  o f  t h e  c h a r a c t e r i s t i c  l e n g t h s  
a p p r o p r i a t e  t o  a t u r b u l e n t  j e t  o r  p lu m e .
2 . 1 . 2  O b s e r v a t io n s  o f  S p r e a d in g  F lo w s
A d i l u t e d  e f f l u e n t ,  u p o n  r e a c h in g  t h e  f r e e  s u r f a c e ,  
o r  some i n t e r m e d ia t e  n e u t r a l  b u o y a n c y  l e v e l ,  i s  d e f l e c t e d  f r o m
REVIEW OF P R E V IO U S  S T U D IE S
CHAPTER 2
T a b le  2 . 1 . 1  R e v ie w  o f  p r e v io u s  e x p e r im e n ts  o n  t h e  b u o y a n t  r o u n d  ( n  = 1 )  o r  p la n e  ( n  =  0 )  j e t  r i s e  
i n t o  a s t a g n a n t  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
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Note:
Investigator zm/HB (or zm/HM)
F r  =  
M5/4/QB1/2 M√gε/B n
Maximum Height Definition Observation Technique
From to From to From to
Abraham and Eysink
(1969)
4.47 5.20 7.94 17.5 0.849 2.40 1 Density gradient changing 
height
Lab. density measurement along 
upward fresh water je t flow by 
conductivity probe
Bardey (1977) 3.07 
3.70
3.40 
4.11
∞
∞
∞
∞
∞
∞
∞∞ 1
0
Maximum penetration of dyed 
salt solution
Lab. photograph of downward 
dyed je t injection
Crawford and Leonard 
(1962)
3.18 4.43 2.43 3.41 0.0412 0.198 1 Temperature discontinuity 
height
Schlieren optical observation 
of upward discharging warm air 
in an ice skating rink
Davies (1959) 3.76 ? ? ? ? ? 1 Top of the f ire  plume Field photograph of o il f ire  
plume in s tra tified  atmosphere
Fan (1967) 3.94 4.76 19.1 56.3 1.80 5.28 1 Maximum penetration of dyed 
salt solution
Lab. photograph of downward dyed 
je t injection
Fox (1970) 4.75 8.20 38.2 324.0 1.71 30.22 1 Maximum penetration of dyed 
salt solution
Lab. photograph of downward dyed 
je t injection
Hayashi  and Ito  
(1974)
? ? 101.4 ? ? ? 1 Maximum penetration of dyed 
ethyl alcohol solution
Lab. photograph of upward dyed 
ethyl alcohol solution injection
Morton, Taylor and 
Turner (1956)
2.77 4.38 ? ? ? ? 1 Maximum penetration of dyed 
salt solution
Lab. photograph of downward dyed 
salt solution injection
Sneck and Brown 
(1974)
3.75 ? ? ? 0.10 3.16 1 Top of smoke plume by tempera­
ture profile  measurement
Lab. temperature profile  measure­
ment of a ir smoke in thermal 
s tra tified  wood-frame a ir chamber
Vehrencamp, Carpenter 
and Romie (1955)
2.54 3.46 ? ? ? ? 1 Top of smoke plume Field photographic record of 
black smoke from the domestic 
diesel burning in the desert
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v e r t i c a l  f l o w  t o  n e a r l y - h o r i z o n t a l  f l o w ,  w h e re u p o n  i t  s p r e a d s  
o u t  u n i f o r m l y .  D e s c r i p t i o n s  o n  t h i s  s p r e a d in g  f l o w  w e re  
r e p o r t e d  b y  Rawn a n d  P a lm e r  (1 9 2 9 )  o n  t h e  b a s is  o f  t h e i r  
l a b o r a t o r y  m e a s u re m e n ts  a n d  f i e l d  o b s e r v a t io n s  o f  f o u r  s i n g l e ­
p o r t  o c e a n  o u t f a l l s  a ro u n d  s o u t h e r n  C a l i f o r n i a .  T h e y  n o te d  t h a t  
t h e  d ia m e t e r  o f  a  r i s i n g  c o lu m n ,  w h e n  i t  im p in g e s  th e  f r e e  
s u r f a c e ,  i s  a ro u n d  o n e - t h i r d  o f  t h e  p a t h  l e n g t h  t r a v e l e d ,  f o r  
b o t h  v e r t i c a l  a n d  h o r i z o n t a l  s i n g l e - p o r t  d i s c h a r g in g  f l o w s .
T h e  s p e e d  o f  t h e  i n i t i a l  f r o n t s  g e n e r a te d  b y  t h e  s u b m e rg e d  
b u o y a n t  d is c h a r g e  w e re  m e a s u re d  b y  r e c o r d in g  t h e  t im e  a t  w h ic h  
t h e  d y e d  d is c h a r g e  f r o n t  p a s s e d  a d e s ig n a t e d  l o c a t i o n .  T h e y  
fo u n d  t h a t  t h e  d ia m e t e r  o f  t h e  f r o n t  g re w  i n  p r o p o r t i o n  t o  th e  
t w o - t h i r d s  p o w e r  o f  t im e .  I n  t h e  s u b s e q u e n t  m o t io n ,  t h e  d y e d  
d is c h a r g e  f r e q u e n t l y  m oved  i n  a  s e r i e s  o f  c o n c e n t r i c  w a v e s ,  o r  
a n n u la r  r i n g s ,  a s  d e s c r ib e d  b y  B ro o k s  (1 9 5 2 )  i n  a n  u n p u b l i s h e d  
r e p o r t  o f  h i s  o b s e r v a t io n s  o f  s e a s o n a l  o c e a n  o u t f a l l  o p e r a t io n s  
a t  W h i t e 's  P o in t  a n d  P o in t  Lom a ( s e e  a l s o  R aw n , B o w e rm a n , a n d  
B r o o k s ,  1 9 6 0 ) .  E a c h  w a v e  o r  r i n g  w as  f o l l o w e d  b y  a n  i n t e r v a l  o f  
a p p a r e n t l y  c l e a r  w a t e r .  T h e  w a v e s  c o n t in u e d  f o r  som e d i s t a n c e  
f r o m  th e  r i s i n g  c o lu m n ,  a n d  g r a d u a l l y  m e rg e d  t o  f o r m  a  f i e l d  o f  
u n i f o r m  c o l o r  w h ic h  r e m a in e d  w e l l  s t r a t i f i e d .  B ro o k s  (1 9 5 2 )  d i d ,  
h o w e v e r ,  s o m e t im e s  a l s o  o b s e r v e  a  s te a d y  r a d i a l  s u r f a c e  f l o w .
T h is  p e r i o d i c  u n s te a d in e s s  i n  f l o w  i s  a p p a r e n t l y  t y p i c a l  o f  s u c h  
f l o w s ,  f o r  a s i m i l a r  s e r i e s  o f  t h e  r a d i a l  s u r f a c e  f r o n t s  w e re  
o b s e r v e d  b y  G re e n  e t  a t .  (1 9 7 2 )  a n d  S c a rp a c e  a n d  G re e n  (1 9 7 3 )  i n
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t h e i r  a e r i a l  p h o to g r a p h s  o f  t h e  t h e r m a l  p lu m e  f r o m  th e  s u r f a c e  
t h e r m a l  w a t e r  d is c h a r g e  a t  P o in t  B e a c h  P o w e r P la n t  o n  L a k e  M ic h ig a n  
a n d  a t  t h r e e  o t h e r  p o w e r  p l a n t s  l o c a t e d  a t  P o r t  W a s h in g to n ,  
S h e b o y g a n  a n d  M a d is o n ,  W is c o n s in .  Some f i e l d  m e a s u re m e n ts  o f  
te m p e r a tu r e  a n d  v e l o c i t y  o f  h e a te d  d is c h a r g e s  w e re  c o n d u c te d  b y  
F r i g o  e t  a t .  (1 9 7 4 )  a t  t h e  P o in t  B e a c h , J .  H . C a m p b e ll  a n d  
W a u ke g a n  P o w e r P la n t s  l o c a t e d  o n  L a k e  M ic h ig a n .  U n kn o w n  c o h e r e n t  
o s c i l l a t i n g  f l u c t u a t i o n s  i n  w a t e r  t e m p e r a tu r e  a n d  v e l o c i t y  w e re  
o b s e r v e d  w i t h  p e r io d s  r a n g in g  f r o m  2 t o  20  m in u t e s .  I t  w as 
b e l i e v e d  t h a t  t h e  lo n g  p e r i o d  o f  f l u c t u a t i o n  m ig h t  b e  d u e  t o  th e  
d e v e lo p m e n t  o f  " r a d i a l  t h e r m a l  f r o n t s "  s t r u c t u r e  a s  o b s e r v e d  b y  
S c a rp a c e  a n d  G re e n  ( 1 9 7 3 ) .  T h e  sam e b a n d  s t r u c t u r e  w as o b s e r v e d  
o n  a l a r g e r  s c a le  b y  M c C lim a n s  (1 9 7 8 )  i n  a  r a d i a l  o c e a n ic  f r o n t  
i n  a f j o r d  a t  T r o n d h e im ,  N o rw a y ,  a s  sh ow n  i n  F ig u r e  2 . 1 . 1 .
A c c o r d in g  t o  th e  e a r l y  o b s e r v a t io n s  b y  Rawn a n d  P a lm e r  
(1 9 2 9 )  t h e  i n t e r f a c e  b e tw e e n  a  s u r f a c e  h o r i z o n t a l  f l o w  a n d  th e  
u n d e r l y in g  f l u i d  i s  n o t  c l e a r l y  d e f i n e d  c lo s e  t o  t h e  s u r f a c e  
im p in g e m e n t  p o i n t .  T h e  i n t e n s i v e  i n t e r f a c i a l  m ix in g  o f  t h e  
d is c h a r g e d  w a te r  w i t h  t h e  a m b ie n t  w a t e r ,  a n d  th e  p e r i o d i c  
c o n c e n t r i c  w a v e  b e h a v io r  m ade i t  v e r y  d i f f i c u l t  t o  m e a s u re  
t h e  t h i c k n e s s  o f  t h e  s p r e a d in g  f i e l d .  F o r  b o t h  v e r t i c a l  a n d  
h o r i z o n t a l  b u o y a n t  r o u n d  j e t  d i s c h a r g e ,  t h e  o v e r a l l  a v e ra g e  o f  
o b s e r v a t io n s  i n d i c a t e d  t h a t  t h e  t h i c k n e s s  o f  t h e  t w o - l a y e r  
s t r a t i f i e d  f l o w  w as  a b o u t  o n e - t w e l f t h  o f  t h e  l e n g t h  o f  t r a v e l  
o f  t h e  e f f l u e n t  b e f o r e  i t  r e a c h e d  th e  f r e e  s u r f a c e .  Some
F ig u r e  2 . 1 . 1  A s e r i e s  o f  r a d i a l  o c e a n ic  f r o n t s  i n  a f j o r d  o b s e r v e d  b y  M c C lim a n s  ( 1 9 7 8 ) .  
T h e  p h o to g r a p h  f r o m  w h ic h  t h i s  r e p r o d u c t i o n  w a s  m ade w as  t a k e n  b y  
T .  A .  M c C lim a n s ,  w ho  g r a c i o u s l y  s u p p l ie d  a c o p y  t o  t h e  a u t h o r .
12
13
l a b o r a t o r y  o b s e r v a t io n s  o f  F r a n k e l  a n d  C um m ing (1 9 6 5 )  i n d i c a t e d  
t h a t  t h e  t h i c k n e s s  o f  t h e  s t r a t i f i e d  l a y e r  g e n e r a t e d  b y  a h o r i z o n t a l  
b u o y a n t  r o u n d  j e t  d is c h a r g e  w as a ro u n d  o n e - t h i r d  o f  t h e  t o t a l  
w a t e r  d e p t h .  T he  same l a y e r  t h i c k n e s s  t o  d e p th  r a t i o  c h e c k s  
f a i r l y  w e l l  w i t h  t h a t  fo u n d  b y  H a r t  (1 9 6 1 )  f o r  a  v e r t i c a l  b u o y a n t  
r o u n d  j e t  d is c h a r g e  i n  a n  a lm o s t  s t r a t i f i e d  f l u i d .  M o re  r e c e n t  
l a b o r a t o r y  e x p e r im e n ts  b y  L i s e t h  (1 9 7 0 )  a n d  L i u  (1 9 7 6 )  sh o w e d  
t h a t  th e  t w o - d im e n s io n a l  s t r a t i f i e d  l a y e r  fo r m e d  b y  a  d o w n w a rd , 
o r  a n  u p w a rd ,  m u l t i - p o r t  b u o y a n t  d is c h a r g e  i n t o  s t a g n a n t  a m b ie n t  
w a t e r ,  n e v e r  e x c e e d e d  30% o f  t h e  t o t a l  d e p t h .  O th e r  e x p e r im e n ts  
b y  Bü h l e r  (1 9 7 4 )  sh ow ed  t h a t  t h i s  t w o - d im e n s io n a l  b o t t o m  
s t r a t i f i e d  l a y e r  o c c u p ie d  t h e  lo w e r  40% o f  th e  w a t e r  d e p th .
R o b e r t s '  (1 9 7 7 )  r e s u l t s  f o r  a v e r t i c a l  l i n e  p lu m e  d is c h a r g e  show  
a r a t i o  a ro u n d  30% , w h ic h  i s  c lo s e  t o  t h e  v a lu e  p r e d i c t e d  b y  
K oh  ( 1 9 7 6 ) ,  i . e . ,  a p p r o x im a t e ly  o n e - t h i r d  o f  t h e  t o t a l  a m b ie n t  
w a te r  d e p th .
W hen t h e r e  i s  a s lo w  p r e v a i l i n g  o c e a n  c u r r e n t  t h e  s p r e a d in g  
f l o w  h a s  a  w e l l - d e f i n e d  u p s t r e a m  e d g e . A c c o r d in g  t o  B r o o k s '  (1 9 5 2 )  
o b s e r v a t io n s  a t  W h i t e 's  P o in t  a n d  P o in t  L o m a , t h e  s t r o n g e r  i s  t h e  
c u r r e n t ,  t h e  c l o s e r  th e  u p s t r e a m  i n t e r f a c e  i s  t o  th e  p o i n t  o f  
d i s c h a r g e .  T h e  b o u n d a r y  b e tw e e n  th e  d is c h a r g e  a n d  th e  a m b ie n t  
w a t e r  a l s o  b e co m e s  s h a r p e r .  T he  a m b ie n t  c u r r e n t  a p p a r e n t l y  r i d e s  
u n d e r  t h e  se w a g e  l a y e r  p r o v id e d  t h a t  t h e  f l o w in g  l a y e r  i s  
s u b s t a n t i a l l y  t h i c k e r  th a n  th e  se w a g e  l a y e r .  D o w n s tre a m  f r o m  th e  
p o i n t  o f  d is c h a r g e  t h e  se w a g e  m o ve s  a s  i f  i t  w e re  p a r t  o f  th e
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o v e r a l l  c u r r e n t ,  h u t  s p r e a d s  l a t e r a l l y .  F u r t h e r  m i x in g ,  d u e  t o  
t h e  n a t u r a l  t u r b u le n c e  fo u n d  i n  t h e  o c e a n  p r o c e e d s  s l o w l y  b o t h  
v e r t i c a l l y  a n d  h o r i z o n t a l l y ,  a n d  th e  d i l u t e d  d is c h a r g e  u l t i m a t e l y  
b e co m e s  a n  a lm o s t  n o n - b u o y a n t  t r a c e r .
T h e  v a r i a t i o n  o f  l a t e r a l  s u r f a c e  s p r e a d in g  w i d t h  b e f o r e  
t u r b u l e n t  d i f f u s i o n  ta k e s  o v e r  w as  fo u n d  b y  F o x w o r th y  e t  a l . (1 9 6 6 )  
t o  v a r y  a s  t h e  0 . 7 8 t h  p o w e r  o f  d o w n s tre a m  d i s t a n c e  m e a s u re d  f r o m  
th e  s u r f a c e  im p in g e m e n t  p o i n t .  A n  e x c e l l e n t  p h o to g r a p h  o f  th e  
t r a n s i t i o n  f r o m  g r a v i t a t i o n a l  s p r e a d in g  f l o w  t o  t h e  t u r b u l e n t  
d i f f u s i o n  r e g im e  i s  sh o w n  i n  F ig u r e  4 o f  F o x w o r th y  a n d  K n e e l in g  
( 1 9 6 9 ) .  (S e e  F ig u r e  1 . 6 )
V e r y  fe w  f i e l d  o b s e r v a t io n s  h a v e  b e e n  m ade e x a m in in g  
s u b m e rg e d  s p r e a d in g  f l o w  a n d  th e  s u b s e q u e n t  d i l u t i o n  a n d  d i f f u s i o n .  
T h is  i s  p o s s i b l y  b e c a u s e  t h e  d i l u t e d  e f f l u e n t  i s  t r a p p e d  b e n e a th  
t h e  s e a  s u r f a c e  a n d  n o  im m e d ia te  " v i s i b l e "  n u is a n c e  i s  p r o d u c e d .  
H o w e v e r ,  i n  a s t a b l y  s t r a t i f i e d  a tm o s p h e re  i n d u s t r i a l  d is c h a r g e s  
a r e  o f t e n  s e e n  s p r e a d in g  a t  a n e u t r a l  d e n s i t y  l e v e l .  I n  
F ig u r e  2 . 1 . 2 ( a )  i s  a h o r i z o n t a l  s p r e a d in g  p lu m e  d u e  t o  t h e  c o o l in g  
to w e r  d is c h a r g e  a t  J o h n  E . Amos P o w e r P la n t  o b s e r v e d  b y  K ra m e r  
a n d  S e ym o u r ( 1 9 7 6 ) .  A s e r i e s  o f  d i s c o n t in u o u s  r a d i a l l y  s p r e a d in g  
f r o n t s  c a n  a l s o  b e  s e e n  i n  F ig u r e  2 . 1 . 2 ( b ) .
S u b m e rg e d  s p r e a d in g  o f  a t u r b i d  c lo u d  a t  t h e  o c e a n  b o t to m  a n d  a t  
a s t r o n g l y  s t r a t i f i e d  i n t e r f a c e  d u e  t o  o c e a n  d u m p in g  o f  b a rg e d  
s lu d g e  w as r e p o r t e d  b y  B e y e r  ( 1 9 5 5 ) .  No d e t a i l s  o f  m e a s u re m e n ts
F ig u r e  2 . 1 . 2  ( a )
R a d i a l l y  h o r i z o n t a l  s p r e a d in g  c o o l in g  
to w e r  p lu m e  i n  a s t a b l y  s t r a t i f i e d  a tm o s ­
p h e r e .  ( C o u r t e s y  o f  K ra m e r and  S e y m o u r, 
1 9 7 6 )
( b )
A s e r i e s  o f  d i s c o n t i n u o u s  r a d i a l l y  s p r e a d in g  
f r o n t s .  ( C o u r t e s y  o f  K ra m e r  a n d  S e y m o u r, 1 9 7 6 )
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w e re  m a d e . O cean  d u m p in g  o f  d re d g e  s p o i l  w as  s u r v e y e d  b y  G o rd o n  
(1 9 7 4 )  i n  o n e  o f  t h e  fe w  p u b l i s h e d  f i e l d  s t u d i e s  o f  b o t t o m  
t u r b i d i t y  c u r r e n t s .  He fo u n d  t h a t  a f t e r  t h e  s i n k i n g  t u r b i d  
p lu m e  r e a c h e d  th e  o c e a n  b o t t o m ,  i t  s p re a d  a x i s y m m e t r i c a l l y  o v e r  
t h e  s e a  f l o o r  a n d  in c r e a s e d  i n  d ia m e t e r  p r o p o r t i o n a l l y  t o  th e  
s q u a r e  r o o t  o f  t im e .  The  t h i c k n e s s  o f  t h e  t u r b i d  c lo u d  a t  c e r t a i n  
l o c a t i o n s  w as  o b s e r v e d  t o  d e c re a s e  a s  a f u n c t i o n  o f  t im e  a f t e r  
i n i t i a t i o n  o f  d u m p in g .
2 . 1 . 3  U n s te a d y  D e n s i t y  S p re a d  i n  a S ta g n a n t  E n v ir o n m e n t
A s h a s  b e e n  s u g g e s te d  b y  s e v e r a l  i n v e s t i g a t o r s ,  s u c h  a s  
F r a n k e l  a n d  C um m ing ( 1 9 6 5 ) ,  J i r k a  a n d  H a r le m a n  (1 9 7 3 )  a n d  L e e  e t  a l .  
( 1 9 7 4 ) ,  a  s t a r t i n g  o r  u n s te a d y  f l o w  h a s  t h r e e  p o s s i b le  r e g io n s  o f  
f l o w :  t h e  s u b m e rg e d  b u o y a n t  j e t ,  t h e  s u b s e q u e n t  s u r f a c e
im p in g e m e n t  a n d  t r a n s i t i o n ,  a n d  th e  h o r i z o n t a l  s p r e a d in g ,  as  
sh o w n  i n  F ig u r e s  2 . 1 . 3 ( a )  a n d  ( b ) .
As n o te d  p r e v i o u s l y ,  t h e  s u r f a c e  s p r e a d in g  f r o n t  o n  a 
m o t io n le s s  w a t e r  s u r f a c e ,  a n d  d u e  t o  a  s i n g l e  p o r t  s u b m a r in e  
o u t f a l l  d i s c h a r g e ,  w as o b s e r v e d  b y  Rawn a n d  P a lm e r  (1 9 2 9 )  i n  
b o t h  t h e  f i e l d  a n d  t h e  l a b o r a t o r y  a n d  t h e y  fo u n d  t h a t  t h e  d ia m e te r  
o f  a f l o a t i n g  d y e  p lu m e  g re w  a s  th e  t w o - t h i r d s  p o w e r  o f  t im e .
S h a rp  ( 1 9 6 9 a ,  b )  c o n d u c te d  s i m i l a r  e x p e r im e n ts  f o r  b o t h  
u p w a rd  a n d  d o w n w a rd  h o r i z o n t a l  b u o y a n t  r o u n d  j e t s ,  a s  sh o w n  i n  
F ig u r e s  2 . 1 . 4 ( a )  a n d  2 . 1 . 4 ( b ) .  E x p e r im e n t a l  d a ta  w e re  p l o t t e d
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F ig u r e  2 . 1 . 3 ( a )  F lo w  r e g io n s  r e s u l t i n g  f r o m  a p o s i t i v e  s u b m e rg e d  
b u o y a n t  r o u n d  o r  p la n e  j e t  d i s c h a r g in g  v e r t i c a l l y  
u p w a rd s  i n t o  a h o m o g e n e o u s  e n v i r o n m e n t .
F ig u r e  2 . 1 . 3 ( b )  F lo w  r e g io n s  r e s u l t i n g  f r o m  a n e g a t i v e  b u o y a n t  r o u n d  
o r  p la n e  j e t  d i s c h a r g in g  v e r t i c a l l y  d o w n w a rd s  i n t o  a 
h o m o g e n e o u s  e n v i r o n m e n t .
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F ig u r e  2 . 1 . 4 ( a )  F re e  s u r f a c e  s p r e a d in g  f r o n t  d u e  t o  a  s u b m e rg e d  
h o r i z o n t a l  b u o y a n t  r o u n d  j e t  d i s c h a r g e .
F ig u r e  2 . 1 . 4 ( b )  B o t to m  s u r f a c e  s p r e a d in g  f r o n t  d u e  t o  a  h o r i z o n t a l  
b u o y a n t  r o u n d  j e t  d i s c h a r g e .
F ig u r e  2 . 1 . 5  U n s te a d y  s p r e a d in g  t i p  p o s i t i o n  a t  t im e  t  d u e  t o  a 
b u o y a n t  p ip e  f l o w  d i s c h a r g e ,  a f t e r  S h a rp  ( 1 9 7 1 ) .
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u s in g  t h r e e  d im e n s io n le s s  p a r a m e te r s  i n  t h e  fo r m ;
( 2 . 1 . 1 )
w h e re  L  i s  t h e  s u r f a c e  t r a v e l  l e n g t h  o f  t h e  s p r e a d in g  f l u i d  on  
t im e  t ,  Qi  i s  t h e  v o lu m e  f l u x  a t  s o u r c e  o f  s p r e a d ,  w h ic h  i s  
c a l c u la t e d  b y  m u l t i p l y i n g  t h e  d is c h a r g e  v o lu m e  f l u x  Qj  w i t h  
t h e  a v e ra g e  d i l u t i o n s  f r o m  th e  g r a p h i c a l  s o l u t i o n s  b y  F a n  a n d  
B ro o k s  ( 1 9 6 9 ) ,  g '  i s  t h e  r e d u c e d  g r a v i t a t i o n a l  a c c e l e r a t i o n ,
, ρ i  i s  t h e  c a l c u la t e d  d i l u t e d  f l u i d  d e n s i t y  a t  s o u r c e  o f  
s p r e a d ,  ν  i s  th e  k i n e m a t i c  v i s c o s i t y  o f  th e  s p r e a d in g  f l u i d  a n d  Ф i s  
an  u n k n o w n  f u n c t i o n .  H a r t  (1 9 6 1 )  a l s o  p e r fo r m e d  s m a l l  s c a le  l a b o r a ­
t o r y  e x p e r im e n t s .  H o w e v e r ,  b o th  f a i l e d  t o  show  c l e a r l y  t h e  d i f f e r e n t  
p o s s i b le  r e g io n s  o f  f l o w  t h a t  c a n  o c c u r .
S h a rp  (1 9 7 1 )  e x te n d e d  h i s  s t u d i e s  t o  s u r f a c e  s p r e a d in g  f r o n t  d u e  
t o  a h o r i z o n t a l  b u o y a n t  r o u n d  j e t  d is c h a r g e  o n  th e  s u r f a c e  o f  a w id e r  
c h a n n e l ,  a s  sh o w n  i n  F ig u r e  2 . 1 . 5 .  A  f u r t h e r  d im e n s io n le s s  v a r i a b l e  
i n v o l v i n g  t h e  p r o p e r t i e s  o f  a  d i s c h a r g e  f r o m  a  r o u n d  p ip e  w as a d d e d  
t o  th o s e  c o n s id e r e d  p r e v i o u s l y  ( 2 . 1 . 1 )  t o  o b t a i n :
( 2 . 1 . 2 )
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w h e re  L  i s  t h e  s p r e a d in g  l e n g t h  f r o m  t h e  d i s c h a r g in g  p ip e  o n
t im e  t ,  D j a n d  Q j a r e  t h e  d ia m e t e r  a n d  t h e  v o lu m e  f l u x  o f  th e  
p ip e  d i s c h a r g e .  T h e  a d d e d  d im e n s io n le s s  v a r i a b l e  i n  E q . ( 2 . 1 . 2 ) ,
, i s  r e l a t e d  t o  t h e  d is c h a r g e  R ic h a r d s o n  n u m b e r o r  
F ro u d e  n u m b e r o f  t h e  p ip e  f l o w .
E x p e r im e n ts  o n  r a d i a l  s p r e a d in g  p lu m e s  d u e  t o  a s u b m e rg e d  
v e r t i c a l  b u o y a n t  r o u n d  j e t  d is c h a r g e  w e re  p e r fo r m e d  b y  C hen  a n d  
L i s t  ( 1 9 7 6 ) .  A f t e r  a v e r y  b r i e f  i n i t i a l  p e r i o d  t h e  r a d i a l l y  
s y m m e t r ic  f r o n t  i n c r e a s e d  i n  d ia m e t e r  w i t h  t h e  t h r e e - q u a r t e r s  
p o w e r  o f  t im e  a n d  th e n  b r o k e  s h a r p l y  t o  a  f u n c t i o n  o f  o n e - h a l f  
p o w e r  o f  t im e .  T h e  s e c o n d  r e g im e  w as a l s o  c o n f i r m e d  b y  A n w a r 
( 1 9 7 2 ) .  B o th  r e g im e s  w e re  c o n f i r m e d  r e c e n t l y  b y  B r i t t e r  (1 9 7 9 )  
i n  th e  l a b o r a t o r y  e x p e r im e n ts  o n  r a d i a l l y  s p r e a d in g  g r a v i t y  c u r r e n t s .
R o b e r ts  (1 9 7 7 )  o b s e r v e d  a s i m i l a r  t w o - s t a g e  s p r e a d in g  f r o n t  
f r o m  a s u b m e rg e d  l i n e  p lu m e  d i s c h a r g e ;  t h e  d i s t a n c e  f r o m  
d is c h a r g e  t o  f r o n t  i n c r e a s e d  a s  a l i n e a r  f u n c t i o n  o f  t im e  t  
a n d  th e n  c h a n g e d  t o  t 4 / 5 . T h is  i m p l i e d  c o n s t a n t  v e l o c i t y  o f  th e  
p la n e  s p r e a d in g  f r o n t ,  w h ic h  d e p e n d s  o n l y  o n  t h e  d is c h a r g e  
b u o y a n c y  f l u x ,  w as a ls o  fo u n d  e a r l i e r  b y  L i s e t h  (1 9 7 0 )  a n d  
Bü h l e r  (1 9 7 4 )  f o r  t h e  f l o w  f r o m  a m u l t i p o r t  d i f f u s e r  d is c h a r g e  
w i t h  d e n s e  f l u i d .
D i f f e r e n t  t im e  f u n c t i o n s  w e re  n o te d  b y  C hen  a n d  L i s t  (1 9 7 6 )  
f o r  th e  r a d i a l  s u r f a c e  s p r e a d in g  f r o n t  p r o d u c e d  b y  d u m p in g  a 
f i n i t e  v o lu m e  o f  l i q u i d  o n to  th e  f r e e  s u r f a c e  o f  a d e n s e r  
m i s c i b l e  l i q u i d .  T h e  d ia m e t e r  o f  th e  s p i l l  g re w  a s  t 1 / 2
21
i n i t i a l l y  a n d  t h e n  c h a n g e d  t o  t 1 / 8 . D i f f e r e n t  t im e  f u n c t i o n s  
w e re  a l s o  fo u n d  b y  A lm q u is t  (1 9 7 3 )  f o r  a p la n e  s u r f a c e  s p r e a d in g  
f r o n t  p r o d u c e d  b y  t h e  r e le a s e  o f  a f i n i t e  v o lu m e  o f  b u o y a n t  
f l u i d :  t h e  d i s t a n c e  g re w  i n i t i a l l y  a s  t 2 / 3 a n d  th e n  c h a n g e d
t o  t 1 / 5 .
I n  o r d e r  t o  s t u d y  s p r e a d in g  r a t e  f o r  a p la n e  f r o n t  i n  a 
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  M a x w o r th y  (1 9 7 2 )  
e x a m in e d  a n e u t r a l l y  b u o y a n t  h o r i z o n t a l  s l o t  j e t  i n t o  a d e n s i t y  
s t r a t i f i e d  f l u i d ,  a s  sh ow n  i n  F ig u r e  2 . 1 . 6 .  A f t e r  i n t e n s i v e  
m ix in g  w i t h  a m b ie n t  f l u i d  o c c u r r e d  i n  t h e  n e ig h b o r h o o d  o f  e x i t ,  
t h e  i n t e r f l o w i n g  f r o n t  d i s t a n c e  in c r e a s e d  a s  t 5 / 6 f o r  t h e  c a s e  
o f  lo w  s o u r c e  f l o w  r a t e .
S i m i l a r  e x p e r im e n ts  w e re  a l s o  p e r fo r m e d  b y  Z u lu a g a - A n g e l  e t  a t .  
(1 9 7 2 )  a n d  M a n in s  ( 1 9 7 6 a ) ,  b u t  d i f f e r e n t  g r o w th  r a t e s  o f  th e  
i n t e r f l o w i n g  w e d g e  w e re  fo u n d .  M a n in s  fo u n d  th e  i n t r u s i o n  l a y e r  
l e n g t h  t o  b e  a  l i n e a r  f u n c t i o n  o f  t im e .  Z u lu a g a - A n g e l  e t  a t .  
f o u n d  a t h r e e - q u a r t e r s  p o w e r  o f  t im e .  H o w e v e r ,  o n e  o f  th e  
e x p e r im e n ts  o f  Z u lu a g a - A n g e l  e t  a t .  d i d  sh o w  a  w e d g e  i n c r e a s in g  
i t s  l e n g t h  i n  d i r e c t  p r o p o r t i o n  t o  t h e  t im e  t  a n d  th e n  c h a n g in g  
t o  t 5 / 6  b e f o r e  r e a c h in g  t h e  e n d  o f  t h e  c h a n n e l ,  a s  p l o t t e d  i n  
F ig u r e  2 . 1 . 7 .  T h u s  n o  c o n c lu s i v e  r e s u l t  h a s  a p p e a re d  f o r  th e  
s u b m e rg e d  d e n s i t y  s p re a d  d u e  t o  a s u b m e rg e d  b u o y a n t  r o u n d  o r  
p la n e  j e t  d i s c h a r g e .
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F ig u r e  2 . 1 . 6  S im u la t io n  o f  s u b m e rg e d  d e n s i t y  s p r e a d in g  b y  a 
h o r i z o n t a l  j e t  d i s c h a r g in g  a t  i t s  ow n d e n s i t y  
l e v e l  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t ,  
a f t e r  M a x w o r th y  ( 1 9 7 2 ) .
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F ig u r e  2 . 1 . 7  G ro w th  h i s t o r y  o f  t h e  i n t e r f l o w i n g  w e d g e  f r o n t  d u e  
t o  a h o r i z o n t a l  s l o t  j e t  d i s c h a r g in g  a t  a n e u t r a l  
b u o y a n t  l e v e l  i n t o  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  
a m b ie n t ,  d a ta  f r o m  Z u lu a g a - A n g e l  e t  a t .  ( 1 9 7 2 ) .
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Wu ( 1 9 6 5 ,1 9 6 9 )  fo u n d  d i f f e r e n t  r e s u l t s  f o r  t h e  s u b m e rg e d  
d e n s i t y  s p r e a d  d u e  t o  a f i n i t e  v o lu m e  o f  h o m o g e n e o u s  f l u i d  
c o l l a p s i n g  a t  a n e u t r a l  d e n s i t y  l e v e l  i n  a  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  f l u i d ,  a s  sh o w n  i n  F ig u r e s  2 . 1 . 8 ( a )  a n d  ( b ) . I n  
a s e r i e s  o f  e x p e r im e n ts  t h r e e  s ta g e s  o f  i n t e r f l o w i n g  w edge  f r o n t  
w e re  o b s e r v e d :  a n  i n i t i a l  s ta g e  w i t h  N t  <  2 . 5 ,  a p r i n c i p a l  s ta g e  
w i t h  3  <  N t  <  2 5 ,  a n d  t h e  f i n a l  s ta g e  w i t h  N t  >  2 5 ,  w h e re  t  i s  th e  
t im e  a f t e r  i n i t i a t i n g  c o l l a p s e  a n d  N i s  t h e  B r u n t - V ä i s ä l ä 
f r e q u e n c y  o f  th e  s t r a t i f i e d  a m b ie n t  f l u i d .  I n  t h e  i n i t i a l  s ta g e  
t h e  i n t e r f l o w i n g  w e d g e  m oved  a lm o s t  a t  a  c o n s t a n t  v e l o c i t y ,  
w h i l e  i n  t h e  l a t e r  tw o  s ta g e s  th e  w e d g e  f r o n t  w as d e c e l e r a t i n g  
d u r i n g  t h e  s p r e a d in g .  Wu g a v e  a n  e m p i r i c a l  f o r m u la  d e s c r i b i n g  
t h e  f r o n t  p r o p a g a t io n  i n  t h e  i n i t i a l  s ta g e  a s  a  f u n c t i o n  t o  t im e ,
( 2 . 1 . 3 )
a n d  i n  th e  p r i n c i p a l  s ta g e :
( 2 . 1 . 4 )
w h e re  Ro i s  t h e  i n i t i a l  r a d i u s  o f  t h e  c y l i n d r i c a l  s e c t i o n  o f  th e  
t w o - d im e n s io n a l  h o m o g e n e o u s  f l u i d ,  R ( t )  i s  th e  w e d g e  l e n g t h  a t  
t im e  t .  I n  t h e  f i n a l  s t a g e ,  t h e  d i s t a n c e  t o  t h e  f r o n t  i n c r e a s e d  
a t  a  m uch  s lo w e r  r a t e  th a n  i n  t h e  p r i n c i p a l  s ta g e .  T he  r e s u l t s
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F ig u r e  2 . 1 . 8 ( a )  T h re e  s ta g e s  o f  p la n e  s u b m e rg e d  d e n s i t y  f r o n t  s p re a d
d u e  t o  a f i n i t e  v o lu m e  o f  h o m o g e n e o u s  f l u i d  c o l l a p s i n g  
a t  a n e u t r a l  l e v e l  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t ,  a f t e r  Wu ( 1 9 6 5 ) .
F ig u r e  2 . 1 . 8 ( b )  S e q u e n t ia l  c r o s s  s e c t i o n s  o f  p la n e  s u b m e rg e d  d e n s i t y  
f r o n t  s p re a d  a t  v a r i o u s  t im e s ,  a f t e r  Wu ( 1 9 6 5 ) .
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g iv e n  b y  Wu a p p e a r  i n c o n c lu s i v e .  H o w e v e r ,  t h e  f r o n t  d i s t a n c e s  
d o e s  a p p e a r  a s y m p t o t i c a l l y  t o  g ro w  i n  p r o p o r t i o n  t o  t 1 / 6 (s e e  
F ig u r e  4 o f  Wu (1 9 6 9 )  a n d  F ig u r e  2 . 1 . 8 ( a ) ) .
S i m i l a r  e x p e r im e n ts  w e re  p e r fo r m e d  b y  v a n  d e  W a te r in g  (1 9 6 6 )  
w i t h  a d i f f e r e n t  a p p a r a t u s .  T h e  d y e d  w e d g e  w as fo u n d  t o  m ove  i n  
t h e  i n i t i a l  s ta g e  as
( 2 . 1 . 5 )
a n d  as
( 2 . 1 . 6 )
f o r  t h e  p r i n c i p a l  s t a g e .
A  s im p le  f o r c e  s c a le  a n a l y s i s  a n d  s i m i l a r i t y  s o l u t i o n s  o f  lo n g  
w a v e  e q u a t io n s  w i l l  b e  u s e d  l a t e r  t o  d e r i v e  th e s e  d i f f e r e n t  p o w e r  la w s  
o f  t im e  f o r  b o t h  t h e  s u r f a c e  a n d  th e  s u b m e rg e d  d e n s i t y  s p r e a d .
2 .2  S u r fa c e  W a s te w a te r  D is c h a r g e  i n  a  C ro s s  C u r r e n t
2 . 2 . 1  N o n -B u o y a n t  M o d e ls
N o n - b u o y a n t  w a s te w a te r  f i e l d  m o d e ls  a r e  r e v ie w e d  
h e r e .  T h e  m o d e ls  w e re  d e v e lo p e d  b y  c o n s id e r in g  o n l y  t h e  s o u r c e  
s t r e n g t h s  a n d  t h e  d i f f u s i o n  m e c h a n is m s  a n d  b y  n e g l e c t i n g  a n y  
b u o y a n c y  e f f e c t s .
T h e  s o l u t i o n  f o r  a n o n - b u o y a n t  s o u r c e  i n  a  u n i f o r m  c u r r e n t  
i s  w e l l - k n o w n  i n  h y d r o d y n a m ic s  ( s e e  f o r  e x a m p le ,  M i ln e - T h o m s o n
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( 2 . 2 . 1 )
a n d
( 2 . 2 . 2 )
( 2 . 2 . 3 )
( 1 9 6 9 ) ,  p p .  4 8 0 - 4 8 1 ) .  T h e  in d u c e d  v e l o c i t y  f i e l d ,  a s  sh o w n  i n  
F ig u r e  2 . 2 . 1 ,  i s  a s y m p t o t i c  f a r  d o w n s tre a m , t o  a c o n s t a n t  w i d t h ,  
, w h e re  Q i s  th e  s o u r c e  s t r e n g t h ,  U i s  t h e  c u r r e n t  
v e l o c i t y .  T h e  u p s t r e a m  e d g e  w h e re  t h e  v e l o c i t y  v a n is h e s ,  
i s  l o c a t e d  a t  a d i s t a n c e , , u p s t r e a m  f r o m  th e  s o u r c e .
No f u r t h e r  i n f o r m a t i o n  a b o u t  th e  t r a c e r  d i s t r i b u t i o n  i s  g i v e n .
T h e  t u r b u l e n t  d i f f u s i o n  f i e l d  f r o m  a l i n e  n o n - b u o y a n t  t r a c e r  
s o u r c e  w as d e v e lo p e d  b y  B ro o k s  (1 9 6 0 )  b y  n e g l e c t i n g  t h e  v e r t i c a l  
a n d  t h e  l o n g i t u d i n a l  d i f f u s i o n .  A t u r b u l e n t  d i f f u s i o n  f i e l d  i s  
a ssu m e d  t o  fo r m  a s  s o o n  a s  t h e  d i l u t e d  e f f l u e n t  r e a c h e s  th e  
f r e e  s u r f a c e .  T h e  d o w n s tre a m  c o n c e n t r a t i o n  i s  fo u n d  t o  d e c a y  
i n  b o t h  t h e  t r a n s v e r s e  a n d  s t r e a m  d i r e c t i o n s .  A n  o v e r a l l  s k e t c h  
o f  t h i s  d i f f u s i o n  w a s te  f i e l d  i s  sh o w n  i n  F ig u r e  2 . 2 . 2 .  T h e  
l a t e r a l  s p re a d  o f  t h e  w a s te  f i e l d  i s  fo u n d  t o  b e  d e p e n d e n t  o n  th e  
v a r i a t i o n  o f  t h e  s c a le  o f  e d d y  d i f f u s i v i t y  ε  a lo n g  th e  c u r r e n t  
d i r e c t i o n .  T h e  t h r e e  t y p e s  o f  g r o w in g  f i e l d  w id t h s  t h a t  a r e  
fo u n d  a r e :
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F ig u r e  2 . 2 . 1  A n o n - b u o y a n t  a n d  n o n - d i f f u s i v e  s o u r c e  i n  a  u n i f o r m  
c r o s s  c u r r e n t .
F ig u r e  2 . 2 . 2  S c h e m a t ic  d ia g r a m  f o r  d i f f u s i v e  f i e l d  f r o m  l i n e - l i k e  
d i f f u s e r  i n  a n  o c e a n  c u r r e n t ,  a f t e r  B ro o k s  ( 1 9 6 0 ) .
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e a c h  c o r r e s p o n d in g  t o  o n e  o f  t h r e e  t y p e s  o f  e d d y  d i f f u s i v i t y  
f u n c t i o n s  a s s u m e d ; ( 2 . 2 . 1 )  a c o n s t a n t ,  ( 2 . 2 . 2 )  a l i n e a r  
v a r i a t i o n  o f  t h e  e d d y  d i f f u s i v i t y  w i t h  t h e  d i f f u s i o n  w i d t h ,  
a n d  ( 2 . 2 . 3 )  a  f o u r - t h i r d s  la w  o f  e d d y  d i f f u s i v i t y ,  w h e re  L  i s  
t h e  n o m in a l  d i f f u s i o n  w id t h  d e f in e d  as
( 2 . 2 . 4 )
a n d  σ i s  t h e  s ta n d a r d  d e v i a t i o n  o f  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  
f u n c t i o n  a t  a  g iv e n  s t a t i o n  d o w n s tre a m  x , ε o  i s  t h e  i n i t i a l  
e d d y  d i f f u s i v i t y  v a lu e  a t  t h e  o r i g i n ,  w h e re  t h e  i n i t i a l  w id t h  o f  
t h e  w a t e r  f i e l d  i s  a ssu m e d  a s  b .
F o r  t h e  d i f f u s i o n  f i e l d  f r o m  a  s i n g l e - p o r t  o u t f a l l  d i s c h a r g e ,  
m a t h e m a t ic a l  m o d e ls  o f  t h e  d i f f u s i o n  f i e l d ,  d e v e lo p e d  t o  d e s c r ib e  
t h e  m a t e r i a l  d i s t r i b u t i o n  o f  a n  e m is s io n  f r o m  a sm oke  s t a c k  i n  
t h e  a tm o s p h e r e ,  a r e  a p p l i c a b l e .  F r e n k i e l  (1 9 5 3 )  s u g g e s te d  t h a t  
i f  t h e  l o n g i t u d i n a l  d i s p e r s io n  i s  n e g l i g i b l e ,  a t h e o r e t i c a l  
s te a d y  p lu m e  m o d e l c o u ld  b e  a s s e m b le d  b y  t h e  s u p e r p o s i t i o n  o f  
a n  i n f i n i t e  n u m b e r o f  o v e r l a p p in g  c i r c u l a r  p a t c h e s ,  a s  sh o w n  i n  
F ig u r e  2 . 2 . 3 ( a ) ,  o r  o n e - d im e n s io n a l  s l i c e  e le m e n ts ,  a s  sh o w n  i n  
F ig u r e  2 . 2 . 3 ( b ) .  H o w e v e r ,  som e f i e l d  d e n s i t y  a n d  c o l i f o r m  
c o n c e n t r a t i o n  m e a s u re m e n ts  b y  F o x w o r th y  e t  a t .  (1 9 6 6 )  a n d  
F o x w o r th y  a n d  K n e e l in g  ( 1 9 6 9 ) ,  i n  t h e  v i c i n i t y  o f  s u b m a r in e  
o u t f a l l s  o p e r a t e d  b y  O ra n g e  C o u n ty  S a n i t a t i o n  D i s t r i c t s ,  
i n d i c a t e  t u r b u l e n t  d i f f u s i o n  d i f f e r i n g  f r o m  G a u s s ia n  p r o f i l e s .
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F ig u r e  2 . 2 . 3 ( a )  S u p e r p o s i t io n  o f  a  s e r i e s  o f  c i r c u l a r  d i f f u s i o n  
p a tc h e s  i n  a h o r i z o n t a l  t u r b u l e n t  c u r r e n t .
F ig u r e  2 . 2 . 3 ( b )  S u p e r p o s i t i o n  o f  a s e r i e s  o f  s l i c e s  o f  d i f f u s i o n  
e le m e n ts  i n  a h o r i z o n t a l  t u r b u l e n t  c u r r e n t .
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I t  i s  b e l i e v e d  t h a t  t h i s  i s  d u e  t o  t h e  b u o y a n c y  f o r c e s  a n d  
w o u ld  i n d i c a t e  t h a t  t h e  d e t a i l s  o f  i n t e r m e d ia t e  s c a le  d e n s i t y  
s p r e a d  d y n a m ic s  a r e  im p o r t a n t  t o  t h e  s t u d y  o f  l a r g e  s c a le  
d i f f u s i o n  p r o b le m s .
2 . 2 . 2  S u r fa c e  D e n s i t y  S p re a d  M o d e ls
T o  d e te r m in e  a n o n - d i f f u s i v e  s u r f a c e  w a s te w a te r  
f i e l d  s e v e r a l  e n v i r o n m e n t a l  f a c t o r s  m u s t  b e  c o n s id e r e d  i n  
a d d i t i o n  t o  t h e  d i s c h a r g e  v a r i a b l e s .  T h o s e  i n c lu d e  o c e a n  c u r r e n t s ,  
t i d e s ,  w in d ,  l o c a l  c l i m a t e ,  a n d  b o t t o m  to p o g r a p h y .  I n c l u s i o n  o f  
a l l  t h e s e  f a c t o r s  t o g e t h e r  i s  d i f f i c u l t .  O n ly  t h e  e f f e c t  o f  a 
u n i f o r m  p r e v a i l i n g  c u r r e n t  w i l l  b e  c o n s id e r e d  h e r e .
A  d e n s i t y  s p r e a d  m o d e l w as  g i v e n  b y  L a r s e n  a n d  Sö r e n s e n  ( 1 9 6 8 ) ,  
C e d e r w a l l  ( 1 9 6 8 ) ,  a n d  H y d én  a n d  L a r s e n  ( 1 9 7 5 ) .  H a r re m ö e s  (1 9 6 7 )  
u s e d  a  s i m i l a r  m o d e l t o  c o n s id e r  t h e  s u r f a c e  f i e l d  d u e  t o  a m u l t i -  
p o r t  d i f f u s e r  d i s c h a r g e .
L a r s e n  a n d  Sö r e n s e n  a ssu m e d  t h a t  t h e r e  i s  a  u n i f o r m  t h i c k n e s s  
h  o f  s u r f a c e  w a s te w a te r  f i e l d  a t  a  l o c a t i o n  x , d o w n s tre a m  f r o m  
t h e  r e le a s e  p o i n t ,  a n d  t h a t  t h e  d e n s i t y  f r o n t  p r o p a g a t e s  w i t h  a 
v e l o c i t y
( 2 . 2 . 5 )
T h e  b o u n d a r y  o f  t h e  s u r f a c e  f i e l d  w i l l  t h e n  b e  d e f i n e d  b y  t h e  
r e l a t i o n s h i p
( 2 . 2 . 6 )
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as  sh o w n  i n  F ig u r e s  2 . 2 . 4 ( a )  a n d  ( b ) , w h e re  t h e  c o e f f i c i e n t  λ i s  
c h o s e n  a s  1 . 0  b y  L a r s e n  a n d  Sö r e n s e n  (1 9 6 8 )  a n d  H a r re m ö es  ( 1 9 6 7 ) ,  
a n d  a s  1 . 0  t o  1 . 4  b y  H y d én  a n d  L a r s e n  ( 1 9 7 5 ) .  T h e  a n g le  θ w as 
r e l a t e d  t o  t h e  h a l f - w i d t h  o f  t h e  s u r f a c e  f i e l d  b y
so  t h a t  f o r  s m a l l  a n g le s  θ
T h e  c o n t i n u i t y  r e l a t i o n s h i p  i m p l i e s  t h a t
( 2 . 2 . 8 )
( 2 . 2 . 9 )
so  t h a t  o n e  g e t s  t h e  h a l f - w i d t h  e q u a t io n  i n  d i f f e r e n t i a l  f o r m  as
( 2 . 2 . 1 0 )
w h e re  Δ i s  t h e  d im e n s io n le s s  d e n s i t y  d i f f e r e n c e  o f  th e  s u r f a c e  f i e l d  
i s  r e l a t e d  t o  t h e  v a lu e  o f  t h e  d is c h a r g e  f l u i d  a s
( 2 . 2 . 1 1 )
( 2 . 2 . 7 )
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F ig u r e  2 . 2 . 4 ( a )  T op  v ie w  o f  s u r f a c e  d e n s i t y  s p re a d  f i e l d  i n  a 
h o r i z o n t a l  c u r r e n t .
F ig u r e  2 . 2 . 4 ( b )  C e n t r a l  c r o s s  s e c t i o n  a lo n g  x  d i r e c t i o n  o f  s u r f a c e  
d e n s i t y  s p re a d  f i e l d  i n  a h o r i z o n t a l  c u r r e n t .
34
E q u a t io n  ( 2 . 2 . 1 2 )  a f t e r  i n t e g r a t i o n  b e co m e s
( 2 . 2 . 1 2 )
i n  w h ic h
T h e  m o d e l d e s c r ib e d  h e r e  i s  v a l i d  o n l y  w h e n  th e  c u r r e n t
v e l o c i t y  d o e s  n o t  e x c e e d  som e m ax im um  v a lu e  s in c e  Bo w i l l
v a n i s h .  I n  t h e  c a s e  o f  lo w  c u r r e n t  s p e e d s  t h e
l o n g i t u d i n a l  s p r e a d in g  v e l o c i t y  i s  no  lo n g e r  n e g l i g i b l e ,  a n d
E q . ( 2 . 2 . 8 )  i s  n o t  a g o o d  a p p r o x im a t io n  o f  E q s .  ( 2 . 2 . 6 )  a n d  ( 2 . 2 . 7 ) .
T he  w id t h  o f  t h e  f i e l d  i s  m a in ly  d e p e n d e n t  o n  t h e  v e l o c i t y  
o f  t h e  d e n s i t y  f r o n t ,  w h ic h  c o n t a in s  a n  u n k n o w n  c o e f f i c i e n t  λ .  
H a r re m ö e s  (1 9 6 7 )  a rg u e d  t h a t  a c o n s t a n t  v a lu e  o f  λ i s  d o u b t f u l  
s in c e  t h e  f r o n t  e d g e  i s  o b s e r v e d  t o  p r o p a g a t e  w i t h  a  v a n i s h in g  
t h i c k n e s s ,  w h ic h  i m p l i e s  t h a t  t h e  f r o n t  v e l o c i t y  m u s t  v a n i s h  i n  
E q . ( 2 . 2 . 5 ) .  To  o v e rc o m e  s u c h  d e f i c i e n c i e s ,  o t h e r  m o d e ls  a r e  
n e c e s s a r y .
Rawn a n d  P a lm e r  (1 9 2 9 )  p r o p o s e d  th e  c o n c e p t  o f  a  o n e - d im e n s io n a l  
t r a n s v e r s e  s p r e a d in g  f i e l d  s u p e r im p o s e d  o n  a u n i f o r m  c u r r e n t  a s  
sh o w n  i n  F ig u r e  2 . 2 . 5 .  H o w la n d  (1 9 3 4 )  s u g g e s te d  t h a t  th e  
e x p e r im e n t a l  r e s u l t s  o f  l o c k  e x c h a n g e  f l o w  b y  O 'B r i e n  a n d  C h e rn o  (1 9 3 2 )
( 2 . 2 . 1 3 )
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F ig u r e  2 . 2 . 5  S id e - s p r e a d  m o d e l f o r  th e  p lu m e  b o u n d a r y  o f  a s u r f a c e  
w a s te w a te r  f i e l d .
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m ay h e  u s e d  t o  p r e d i c t  t h i s  s id e - s p r e a d  v e l o c i t y .  T he  same 
c o n c e p t  w as  u s e d  b y  K oh  (1 9 7 6 )  a n d  R o b e r ts  (1 9 7 7 )  t o  d e te r m in e  
t h e  s u r f a c e  s p r e a d in g  f r o m  a  f i n i t e  l e n g t h  d i f f u s e r  d i s c h a r g e .
T h e  sam e id e a  w as a l s o  u s e d  b y  L e e  (1 9 7 1 )  t o  p r e d i c t  t h e  s u r f a c e  
o i l  s l i c k  d u e  t o  a n  o i l  t a n k e r  a c c i d e n t .
A c c o r d in g  t o  t h i s  m o d e l t h e  d o w n s tre a m  w id t h  o f  t h e  s u r f a c e  
s p r e a d in g  f i e l d  c a n  b e  a p p r o x im a te d  b y  a  G a l i l e a n  t r a n s f o r m a t i o n  
o f  a n  u n s te a d y  t im e  f u n c t i o n  d e s c r i b i n g  t h e  p la n e  d e n s i t y  f r o n t  
m o t io n  i n  a s t a g n a n t  a m b ie n t  f l u i d .  I n  o t h e r  w o r d s ,  t h e  s h a r p  
b o u n d a r y  o f  t h e  s p r e a d in g  f i e l d  c a n  b e  d e s c r ib e d  b y  j u s t  c h a n g in g  
t h e  t im e  te r m  t  t o  a  s p a c e  te r m  x /U  i n  t h e  s o l u t i o n  f o r  a n  
i n s t a n t a n e o u s  f i n i t e  v o lu m e  r e l e a s e .  T he  d e t a i l s  o f  th e s e  
u n s te a d y  f u n c t i o n s  w i l l  b e  g iv e n  i n  Se c t i o n  3 . 1 .
T h e  a b o v e  a p p ro a c h  i s  a g o o d  a p p r o x im a t io n  o n l y  w h e n  th e  
l o n g i t u d i n a l  s p r e a d in g  v e l o c i t y  i s  n e g l i g i b l e  c o m p a re d  t o  t h e  
c u r r e n t  v e l o c i t y .  O t h e r w is e ,  a  r a d i a l l y  s p r e a d in g  f r o n t  i s  a 
b e t t e r  a p p r o x im a t io n ,  a s  sh o w n  i n  F ig u r e  2 . 2 . 6 .  T h e  s h a rp  
d e n s i t y  b o u n d a r y  o f  a  s u r f a c e  w a s te w a te r  f i e l d  i s  i n  t h i s  c a s e  
s i m i l a r  t o  th e  s h o c k  w a v e  c u r v e  fo r m e d  b y  a m o v in g  s o u r c e .  T h e re  
i s  n o  u p s t r e a m  w e d g e  i n  t h e  c r i t i c a l  o r  t h e  s u p e r c r i t i c a l  f l o w  
c a s e ,  w h e n  th e  c u r r e n t  v e l o c i t y  i s  e q u a l  t o  o r  h i g h e r  th a n  th e  
s h o c k  f r o n t  v e l o c i t y .  I n  th e  s u b c r i t i c a l  f l o w  c a s e ,  t h e r e  w i l l  
b e  a n  u p s t r e a m  e d g e  fo r m e d  b y  t h e  i n t e r a c t i o n  o f  t h e  c u r r e n t  
a n d  th e  s p r e a d in g  f l o w .
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F ig u r e  2 . 2 . 6  R a d ia l  s p r e a d  m o d e l f o r  t h e  p lu m e  b o u n d a r y  o f  s u r f a c e  
w a s te w a te r  f i e l d .
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2 .3  G r a v i t y - D r i v e n  S t a r t i n g  F lo w s
2 . 3 . 1  F o r m a t io n  o f  G r a v i t y - D r i v e n  F lo w s
G r a v i t y - d r i v e n  f l o w s  o c c u r  b o t h  i n  n a t u r e  a n d  i n  
e n g in e e r in g  p r a c t i c e .  T h e y  r e s u l t  f r o m  u n s te a d y  a n d  n o n - u n i f o r m  
f r e e - b o u n d a r y  m o t io n  c a u s e d  b y  a d e n s i t y  d i f f e r e n c e  w h ic h  m ay 
b e  d u e  t o :
( 1 )  A d i f f e r e n c e  i n  c o n c e n t r a t i o n  o f  d i s s o lv e d  s o l u t e ,  
s u c h  a s  i n  s a l i n e  w e d g e s , o r  l o c k  e x c h a n g e  f l o w s  a s  o b s e r v e d  
b y  O 'B r i e n  a n d  C her n o ( 1 9 3 2 ) .
( 2 )  A  d i f f e r e n c e  i n  t e m p e r a t u r e ,  s u c h  a s  a t m o s p h e r ic  c o ld  
f r o n t s ,  la n d  b r e e z e s  a f t e r  s u n d o w n , a n d  k a t a b a t i c  w in d s  i n  
m o u n ta in  v a l l e y s  a s  o b s e rv e d  b y  M a r g u le s  (1 9 0 6 )  a n d  S c h m id t  ( 1 9 1 0 ) ;  
s i n k in g  m e l t e d  i c e  w a t e r  a d v a n c in g  o n  th e  s e a  f l o o r ,  ( S a n d s t r o m ,  
1 9 0 8 ) ,  t h e  s u r f a c e  t h e r m a l  p lu m e  o f  p o w e r  p l a n t  c o o l i n g  w a t e r  
d is c h a r g e  f r o m  a c h a n n e l  d i s c h a r g e  (S c a rp a c e  a n d  G re e n , 1 9 7 3 ) ,  a n d  
s u b m e rg e d  o u t f a l l  d is c h a r g e s  ( S o n n ic h s e n ,  1 9 7 1 ) .
( 3 )  S u s p e n d e d  s o l i d s ,  s u c h  a s  i n  a n  a t m o s p h e r ic  d u s t  s to r m  
(a  " b la c k  b l i z z a r d " ) , t u r b i d i t y  c u r r e n t s  o f  m u d d y  r i v e r  f l o w s  
i n t o  r e s e r v o i r s  a n d  la k e s  ( B e l l ,  1 9 4 2 )  o r  f r o m  o c e a n - b a r g e  d re d g e  
s p o i l  d i s p o s a l  (G o rd o n ,  1 9 7 4 ) ,  a v a la n c h e s  o f  p o w d e r  snow  
( S e l ig m a n ,  1 9 6 2 ) ,  a n d  t h e  b a s e  s u r g e  o f  m i s t y  a i r  f r o m  a n  a to m ic  
bomb e x p lo s io n  i n  a  s h a l lo w  o c e a n  ( U .S .  A to m ic  E n e rg y  C o m m is s io n ,  
1 9 5 0 ) .
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( 4 )  D i f f e r e n t  c o n s t i t u e n t  f l u i d s  s u c h  a s  damp g a s  m o t io n  
i n  m in in g  t u n n e l s  ( G e o rg e s o n ,  1 9 4 2 ) ,  o i l  s l i c k s  s p r e a d in g  o n  
t h e  s e a  s u r f a c e  ( S m i t h ,  1 9 6 8 ) ,  a n d  dam b r e a k  f l o w s  i n t o  a 
r i v e r  c h a n n e l  ( S c h o k l i t s c h ,  1 9 1 7 ) .
( 5 )  C o m b in a t io n s  o f  t h e  a b o v e  i t e m s ,  s u c h  a s  m u d d y  r i v e r  
p lu m e s  a f t e r  r a i n  s t o rm  ( B e l l ,  1 9 4 2 ) ,  o c e a n ic  a n d  e s t u a r in e  
f r o n t s  ( G a r v in e ,  1 9 7 4  a n d  M c C lim a n s ,  1 9 7 8 ) ,  a n d  v a p o r i z e d  
l i q u i f i e d  n a t u r a l  g a s  (D ra k e  a n d  R e id ,  1 9 7 7 ) .
T h u s ,  a l t h o u g h  t h e r e  h a v e  b e e n  m any i n v e s t i g a t i o n s  m ade 
o f  s u c h  u n s te a d y  f l o w  p r o b le m s ,  t h e r e  i s ,  a s  y e t ,  n o  u n i v e r s a l  
t h e o r y  t h a t  c a n  e x p l a in  t h e  r e s u l t s  o b t a in e d .  T h e  a b o v e  
e x a m p le s  a r e  c o n s id e r e d  i n  f u r t h e r  d e t a i l .
2 . 3 . 2  L o c k  E x c h a n g e  F lo w s
A l o c k  e x c h a n g e  f l o w  i s  p r o d u c e d  b y  t h e  r e m o v a l  o f  
a  v e r t i c a l  b a r r i e r  s e p a r a t in g  tw o  s e c t i o n s  o f  a c h a n n e l  f i l l e d  
w i t h  f l u i d s  w i t h  a  s l i g h t  d e n s i t y  d i f f e r e n c e ,  a s  sh o w n  i n  
F ig u r e  2 . 3 . 1 .  A c c o r d in g  t o  Y i h ' s  (1 9 4 7 )  l a b o r a t o r y  o b s e r v a t io n s ,  
tw o  w e d g e -s h a p e  s u r g e  f l o w s  a r e  fo u n d  m o v in g  a t  th e  same s p e e d  
b u t  o p p o s i t e  d i r e c t i o n .  T he  a v e r a g e  v a lu e  o f  t h e  i n i t i a l  
f r o n t a l  v e l o c i t y  U , i n  te r m s  o f  a F ro u d e  n u m b e r , F =
i s  a ro u n d  0 . 4 7 ,  a s  sh o w n  i n  T a b le  2 . 3 . 1 .  T h e  e x p e r im e n t a l  v a l u e ,  
F = 0 . 4 7 ,  i s  6% lo w e r  th a n  th e  o n e  p r e d i c t e d  t h e o r e t i c a l l y  b y  
Y ih  ( 1 9 4 7 ) ,  o r  K e u le g a n  ( 1 9 3 4 ) ,  o r  b y  O 'B r i e n  a n d  C h e rn o  ( 1 9 3 2 ) .
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F ig u r e  2 . 3 . 1  L o c k  e x c h a n g e  f l o w .
T a b le  2 . 3 . 1  E x p e r im e n t a l  s t u d ie s  o n  l o c k  e x c h a n g e  f l o w s
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K e u le g a n  (1 9 5 7 )  p e r fo r m e d  s e v e r a l  s i m i l a r  e x p e r im e n t s ,  
b u t  w i t h  a r e l a t i v e l y  s h o r t e r  l o c k  l e n g t h  a s  sh o w n  i n  F ig u r e s  
2 . 3 . 2 ( a )  a n d  ( b ) . He fo u n d  th e  s a l i n e  f r o n t  a d v a n c in g  a t  a 
c o n s t a n t  v e l o c i t y  w h ic h  d e p e n d s  o n l y  u p o n  t h e  i n i t i a l  w a t e r  
d e p th  a n d  t h e  d e n s i t y  d i f f e r e n c e  o f  tw o  f l u i d s .  T h e  f r o n t a l  
F ro u d e  n u m b e r , F ,  v a r i e d  f r o m  0 .4 2  a n d  0 . 5 0 .  T h e  a v e ra g e  v a lu e  
w as a ro u n d  0 .4 5 2 ,  w h ic h  i s  v e r y  c lo s e  t o  Y i h ' s  r e s u l t .  O 'B r ie n  
a n d  C h e rn o  (1 9 3 2 )  a l s o  fo u n d  th e  u n d e r f lo w in g  w e d g e  f r o n t  
m o ve d  a t  a f r o n t a l  F ro u d e  n u m b e r t h a t  v a r i e d  f r o m  0 .4 6  t o  0 . 5 9 .  
S m ith  (1 9 6 5 )  fo u n d  a  v a r i a t i o n  f r o m  0 .5 0  t o  0 . 6 0 .
F o r  l o n g e r  t r a v e l ,  a s  sh o w n  i n  F ig u r e  2 . 3 . 2 ( c ) ,  t h e  u n d e r ­
f l o w i n g  f r o n t  p r e s e n t e d  a  h e a d  s h a p e  w i t h  a  c r e s t  a n d  t r o u g h .
T h e  r a t i o  o f  t h e  tw o  h e i g h t s ,  d 2 / d 1 ,  ( s e e  F ig u r e  2 . 3 . 3 )  w as  
fo u n d  t o  b e  a lm o s t  a  c o n s t a n t ,  2 . 0 ,  in d e p e n d e n t  o f  t h e  i n i t i a l  
l o c k  s i z e ,  s a l i n i t y  d i f f e r e n c e ,  v i s c o s i t y  o f  t h e  f l u i d s ,  a n d  
t h e  l e n g t h  o f  t r a v e l .  T he  d e n s i t y  h e a d  d i d  n o t  p r o p a g a t e  w i t h  
c o n s t a n t  s p e e d  a n d  i n  f a c t  q u i c k l y  d e c e le r a t e d .  I n  o t h e r  w o r d s ,  
t h e  l o c k  e x c h a n g e  f l o w  la w s  w e re  n o t  a p p l i c a b l e .  K e u le g a n  (1 9 5 7 )  
u s e d  a n o t h e r  F ro u d e  n u m b e r
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F ig u r e  2 . 3 . 2 ( b )  A d v a n c in g  l o c k  e x c h a n g e  f l o w .
F ig u r e  2 . 3 . 2 ( a )  L o c k  a n d  c h a n n e l  b e f o r e  r e m o v in g  g a t e .
F ig u r e  2 . 3 . 2 ( c )  F i n i t e - l e n g t h  e x c h a n g e  f l o w .
F ig u r e  2 . 3 . 3  I d e a l i z e d  s h a p e  o f  s a l i n e  f r o n t  f r o m  f i n i t e - l e n g t h  
l o c k  e x c h a n g e  f l o w ,  a f t e r  K e u le g a n  ( 1 9 5 7 ) .
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( 2 . 3 . 2 )
t o  d e s c r i b e  t h e  d e c a y in g  f r o n t a l  v e l o c i t y ,  w h e re  Δρf  i s  t h e  l o c a l  
d e n s i t y  d i f f e r e n c e  a t  t h e  f r o n t  a n d  d 1 i s  t h e  t r o u g h  h e i g h t  n e a r  
t h e  f r o n t .  W hen th e  f r o n t a l  R e y n o ld s  n u m b e r , w as
g r e a t e r  t h a n  4 0 0 ,  t h e  F ro u d e  n u m b e r F 1 w as  c o n s t a n t  ( 1 . 0 7 ) .  
vm i s  t h e  a v e r a g e  v a lu e  o f  t h e  i n i t i a l  k in e m a t i c  v i s c o s i t y  o f  
t h e  tw o  f l u i d s .  B u t  w h e n  th e  f r o n t a l  R e y n o ld s  n u m b e r Re1 w as 
l e s s  t h a n  4 0 0 ,  t h e  F ro u d e  n u m b e r  F 1 w as a  f u n c t i o n  o f  t h e  l o c a l  
R e y n o ld s  n u m b e r Re1
( 2 . 3 . 1 )
T h e  d e c e l e r a t i n g  v e l o c i t y  w as  a l s o  o b s e r v e d  b y  O 'B r i e n  a n d  C h e rn o  
(1 9 3 2 )  f o r  a s a l i n e  f r o n t  i n  a  f i n i t e - l e n g t h  l o c k  e x c h a n g e  f l o w .
T h e  s u r g e  f r o n t  f r o m  a f i n i t e - l e n g t h  t u r b i d  w a t e r  l o c k  
e x c h a n g e  f l o w  w as o b s e r v e d  b y  M id d le t o n  ( 1 9 6 6 ) .  He fo u n d  a 
c o n s t a n t  v e l o c i t y  i n i t i a l l y  w i t h  th e  f r o n t a l  F ro u d e  n u m b e r , F ,  
v a r y i n g  f r o m  0 .4 0 4  t o  0 .-51  w i t h  a n  a v e ra g e  v a lu e  o f  0 . 4 4 .  S i m i l a r  
r a p i d  d e c e l e r a t i o n  o f  t h e  h e a d  a t  a  lo n g e r  t r a v e l  d i s t a n c e  
w as a l s o  n o te d  b y  M id d le t o n .
S h w a r tz  e t  a t .  (1 9 7 3 )  fo u n d  t h a t ,  f o r  b o t h  s a l i n e  a n d  th e  
t u r b i d i t y  f l o w s  f r o m  a f i n i t e - l e n g t h  l o c k  o n  a  h o r i z o n t a l  b o t t o m ,  
a n d  a l s o  w i t h  a m i l d  b o t t o m  s lo p e ,  t h e  a s y m p t o t i c  d e c a y  o f  t h e  
f r o n t a l  v e l o c i t y  U w i t h  d i s t a n c e  t r a v e le d  x  w as
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T h e re  i s  n o  c l e a r  e x p la n a t io n  w h y  t h i s  r a p i d  d e c e l e r a t i o n  
o c c u r s .  P r e v io u s  i n v e s t i g a t o r s  h a v e  s p e c u la t e d  t h a t  t h i s  m ay b e  
d u e  t o  v i s c o u s  b o t t o m  f r i c t i o n ,  o r  s id e  w a l l  f r i c t i o n  o r  th e  
e x h a u s t io n  o f  t h e  s u p p ly  o f  s e d im e n t  c a u s e d  b y  d e p o s i t i o n  o f  
t h e  s u s p e n d e d  m a t e r i a l .
A  t h r e e - d im e n s io n a l  s t r u c t u r e  t o  t h e  f i n i t e - l e n g t h  l o c k  
e x c h a n g e  f l o w  w as  o b s e r v e d  b y  S im p s o n  ( 1 9 7 2 ) .  A  s e r i e s  o f  
c l e f t  a n d  t h e  lo b e  s t r u c t u r e s  w e re  s e e n  t o  d e v e lo p  i n  t h e  
t r a n s v e r s e  d i r e c t i o n  t o  t h e  " n o s e " .  T h e  e le v a t e d  h e i g h t  o f  t h e  
n o s e ,  d n , w as fo u n d  a s  a f u n c t i o n  o f  f r o n t a l  R e y n o ld s  n u m b e r ,
w h e re  ν s  i s  t h e  k i n e m a t i c  v i s c o s i t y  o f  t h e  m o v in g  f l u i d .  T he  
lo b e  l e n g t h  b e tw e e n  tw o  c l e f t s ,  ℓ , w as  fo u n d  as  a f u n c t i o n  
o f  R e y n o ld s  n u m b e r ,
S i m i l a r  e x p e r im e n ts  f o r  l o c k  e x c h a n g e  f l o w  c o n n e c te d  t o  a 
w id e r  c h a n n e l ,  w e re  a l s o  p e r fo r m e d  b y  K e u le g a n  ( 1 9 5 8 ) .  He fo u n d  
t h a t  a  s a l i n e  f r o n t  i n t r u d i n g  i n t o  a n a r r o w  c h a n n e l  a l s o  m oved  
a t  a c o n s t a n t  s p e e d . T h e  o b s e r v e d  F ro u d e  n u m b e r F w as  a f u n c t i o n  
o f  th e  w id t h  r a t i o  o f  t h e  tw o  c h a n n e ls .  I n  t h e  l i m i t i n g  c a s e  o f  a
( 2 . 3 . 3 )
( 2 . 3 . 4 )
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r i v e r  c h a n n e l  c o n n e c te d  t o  a n  o p e n  s e a ,  t h e  s a l i n e  f r o n t  m oved  
i n i t i a l l y  a t  a f a s t e r  c o n s t a n t  s p e e d  th a n  t h a t  f o r  a c o n s t a n t  
w i d t h  c h a n n e l .  T he  a v e r a g e  v a lu e  o f  t h e  f r o n t a l  F ro u d e  n u m b e r 
F w as 0 . 5 7 .  T h e  f r o n t a l  h e a d  c h a r a c t e r i s t i c s  w e re  a l s o  fo u n d  t o  
b e  d i f f e r e n t  w i t h  t h e  h e a d  b e in g  f l a t t e r  a n d  s l i g h t l y  l o n g e r .
T he  r a t i o  o f  t h e  c r e s t  h e i g h t ,  d 2 , t o  t r o u g h  h e i g h t ,  d 1 ,  w as 
2 . 1 6 .  T h e  F ro u d e  n u m b e r , F 1  b a s e d  o n  t h e  h e a d  v e l o c i t y  a n d  th e  
t r o u g h  h e i g h t ,  d 1 ,  w as  1 .0 4  w h e n  th e  f r o n t a l  R e y n o ld s  n u m b e r ,
S i m i l a r l y ,  i t  w as  fo u n d  t h a t
( 2 . 3 . 6 )
w h e n  th e  f r o n t a l  R e y n o ld s  n u m b e r w as g r e a t e r  th a n  1 2 0 0
a n d
( 2 . 3 . 7 )
w h e n  th e  f r o n t a l  R e y n o ld s  n u m b e r R e2 w as l e s s  th a n  1 2 0 0 .
w as  g r e a t e r  t h a n  5 5 0 . F o r  a  f r o n t a l  R e y n o ld s  
n u m b e r ,  R e1 le s s  th a n  5 5 0
( 2 . 3 . 5 )
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2 . 3 . 3  P la n e  S u r fa c e  S t a r t i n g  B u o y a n t  J e t s
E x p e r im e n t a l  s t u d i e s  o n  p la n e  g r a v i t y  c u r r e n t s  h a v e  
b e e n  p e r fo r m e d  b y  m any i n v e s t i g a t o r s ,  a s  sh o w n  i n  T a b le  2 . 3 . 2 .  
A s  sh o w n  i n  F ig u r e s  2 . 3 . 4 ( a )  a n d  ( b ) , m o s t  o f  th e m  p ro d u c e d  a 
c u r r e n t  b y  d i s c h a r g in g  h o r i z o n t a l l y  a  f l u i d  o f  d e n s i t y  ρ j  o n to  
t h e  f r e e  s u r f a c e  o r  b o t t o m  s u r f a c e  a t  o n e  e n d  o f  c h a n n e l  f i l l e d  
w i t h  a  h o m o g e n e o u s  f l u i d  o f  d e n s i t y  ρa . T h is  t y p e  o f  d e n s i t y
c u r r e n t  i s  fo u n d  t o  m ove  a t  a p p r o x im a t e ly  a c o n s t a n t  s p e e d ,
e v e n  w i t h  v i s c o s i t y  d r a g  e f f e c t s .
T h e  e a r l i e s t  e x p e r im e n t a l  o b s e r v a t io n s  w e re  m ade b y
m e t e o r o l o g i s t s  m o d e l in g  a t m o s p h e r ic  c o ld  f r o n t  p r o p a g a t io n .
S c h m id t  (1 9 1 0 )  p e r fo r m e d  m o d e l e x p e r im e n ts  b y  d i s c h a r g in g  a
s a l t  s o l u t i o n  o n to  a  c h a n n e l  f l o o r .  A n  a d v a n c in g  s a l i n e  f r o n t
fo rm e d  a n o s e ,  w h o s e  s p e e d  o f  a d v a n c e  d e p e n d e d  o n  th e  s a l i n i t y
d i f f e r e n c e  b e tw e e n  th e  f r o n t a l  a n d  t h e  a m b ie n t  f l u i d s ,  Δρn ,
a n d  t h e  h e i g h t  o f  n o s e ,  h n . S c h m id t  (1 9 1 1 )  p r o p o s e d  t h a t  th e  
f r o n t a l  v e l o c i t y ,  U , b e  e x p r e s s e d  a s
( 2 . 3 . 8 )
λ i s  a  d im e n s io n a l  c o n s t a n t .  A s i m i l a r  r e s u l t s  w as  d e r i v e d  b y  
M a r g u le s  (1 9 0 6 )  f o r  m o d e l in g  a tm o s p h e r ic  c o ld  f r o n t  p r o p a g a t io n  
b y  e q u a t in g  t h e  c h a n g e  o f  p o t e n t i a l  e n e r g y  t o  t h e  c h a n g e  o f  
k i n e t i c  e n e r g y .
T a b le  2 . 3 . 2  E x p e r im e n t a l  s t u d ie s  o n  p la n e  g r a v i t y  c u r r e n t s  d u e  t o  a c o n s t a n t  r a t e  o f  
d is c h a r g e  a t  o n e  e n d  o f  c h a n n e l .
4
8
F ig u r e  2 . 3 . 4 ( a )  F o rc e d  f r e e  s u r f a c e  d e n s i t y  c u r r e n t s .
F ig u r e  2 . 3 . 4 ( b )  F o rc e d  b o t to m  s u r f a c e  d e n s i t y  c u r r e n t s .
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B a r r  (1 9 5 9 )  p r o d u c e d  s o - c a l l e d  p la n e  " f o r c e d  s u r f a c e  d e n s i t y  
c u r r e n t s "  o n  t h e  f r e e  s u r f a c e  o f  a  f l u m e ,  a s  i n  F ig u r e  2 . 3 . 5 .
He fo u n d  t h a t  s o m e t im e s  a  r o l l e r  t y p e  f r o n t  d e v e lo p e d  i n i t i a l l y  
a f t e r  th e  d is c h a r g e  a n d  s o m e t im e s  a f a s t e r  m o v in g  a n d  p o in t e d  
w e d g e  t y p e  f r o n t  o c c u r r e d ,  e i t h e r  i n i t i a l l y  o r  a f t e r  some t r a v e l .
No c l e a r  e x p l a n a t io n  w as  g iv e n  f o r  t h i s  b e h a v io r  a l t h o u g h  s u r f a c e  
t e n s io n  e f f e c t s  w e re  s u s p e c te d .
L e a n  a n d  W i l l o c k  (1 9 6 5 )  a l s o  p e r fo r m e d  s i m i l a r  e x p e r im e n ts  
a n d  fo u n d  t h e  f r o n t  m o ve d  o u t  i n i t i a l l y  w i t h  a n e a r l y  c o n s t a n t  
s p e e d , w i t h  a n  i n t e n s i v e  m ix in g  r e g io n  b e h in d  t h e  f r o n t .  T h e  
t h i c k n e s s  o f  t h e  s u r f a c e  l a y e r  i n c r e a s e d  aw ay  f r o m  th e  e n t r y  p o i n t ,  
b u t  d o w n s tre a m  th e  s u r f a c e  l a y e r  c h a n g e d  t o  a  u n i f o r m  d e p th  a n d  
t h e r e  w as  l i t t l e  f u r t h e r  m ix in g  w i t h  t h e  u n d e r l y i n g  c o l d  w a t e r .
T he  t u r b u le n c e  i n  t h e  i n t e r f a c i a l  l a y e r  dam ped  o u t  s m o o th ly  t o  
fo r m  a  s h a r p  i n t e r f a c e .  L e a n  a n d  W i l l o c k  fo u n d  t h a t  a h ig h e r  
i n l e t  F ro u d e  n u m b e r f l o w  a lw a y s  le a d  t o  a  t h i c k e r  u n i f o r m  
s u r f a c e  l a y e r  a n d  t h a t  f o r  a n  i n l e t  F ro u d e  n u m b e r l e s s  th a n  
a b o u t  1 . 0 ,  t h e  t h i c k e n i n g  o f  s u r f a c e  l a y e r  w as s l i g h t .  T he  
l o c a l  d e n s im e t r i c  F ro u d e  n u m b e rs , , w e re  0 .6 9  t o  1 . 1 4 ,  
w h ic h  g e n e r a l l y  a g re e s  w i t h  t h e  r e s u l t s  o f  E l l i s o n  a n d  T u r n e r  
(1 9 5 9 )  f o r  t h e  c a s e  o f  n e g l i g i b l e  m ix in g .
A lm q u is t  (1 9 7 3 )  a l s o  o b s e r v e d  s u r f a c e  d e n s i t y  f r o n t  m o t io n  
a n d  t h e  d e t a i l s  o f  th e  e x p e r im e n t a l  p a r a m e te r s  a r e  sh o w n  i n  
T a b le  2 . 3 . 2 ,  a n d  i n  K oh  ( 1 9 7 6 ) .  T h e  w e d g e -s h a p e  f r o n t  g re w
F ig u r e  2 . 3 . 5  S u r fa c e  d e n s i t y  c u r r e n t s  a n d  d i s c h a r g in g  b o x  u s e d  b y  B a r r  ( 1 9 5 9 ) .
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f i r s t  w i t h  t im e  t ,  a n d  th e n  c h a n g e d  t o  t 4 / 5 , a s  sh o w n  i n  
F ig u r e  2 . 3 . 6 .  T he  d e n s i t y  f r o n t s  t h e r e f o r e  p r o p a g a te d  i n i t i a l l y  
w i t h  a c o n s t a n t  s p e e d  a n d  th e n  d e c e le r a t e d ,  w h ic h  w as c o n s i s t e n t  
w i t h  t h e  r e s u l t s  o f  B a r r  (1 9 5 9 )  a n d  L e a n  a n d  W i l l o c k  ( 1 9 6 5 ) .
D e n s i t y  c u r r e n t s  o n  t h e  b o t t o m  w e re  i n v e s t i g a t e d  b y  B e l l  ( 1 9 4 2 ) ,  
w ho u s e d  s a l i n e  f l o w s  t o  m o d e l t h e  t u r b i d  r i v e r  f l o w  e n t e r i n g  a 
r e s e r v o i r .  M id d le t o n  (1 9 6 6 )  p e r fo r m e d  a  s e r i e s  o f  e x p e r im e n ts  t o  
i n v e s t i g a t e  t h e  s e d im e n t  t r a n s p o r t  m e c h a n is m  b y  t h e  t u r b i d i t y  
c u r r e n t s .  A  s u s p e n d e d  s e d im e n t  d e n s i t y  c u r r e n t  " h e a d "  w as  fo rm e d  
a n d  a f t e r  a n  i n i t i a l  a c c e l e r a t i o n  t h i s  f lo w e d  a t  a n  a p p r o x im a t e ly  
c o n s t a n t  v e l o c i t y  dow n th e  s l o p in g  f l o o r  o f  a c h a n n e l .  T h e  s t e e p e r  
t h e  s lo p e  i s ,  t h e  lo n g e r  t h e  a c c e l e r a t i o n  s ta g e  w i l l  b e .  E v e n t u a l l y  
t h e  f l o w  w as d e c e le r a t e d  t o  a  n e a r l y  c o n s t a n t  v e l o c i t y  a n d  t h e  h e a d  
s h a p e  w as  p r e s e r v e d .  F ig u r e  12 o f  M id d le t o n  (1 9 6 6 )  sh o w s  n e a r l y  
u n i f o r m  d i s t r i b u t i o n s  o f  v e l o c i t y  a n d  l a y e r  t h i c k n e s s  i n  t h e  
f l o w  b e h in d  t h e  c u r r e n t  h e a d . K e u le g a n 's  (1 9 5 7 )  r e s u l t s  f o r  
d e n s i t y  c u r r e n t s  w e re  a l s o  c h e c k e d  b y  M i d d le t o n .  T he  F ro u d e  
n u m b e r , , w as  fo u n d  t o  v a r y  f r o m  a b o u t  0 .7
f o r  t h e  lo w  s lo p e  c a s e  (Sc = 0 .0 0 5 )  t o  a b o u t  0 .8  t o  0 . 9  f o r  t h e  
h ig h  s lo p e  c a s e  (S c  =  0 . 0 4 ) .
S i m i l a r  e x p e r im e n ts  o n  a  m i l d e r  s l o p in g  f l o o r  w e re  a l s o  
p e r fo r m e d  b y  B r a u c h e r  ( 1 9 5 0 ) .  T h e  f r o n t  p r o p a g a te d  w i t h  a 
c o n s t a n t  v e l o c i t y  p r o p o r t i o n a l  t o  t h e  c u b ic  r o o t  o f  t h e  b u o y a n c y  
f l u x  d i s c h a r g e d ,  B . T he  v a lu e  o f  t h i s  c o e f f i c i e n t
F ig u r e  2 . 3 . 6  G ro w th  h i s t o r y  o f  s t a r t i n g  f r e e  s u r f a c e  g r a v i t y  c u r r e n t s ,  r e p r o d u c e d  f r o m  
C hen ( 1 9 7 5 ) .  E x p e r im e n ta l  d a ta  f r o m  A lm q u is t  ( 1 9 7 3 ) .
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a s  sh o w n  i n  C o lu m n  9 o f  T a b le  2 . 3 . 2 ,  i s  fo u n d  t o  v a r y  s l i g h t l y  
w i t h  c h a n n e l  s lo p e .
E x p e r im e n t a l  s t u d i e s  o f  p la n e  f o r c e d  d e n s i t y  c u r r e n t  f o r  a 
r a n g e  o f  b o t t o m  s lo p e s ,  ( 0 ° ,  6 ° ,  2 8 ° ,  5 0 ° ,  9 0 ° ) ,  w e re  c o n d u c te d  
b y  W ood ( 1 9 6 5 ) .  A l l  e x p e r im e n t a l  r e s u l t s  sh ow n  t h a t  a f t e r  a n  
i n i t i a l  p e r i o d  t h e  m a g n i tu d e  o f  t h e  c o n s t a n t  f r o n t a l  v e l o c i t y  
w as  p r o p o r t i o n a l  t o  t h e  c u b ic  r o o t  o f  k i n e m a t i c  b u o y a n c y  f l u x  
w i t h  t h e  c o e f f i c i e n t  a  f u n c t i o n  o f  s lo p e  a n g le .  T h is  c o e f f i c i e n t  
h a d  i t s  m ax im um  v a lu e  f o r  a  5 0 °  s lo p e  a n d  f o r  t h e  h o r i z o n t a l  
b o t t o m  th e  v a lu e  w as c lo s e  t o  t h a t  o b s e r v e d  b y  W i l k i n s o n  ( 1 9 7 0 ) .
K e u le g a n  (1 9 4 6 )  a l s o  p e r fo r m e d  t h i s  t y p e  o f  e x p e r im e n t  b u t  
t h e  d i s c h a r g e  a r r a n g e m e n t ,  a s  sh o w n  i n  F ig u r e  2 . 3 . 7 ,  l e a d  t o  a 
w e d g e  s h a p e  f r o n t  i n s t e a d  o f  t h e  h e a d  o r  t h e  c a p  s h a p e  o b s e r v e d  
b y  M id d le t o n  ( 1 9 6 6 ) ,  W ood ( 1 9 6 5 ) ,  a n d  W i lk i n s o n  ( 1 9 7 0 ) .  A l t h o u g h  
a c o n s t a n t  f r o n t a l  v e l o c i t y  w as  a l s o  o b s e r v e d ,  t h e  r a t i o  o f  
f r o n t a l  v e l o c i t y  t o  t h e  c u b ic  r o o t  o f  b u o y a n c y  f l u x  h a d  a n  
a v e ra g e  v a lu e  o f  a ro u n d  0 .7 0 0 .
G e o rg e s o n  (1 9 4 2 )  s t u d ie d  f r o n t a l  m o t io n  a s  a m o d e l o f  g a s  
s p r e a d in g  i n  m in in g  t u n n e l s  a n d  fo u n d  t h a t  t h e  p r o p a g a t in g  
v e l o c i t y  o f  t h e  f r o n t a l  e d g e  w as p r o p o r t i o n a l  t o  t h e  c u b ic  r o o t  
o f  t h e  r a t e  o f  i n f l o w  a n d  v a r i e d  l i t t l e  w i t h  t h e  t r a v e l  d i s t a n c e  
a lo n g  a s l o p in g  g a l l e r y  r o o f .  T h e  r a t i o s  o f  t h e  f r o n t a l  v e l o c i t y  
t o  t h e  c u b ic  r o o t  o f  t h e  b u o y a n c y  f l u x  h a v e  b e e n  r e - c a l c u l a t e d ,  
a s  sh o w n  i n  T a b le  2 . 3 . 2 ,  a n d  v a r y  f r o m  1 .0 6  t o  1 .1 8  f o r  m e th a n e  
g a s  a n d  f r o m  0 .5 5  t o  0 .8 1  f o r  h y d r o g e n .
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F ig u r e  2 . 3 . 7  A d v a n c in g  w e d g e  o n  th e  b o t t o m  o f  a  c h a n n e l ,  a f t e r  
K e u le g a n  ( 1 9 4 6 ) .
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2 . 3 . 4  V o n  Ká rm án ,  P r a n d t l ,  a n d  B e n ja m in  T h e o r ie s
V o n  Ká rm á n  (1 9 4 0 )  m ade a p io n e e r in g  t h e o r e t i c a l  s t u d y  
o f  b o t t o m  d e n s i t y  c u r r e n t s  p r o p a g a t in g  i n  a n  a m b ie n t  f l u i d  o f  
i n f i n i t e  e x t e n t .  T h e  e s s e n t i a l  id e a s  a r e  r e p e a t e d  i n  Y ih  ( 1 9 6 5 ) .  
F ig u r e  2 . 3 . 8 ( a )  sh o w s  th e  n a t u r e  o f  a  d e n s e  c u r r e n t  a d v a n c in g  
i n t o  a  l e s s  d e n s e  f l u i d  a s  v ie w e d  i n  a r e f e r e n c e  f r a m e  f i x e d  
r e l a t i v e  t o  t h e  g r o u n d .  F ig u r e  2 . 3 . 8 ( b )  sh o w s  th e  c u r r e n t  a s  v ie w e d  
i n  a  m o v in g  f r a m e  t r a v e l i n g  w i t h  t h e  f r o n t  v e l o c i t y  U . I n  t h i s  
m o v in g  f r a m e  th e  f r o n t  b e co m e s  a  s t a g n a t io n  p o i n t  a n d  t h e  l a y e r  
b e h in d  t h e  f r o n t  b e c o m e s  a  s t a t i o n a r y  l a y e r  u n d e r  a  u n i f o r m  a n d  
s te a d y  f l o w  w i t h  v e l o c i t y  U .
A p p ly in g  t h e  B e r n o u l l i  e q u a t io n  a lo n g  a s t r e a m l in e  i n  th e  
a m b ie n t  f l u i d  i n  t h e  n e ig h b o r h o o d  o f  t h e  d i s c o n t i n u o u s  i n t e r f a c e  
b e tw e e n  s t a g n a t io n  p o i n t  X ( s u b s c r i p t  s )  a n d  th e  f a r  d o w n s tre a m  
p o i n t  Y  ( s u b s c r i p t  ∞) g iv e s
( 2 . 3 . 9 )
w h e re  P s a n d  P∞  a r e  p r e s s u r e s ,  ρ a  i s  t h e  a m b ie n t  f l u i d  d e n s i t y ,  
h ∞  i s  t h e  t h i c k n e s s  o f  t h e  u n i f o r m  l a y e r  a t  th e  f a r  d o w n s tre a m  
p o i n t  Y a n d  U i s  t h e  h o r i z o n t a l  c u r r e n t  v e l o c i t y .  S in c e  th e  c u r r e n t  
i s  a ssu m e d  s t e a d y ,  t h e  a p p l i c a t i o n  o f  B e r n o u l l i ' s  e q u a t io n  
a lo n g  a n o t h e r  s t r e a m l in e  o n  t h e  o t h e r  s id e  o f  i n t e r f a c e  i m p l i e s
( 2 . 3 . 1 0 )
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F ig u r e  2 . 3 . 8 ( a )  C o n f i g u r a t i o n  o f  a f o r c e d  p la n e  g r a v i t y  c u r r e n t  
a s  v ie w e d  i n  a f i x e d  r e f e r e n c e  f r a m e  t o  t h e  
g r o u n d .
F ig u r e  2 . 3 . 8 ( b )  C o n f i g u r a t i o n  o f  a  f o r c e d  p la n e  d e n s i t y  w e d g e  
a s  v ie w e d  i n  a m o v in g  r e f e r e n c e  f r a m e  w i t h  th e  
f r o n t ,  a f t e r  v o n  Ká rm á n  ( 1 9 4 0 ) .
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w h e re  ρ s  i s  t h e  f l u i d  d e n s i t y  o f  t h e  a r r e s t e d  c u r r e n t .  By 
e q u a t in g  t h e  tw o  p r e s s u r e  d i f f e r e n c e s  i n  E q s .  ( 2 . 3 . 9 )  a n d  ( 2 . 3 . 1 0 )  
o n e  o b t a in s
( 2 . 3 . 1 1 )
U s in g  f r e e  s t r e a m l in e  t h e o r y ,  v o n  Ká rm án  (1 9 4 0 )  a l s o  sh o w e d  
t h a t  t h e  i n c l i n a t i o n  a n g le  o f  t h e  f r o n t a l  i n t e r f a c e ,  β , m u s t  b e  
a t  6 0 °  t o  t h e  h o r i z o n t a l .  A s i m i l a r  a n g le  w as  a l s o  d e r i v e d  b y  
S te w a r t  (1 9 4 5 )  a n d  J e f f r e y s  (1 9 5 2 )  u s in g  i n v i s c i d  p o t e n t i a l  f l o w  
t h e o r y  i n  p o l a r  c o o r d i n a t e s .  R a n n ie  (1 9 7 5 )  a l s o  d e r i v e d  th e  
same a n g le ,  6 0 ° ,  a s s u m in g  a n  a p p r o x im a te  p r o f i l e  i n  an  
i n f i n i t e l y  d e e p  a m b ie n t  f l u i d .  V o n  Ká rm á n  (1 9 4 0 )  a l s o  s u g g e s te d  
t h a t  t h e r e  m u s t b e  a  h e a d  a t  t h e  f r o n t  w h ic h  i s  t h i c k e r  t h a n  
t h e  d o w n s tre a m  l a y e r .  T h e  h e a d  s h a p e  o f  t h e  d i s c o n t i n u i t y  
s u r f a c e  h a s  n o t  y e t  b e e n  d e te r m in e d .
A m b ie n t  s t r a t i f i c a t i o n  e f f e c t s  o n  s u c h  c u r r e n t s  w e re  
d is c u s s e d  b y  K ao  ( 1 9 7 6 , 1 9 7 7 ) .  A c c o r d in g  t o  K a o 's  s t u d y ,  th e  
v e l o c i t y  o f  a n  i n t r u d i n g  u n i f o r m  c u r r e n t  a t  a  l e v e l  o f  n e u t r a l  
d e n s i t y  i n  a s t r a t i f i e d  e n v i r o n m e n t  w i l l  b e
( 2 . 3 . 1 2 )
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w h e re  t h e  a m b ie n t  s t r a t i f i c a t i o n
A n  a d v a n c in g  d e n s i t y  c u r r e n t  p r o p a g a t in g  a lo n g  a  s h a r p  
i n t e r f a c e  b e tw e e n  tw o  i n f i n i t e l y  d e e p  h o m o g e n e o u s  f l u i d s ,  as  
sh o w n  i n  F ig u r e  2 . 3 . 9 ,  w as s t u d ie d  b y  E n g e lu n d  a n d  C h r is t e n s e n  
( 1 9 6 9 ) ,  M o s h a g e n  ( 1 9 7 3 ) ,  T h o rp e  ( 1 9 7 3 ) ,  a n d  K ao  ( 1 9 7 7 ) .  On 
th e  b a s is  o f  t h e  B e r n o u l l i  th e o r e m  th e  f r o n t  s h o u ld  m ove  a t  
a s p e e d  U ,
F ig u r e  2 . 3 . 9  I n t e r n a l l y  s p r e a d in g  c u r r e n t s  b e tw e e n  a s t a b l y  
s t r a t i f i e d  i n t e r f a c e .
(2.3 .1 3 )
( 2 . 3 . 1 4 )
a n d  ρo = ρa (o )  
w h ic h  i s  t o  s a y  t h a t  t h e  R ic h a r d s o n  n u m b e r
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T h e  l i m i t i n g  c a s e  o f  a  s u r f a c e  s p r e a d in g  c u r r e n t  w h e n  th e  d e n s i t y  
ρ u  o f  t h e  u p p e r  a m b ie n t  f l u i d  i s  s m a l l ,  i . e . , ρ u / ρ a  a n d  ρ u / ρ s  →  0 .  
T h e n
( 2 . 3 . 1 7 )
w h e re  U a n d  u f  a r e  th e  v e l o c i t i e s  r e s p e c t i v e l y  o f  t h e  f r o n t  a n d  
t h e  f l u i d  p a r t i c l e  j u s t  b e h in d  t h e  f r o n t ,  ρa a n d  ρs a r e  th e
d e n s i t i e s  o f  t h e  a m b ie n t  a i r  a n d  t h e  c o ld  a i r ,  a s  d e f i n e d  i n  
F ig u r e  2 . 3 . 1 0 ( b ) .
( 2 . 3 . 1 5 )
P r a n d t l  (1 9 5 2 )  s t u d i e d  t h e  r a t e  o f  a d v a n c e  o f  a t m o s p h e r ic  
c o ld  f r o n t ,  a s  sh o w n  i n  F ig u r e  2 . 3 . 1 0 ( a ) .  I n  a r e f e r e n c e  s y s te m  
o f  c o o r d in a t e s  t r a v e l i n g  a t  t h e  same v e l o c i t y  a s  t h e  f r o n t ,  
t h e  m o v in g  f r o n t  i s  a  s t a g n a t io n  p o i n t .  He r e a s o n e d  t h a t  p r e s s u r e  
m u s t b e  t h e  sam e o n  b o t h  s id e s  o f  t h e  s t a g n a t io n  p o i n t  so  b y  
n e g l e c t i n g  th e  h y d r o s t a t i c  p r e s s u r e  t e r m s ,  a n d  e q u a t in g  th e  
d y n a m ic  p r e s s u r e ,  h e  fo u n d
( 2 . 3 . 1 6 )
w h ic h  g iv e s
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F ig u r e  2 . 3 . 1 0 ( b )  A d v a n c in g  m ass  o f  c o ld  a i r ;  i d e a l i z e d  f l o w  r e l a t i v e  
t o  th e  f r o n t ,  a f t e r  P r a n d t l  ( 1 9 5 2 ) .
F ig u r e  2 . 3 . 1 0 ( a )  A d v a n c in g  m a ss  o f  c o ld  a i r ;  a c t u a l  f l o w  r e l a t i v e  
t o  t h e  g r o u n d ,  a f t e r  P r a n d t l  ( 1 9 5 2 ) .
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P r a n d t l ' s  t h e o r y  i m p l i e s  t h a t  t h e  c o ld  f r o n t  m u s t  a d v a n c e  
a t  a  v e l o c i t y  o f  a b o u t  o n e  h a l f  t h e  v e l o c i t y  o f  a  f l u i d  p a r t i c l e  
b e h in d  i t ,  s in c e  t h e  d e n s i t y  o f  t h e  f r o n t a l  a i r  u s u a l l y  d i f f e r s  
l i t t l e  f r o m  t h a t  o f  t h e  a m b ie n t  a i r .  T h u s ,  a r o l l e r - t y p e  s t r e a m  
i s  e x p e c te d  t o  b e  fo r m e d  w h e n  th e  f l u i d  b e h in d  t h e  f r o n t  i s  
d e f l e c t e d  u p w a rd  a t  t h e  f r o n t  i n  a  m a n n e r  t h a t  i s  s i m i l a r  t o  
t h e  d e v e lo p m e n t  o f  a  s t a r t i n g  j e t  f l o w .  F o r  t h e  c a s e  o f  a n  
a v a la n c h e ,  i n  w h ic h  t h e  d e n s i t y  o f  t h e  m o v in g  m i x t u r e  o f  snow  
a n d  c o ld  a i r  i s  c o n s id e r a b ly  g r e a t e r  th a n  t h a t  o f  t h e  a m b ie n t  
a i r ,  t h e  f r o n t a l  v e l o c i t y  s h o u ld  be co m e  n e a r l y  e q u a l  t o  th e  
f l u i d  p a r t i c l e  v e l o c i t y .  P r a n d t l  c la im e d  t h a t  t h e  r e s u l t s  o f  
f i e l d  o b s e r v a t io n s  b y  K o s c h m ie d e r  (1 9 3 6 )  s u p p o r t e d  h i s  
E q . ( 2 . 3 . 1 7 ) .  T h e s e  r a t i o s  o f  t h e  f r o n t  v e l o c i t y  t o  t h e  f l u i d  
v e l o c i t y  w e re  a l s o  r e c a l c u l a t e d  b y  B e rs o n  (1 9 5 8 )  a n d  th e  m ean 
v a lu e s  v a r i e d  f r o m  0 .5 0  t o  0 . 6 2 .
H o w e v e r ,  t h i s  s im p le  t h e o r y  d o e s  n o t  a g r e e  w i t h  t h e  l a b o r a t o r y  
e x p e r im e n t  r e s u l t s  o b t a in e d  b y  K e u le g a n  ( 1 9 5 7 ) ,  E l l i s o n  a n d  
T u r n e r  ( 1 9 5 9 ) ,  W ood ( 1 9 6 5 ) ,  a n d  M id d le t o n  ( 1 9 6 6 ) .  N e i t h e r  d o e s  
i t  a g r e e  w i t h  o t h e r  f i e l d  m e a s u re m e n ts  o f  c o ld  f r o n t s  b y  C la r k e  
( 1 9 6 1 ) .  Wood (1 9 6 5 )  s u g g e s te d  t h a t  P r a n d t l ' s  n e g l e c t  o f  th e  
h y d r o s t a t i c  p r e s s u r e  te r m s  i n  t h e  s te a d y  l a y e r  b e h in d  t h e  
f r o n t  a c c o u n ts  f o r  t h e  e r r o r  i n  t h e  r e s u l t .  B e n ja m in  (1 9 6 8 )  
a l s o  a rg u e d  t h a t  P r a n d t l ' s  t h e o r y  c a n  o n l y  a p p ly  t o  t h e  t r a n s i e n t  
p r o b le m  im m e d ia t e ly  f o l l o w i n g  th e  r e le a s e  o f  a s t r e a m  o f  d e n s e  
f l u i d  i n t o  a d e e p  e x p a n s e  o f  l i g h t e r  f l u i d .
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B e n ja m in  (1 9 6 8 )  s t u d i e d  th e  f l o w  p ro d u c e d  b y  a  c a v i t y  
e m p ty in g  a t w o - d im e n s io n a l  b o x ,  a s  sh o w n  i n  F ig u r e  2 . 3 . 1 1 ( a ) .  
I n  a  r e f e r e n c e  f r a m e  m o v in g  w i t h  t h e  same v e l o c i t y  a s  t h a t  o f  
c a v i t y  t i p ,  B e n ja m in  c o n s id e r e d  th e  s te a d y  f l o w  p a s t  a  c a v i t y ,  
( a s  sh o w n  i n  F ig u r e  2 . 3 . 1 1 ( b ) ) .  B e n ja m in  b a la n c e d  th e  t o t a l  
f l o w  f o r c e ,  t h a t  i s , t h e  m om entum  f l u x  p lu s  p r e s s u r e  f o r c e ,  
b e tw e e n  th e  a p p r o a c h in g  a n d  t h e  r e c e d in g  s t r e a m s  a n d  i n  t h i s  
m o v in g  c o o r d in a t e  s y s te m  th e  c a v i t y  t i p  b e co m e s  a  s t a g n a t io n  
p o i n t  w h e re  th e  p r e s s u r e  c a n  b e  c h o s e n  t o  b e  z e r o .
A p p ly in g  B e r n o u l l i ' s th e o r e m  a lo n g  th e  f r e e  s u r f a c e  
s t r e a m l in e  d o w n s tre a m  o n e  o b t a in s
( 2 . 3 . 1 8 )
f o r  th e  p la n e  c a v i t y  f l o w ,  i n  w h ic h  U 2 i s  t h e  m ean f l u i d  f l o w  
s p e e d  d o w n s tre a m  w h e re  t h e  m ean t h i c k n e s s  i s  (d  -  h 2 ), d  i s  t h e  
t o t a l  t h i c k n e s s  o f  t h e  b o x  a n d  h ℓ i s  t h e  u n k n o w n  h e a d  lo s s
b e tw e e n  t h e  a p p r o a c h in g  a n d  th e  r e c e d in g  s t r e a m s .
T h e  t o t a l  f l o w  f o r c e  Pu  f o r  u p s t r e a m  o f  t h e  s t a g n a t io n  p o i n t  
i s  e q u a l  t o  th e  sum o f  t h e  h y d r o d y n a m ic  p r e s s u r e , 
t h e  h y d r o s t a t i c  p r e s s u r e ,
( 2 . 3 . 1 9 )
a n d  t h e  m om entum  f l u x ,
ρa U 2 d ,  i . e .
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F ig u r e  2 . 3 . 1 1 ( a )  C a v i t y  f r o n t  m o v in g  a t  a c o n s t a n t  v e l o c i t y  a lo n g  a
t w o - d im e n s io n a l  b o x .
F ig u r e  2 . 3 . 1 1 ( b )  A r r e s t e d  c a v i t y  f r o n t  a s  v ie w e d  i n  a m o v in g  f r a m e  
w i t h  t h e  same v e l o c i t y  o f  f r o n t .
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A n d  th e  t o t a l  f l o w  f o r c e  Pd f a r  d o w n s tre a m  i s  e q u a l  t o  t h e  sum 
o f  t h e  h y d r o s t a t i c  p r e s s u r e  f o r c e ,
g iv e s
a n d
( 2 . 3 . 2 1 )
( 2 . 3 . 2 2 )
( 2 . 3 . 2 3 )
U s in g  E q s . ( 2 . 3 . 2 2 )  a n d  ( 2 . 3 . 2 3 )  o n e  h a s  t h e  r e l e v a n t  F ro u d e  n u m b e rs
( 2 . 3 . 2 4 )
( 2 . 3 . 2 5 )
, p l u s  th e
m om entum  f l u x , , i . e .
( 2 . 3 . 2 0 )
E q u a t in g  t h e  f l o w  f o r c e  te r m s  a n d  u s in g  th e  c o n t i n u i t y  r e l a t i o n s h i p ,
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a n d
( 2 . 3 . 2 6 )
E q u a t in g  ( 2 . 3 . 1 8 )  a n d  ( 2 . 3 . 2 3 )  g i v e s  t h e  h e a d  l o s s  t e r m  h ℓ
b e tw e e n  th e  a p p r o a c h in g  a n d  t h e  r e c e d in g  s t r e a m s  a s
T h is  r e l a t i o n s h i p  g i v e s  h 2 = d / 2  w h e n  h ℓ  = 0 ,  i . e . ,  n o  h e a d  l o s s ,  
a n d  h 2  < d / 2  w h e n  t h e r e  i s  n o n - n e g a t iv e  h e a d  l o s s .  W i t h o u t  a n  
e n e r g y  s o u r c e  t h e  c a s e  h 2  >  d / 2  i s  c l e a r l y  i m p o s s ib le .
B e n ja m in  (1 9 6 8 )  re co m m e n d e d  t h a t  a l l  t h e  e q u a t io n s  d e r i v e d  
h e r e  w e re  s t i l l  a p p l i c a b l e  t o  g r a v i t y  c u r r e n t s  b y  r e p l a c in g  
g b y  g ' ,  w h e re B e n ja m in  fo u n d  t h a t  t h e  
e q u a t io n s  so  d e r i v e d  c h e c k e d  f a i r l y  w e l l  w i t h  t h e  e x p e r im e n t a l  
m e a s u re m e n ts  o f  l o c k  e x c h a n g e  f l o w s  m ade b y  K e u le g a n  (1 9 5 8 )  
a n d  w i t h  m e a s u re m e n ts  o f  f o r c e d  g r a v i t y  c u r r e n t s  o n  a  s l o p in g  
f l o o r  b y  B r a u c h e r  ( 1 9 5 0 ) ,  b u t  n o t  w i t h  t h e  t u r b i d i t y  f l o w  
m e a s u re m e n ts  o n  s l o p in g  b o t to m s  m ade b y  M i d d le t o n  ( 1 9 6 6 ) .
T he  e n e r g y  l o s s  E q . ( 2 . 3 . 2 7 )  i n d i c a t e s  t h a t  t h e  p o s s i b le
r a n g e  o f  t h e  c a v i t y  f l o w  t h i c k n e s s  h 2 i s  f r o m  0 t o  o n e - h a l f  o f
t h e  b o x  t h i c k n e s s  a n d  t h e  p o s s i b le  ra n g e s  o f  F ro u d e  n u m b e rs ,
a r e  f r o m  √2 t o  1/√2 f o r  F r 1 , f r o m  0 t o  1/2 f o r  F r 2 , a n d  f r o m  0 t o  √2
( 2 . 3 . 2 7 )
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, o f  t h e  r e c e d in g  
s t r e a m s .  A f a i r l y  g o o d  c o m p a r is o n  w i t h  B e n ja m in 's  t h e o r y  f o r  
a  p la n e  p r o p a g a t in g  c a v i t y  f l o w  w as  g iv e n  b y  E l l i s  a n d  A l - K h a i r u l l a  
( 1 9 7 4 ) ,  a s  sh o w n  i n  F ig u r e  2 . 3 . 1 2 .
B e n ja m in  (1 9 6 8 )  e x te n d e d  h i s  a n a l y s i s  t o  c a v i t y  f l o w s  
p r o p a g a t in g  i n  a  c i r c u l a r  t u b e .  I n  t h e  l i m i t i n g  c a s e  w i t h o u t  
a n y  s u r f a c e  t e n s i o n  a n d  v i s c o s i t y  e f f e c t s ,  t h e  t h e o r y  w as  c o n f i r m e d  
f a i r l y  w e l l  b y  t h e  e x p e r im e n t a l  r e s u l t s  o f  b u b b le  m o t io n  i n  a 
c i r c u l a r  t u b e  b y  Z u k o s k i  ( 1 9 6 6 ) .
U s in g  a  h o d o g ra p h  t r a n s f o r m a t i o n ,  B e n ja m in  (1 9 6 8 )  w as  a l s o  
a b le  t o  d e r i v e  t h e  a c t u a l  s h a p e  o f  a f r e e  b o u n d a r y  f o r  a  tw o -  
d im e n s io n a l  a r r e s t e d  c a v i t y .  T h e  i n c l i n e d  a n g le  a t  t h e  t i p  w as 
fo u n d  t o  b e  6 0 °  j u s t  a s  v o n  K á rm án  fo u n d ,  b u t  n o  p r o m in e n t  " h e a d "  
s h a p e , a s  v o n  Ká rm án  s u g g e s te d ,  w as fo u n d .
B e n ja m in  (1 9 6 8 )  a r g u e d  t h a t  t h e r e  m u s t b e  som e s e p a r a t io n  
a n d  t u r b u le n c e  b e h in d  t h e  c r e s t  p o i n t  o f  t h e  d e n s i t y  h e a d  i n  
o r d e r  t o  b a la n c e  t h e  h y d r o d y n a m ic  f o r c e  b e tw e e n  t h e  t i p  a n d  a 
p o i n t  f a r  d o w n s tre a m . I n  t h e  l i m i t  o f  i n f i n i t e  d e p th  o f  a m b ie n t  
f l u i d ,
f o r  F r 3 , d e p e n d in g  o n  t h e  d e p t h  r a t i o ,
, i n  E q . ( 2 . 3 . 2 4 ) ,  B e n ja m in  h a s
w h ic h  w as a l s o  d e r i v e d  b y  v o n  K á rm á n  e a r l i e r  a s
. B e n ja m in  c la im e d  t h a t  a l t h o u g h  v o n  K á rm á n  o v e r lo o k e d  
t h e  e n e r g y  l o s s ,  h e  o b t a in e d  th e  r i g h t  v a lu e  w i t h  w ro n g  r e a s o n in g .
R e c e n t l y ,  m any e x p e r im e n t a l  m e a s u re m e n ts  w e re  m ade b y  B r i t t e r  
a n d  S im p s o n  (1 9 7 8 )  a n d  S im p s o n  and  B r i t t e r  (1 9 7 9 )  o n  a n  a r r e s t e d  
d e n s i t y  w e d g e  p r o d u c e d  b y  a c o n t in u o u s  r e le a s e  o f  s a l i n e  w a t e r  i n t o
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F ig u r e  2 . 3 . 1 2  C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n  ( s o l i d  l i n e )  
o f  B e n ja m in  (1 9 6 8 )  w i t h  t h e  e x p e r im e n t a l  r e s u l t s  
( o p e n  c i r c l e s )  o f  e m p ty in g  c a v i t y  f l o w  i n  a n  
e x p a n s io n  g a l l e r y  o f  s u r g e  t a n k  b y  E l l i s  a n d  
A l - K h a i r u l l a  ( 1 9 7 4 ) .
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u n i f o r m l y  f l o w in g  f r e s h  w a t e r .  T h e  w e d g e  a n g le  w as  fo u n d  t o  b e  
a r o u n d  40 ± 5 ° ,  w h ic h  i s  s m a l le r  t h a n  th e  6 0 °  p r e d i c t e d  b y  
v o n  K á rm á n  a n d  o t h e r s .  M uch  h i g h e r  v a lu e s  o f  t h e  F ro u d e  n u m b e rs  
th a n  th o s e  p r e d i c t e d  b y  B e n ja m in 's  t h e o r y  w e re  fo u n d  f o r  t h e  
r a n g e  o f  t h e  r e l a t i v e  d e p t h ,  0 . 0  <  h 2 / d  < 0 . 3 .  T h e  t r e n d  o f  t h e  
e x p e r im e n t a l  r e s u l t s  i s  t h a t  t h e  F ro u d e  n u m b e r w i l l  go  t o  a
l a r g e  v a lu e  f o r  t h e  c a s e  o f  v a n i s h in g  r e l a t i v e  d e p t h ,  h2/d = 0 ,
r a t h e r  t h a n  t h e  v a l u e ,  √2, p r e d i c t e d  b o t h  b y  v o n  K á rm á n  a n d  
B e n ja m in .  T h e  d i f f e r e n c e  b e tw e e n  th e  e x p e r im e n t a l  r e s u l t s  b y  
B r i t t e r  a n d  S im p s o n  (1 9 7 8 )  a n d  th e  t h e o r e t i c a l  r e s u l t s  b y  
B e n ja m in  i s  p r o b a b ly  d u e  t o  t h e  d o w n s tre a m  s o u r c e  c o n d i t i o n .
2 . 4  P r e v io u s  A n a ly s i s  o f  D e n s i t y  F r o n t  P r o p a g a t io n
2 . 4 . 1  S p r e a d in g  i n  a H o m o g e n e o u s  E n v ir o n m e n t
I n  S e c t io n  2 . 3 ,  m o s t o f  t h e  d e n s i t y  f r o n t s  d is c u s s e d  
b e lo n g e d  t o  t h e  c l a s s  o f  l o c k  e x c h a n g e  f l o w s  o r  t o  t h e  p la n e  
f o r c e d  s u r f a c e  d e n s i t y  c u r r e n t s .  M o s t w e re  o b s e r v e d  t o  p r o p a g a t e  
w i t h  c o n s t a n t  s p e e d  a n d  a n y  d e c e l e r a t i o n  w as  b e l i e v e d  d u e  t o  th e  
e f f e c t  o f  v i s c o s i t y .  T h e  i n f l u e n c e  o f  o t h e r  a s p e c ts  o f  th e s e  
p r o b le m s ,  s u c h  a s  t h e  s o u r c e  c o n d i t i o n  (a  f i n i t e  v o lu m e  r e le a s e  
o r  a c o n t in u o u s  s te a d y  d i s c h a r g e ) ,  o r  r a d i a l  m o t io n ,  r e q u i r e s  
f u r t h e r  d i s c u s s io n .
A  f o r c e  s c a le  a n a l y s i s  w a s  u s e d  b y  F a y  ( 1 9 6 9 ,1 9 7 1 )  t o  s tu d y  
p la n e  a n d  r a d i a l  s p r e a d in g  o f  a n  o i l  s l i c k  o n  th e  s e a  s u r f a c e .
He c o n c lu d e d  t h a t  a n  o i l  f r o n t  s p r e a d in g  f r o m  a  f i n i t e  v o lu m e
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o i l  s p i l l  w i l l  b e  f i r s t  d r i v e n  b y  a n  u n b a la n c e d  h o r i z o n t a l  p r e s s u r e  
f o r c e  d u e  t o  t h e  b u o y a n c y  a n d  th e n  l a t e r  b y  s u r f a c e  t e n s i o n .
T h e  s p r e a d in g  i s  r e t a r d e d  a t  f i r s t  b y  i n e r t i a l  f o r c e s  a n d  th e n  b y  
t h e  v i s c o u s  f o r c e  a s s o c ia t e d  w i t h  a n  u n s te a d y  b o u n d a r y  l a y e r  
g r o w th  i n  t h e  a m b ie n t  w a t e r .  A  s i m i l a r  f o r c e  b a la n c e  m e th o d  
w as p r e v i o u s l y  u s e d  b y  L a n g m u ir  (1 9 3 3 )  t o  e x a m in e  th e  e x t e n t  o f  
a n  o i l  f i l m  l e n s .
C hen a n d  L i s t  (1 9 7 6 )  u s e d  th e  sam e m e th o d s  t o  a n a ly z e  th e  
f r o n t a l  m o t io n  d u e  t o  a  s te a d y  s u b m e rg e d  b u o y a n t  j e t  d is c h a r g e  
a n d  a l s o  t h a t  r e s u l t i n g  f r o m  a  f i n i t e  v o lu m e  s u r f a c e  r e le a s e  o f  
m i s c i b l e  b u o y a n t  l i q u i d .  Two re g im e s  w e re  fo u n d  f o r  b o t h  c a s e s ,  
e a c h  w i t h  d i f f e r e n t  t im e  h i s t o r i e s  c o r r e s p o n d in g  t o  a b u o y a n c y -  
i n e r t i a l  s p re a d  a n d  a b u o y a n c y - v is c o u s  s p r e a d .  I n  t h e  f i n i t e  
v o lu m e  r e le a s e  c a s e  t h e  i n e r t i a l  d e n s i t y  f r o n t  g ro w s  a t  t h e  same 
r a t e  a s  t h a t  f o r  a s p r e a d in g  o i l  s l i c k ,  b u t  t h e  r e s u l t s  a r e  
d i f f e r e n t  i n  th e  v i s c o u s  r e g im e .  T h e  sam e f o r c e  a rg u m e n t  c a n  
b e  u s e d  t o  p r e d i c t  o i l  f r o n t  m o t io n  r e s u l t i n g  f r o m  a c o n s t a n t  
d i s c h a r g e  s p i l l  a n d  t h e  r e s u l t s  a r e  q u i t e  d i f f e r e n t  f r o m  th e  c a s e  
o f  a  f i n i t e  v o lu m e  r e l e a s e ,  (W a ld m a n  e t  a l .  (1 9 7 2 )  a n d  C hen  ( 1 9 7 5 ) ) .
I n  o r d e r  t o  s o lv e  th e s e  p r o b le m s  f o r  m o re  th a n  j u s t  t h e  
f r o n t a l  p o s i t i o n  f u n c t i o n ,  s e v e r a l  d i r e c t  n u m e r ic a l  c a l c u l a t i o n s  
o f  th e  N a v ie r - S t o k e s  e q u a t io n s  h a v e  b e e n  u s e d .  D a ly  a n d  P r a c h t  
(1 9 6 8 )  a n d  V a s i l i e v  (1 9 7 5 )  c o n s id e r e d  l o c k  e x c h a n g e  f l o w s ,
K ao e t  a l .  ( 1 9 7 7 ,1 9 7 8 )  p la n e  f o r c e d  s u r f a c e  d e n s i t y  c u r r e n t s ,
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a n d  H a r lo w  a n d  W e lc h  (1 9 6 5 )  a n d  S o k o lo v  (1 9 7 2 )  som e m is c e l la n e o u s  
p r o b le m s .  A n o th e r  a p p r o a c h ,  p o t e n t i a l  f l o w  s o l u t i o n ,  w as  u s e d  
b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 ) ,  t o  d e te r m in e  th e  i n e r t i a l  p h a s e  
o f  f l o w  o f  a s q u a t t i n g  l i q u i d  c o lu m n  w h ic h  w as a d i f f e r e n t  
d e n s i t y  f r o m  t h a t  o f  a m b ie n t  f l u i d .  S i m i l a r  m e th o d  w as  a l s o  u s e d  
b y  P o h le  ( 1 9 5 2 ) ,  f o r  t h e  d r y - b e d  d a m - b re a k  f l o w .  N u m e r ic a l  
c a l c u l a t i o n s  w e re  p e r fo r m e d  b y  M eng a n d  T h om son  (1 9 7 8 )  a n d  M eng 
(1 9 7 8 )  t o  s t u d y  a  m ix e d  r e g io n  c o l l a p s i n g  i n  a s t a b l y  d e n s i t y -  
s t r a t i f i e d  i n t e r f a c e  b e tw e e n  tw o  h o m o g e n e o u s  f l u i d s .
N o n l in e a r  i n t e r n a l  s h a l lo w  w a t e r  w a v e  e q u a t io n s  w e re  d e v e lo p e d  
b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 )  t o  s t u d y  t h e  b a s e  s u r g e  f l o w  d u e  
t o  a n  a to m ic  bom b e x p lo s io n  i n  a  s h a l lo w  o c e a n .  T h e s e  lo n g  w a ve  
a p p r o x im a t io n  e q u a t io n s  w e re  a l s o  u s e d  b y  A b b o t t  ( 1 9 6 1 ,1 9 6 8 )  
a n d  H o u l t  (1 9 7 2 )  t o  s t u d y  i n e r t i a l  s p r e a d in g  o f  o i l  s l i c k s .  
N u m e r ic a l  c o m p u t a t io n s  o f  t h e  e q u a t io n s  u s in g  t h e  m e th o d  o f  
c h a r a c t e r i s t i c s  w e re  p e r fo r m e d  b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 ) ,  
A b b o t t  ( 1 9 6 1 ,1 9 6 8 )  a n d  R e id  (a s  r e p o r t e d  b y  I c h i y e ,  1 9 7 2 ) ,  
b u t  p r o b le m s  w e re  fo u n d  i n  s p e c i f y i n g  t h e  s o u r c e  c o n d i t i o n s  a n d  
t h e  i n i t i a l  a n d  t h e  b o u n d a r y  c o n d i t i o n s  a t  f r o n t .  O th e r  s e l f ­
s i m i l a r  s o l u t i o n s  o f  t h e  lo n g  w a v e  e q u a t io n s  w e re  u s e d  b y  H o u l t  
a n d  S u c h o n  ( 1 9 7 0 ) ,  F a y  ( s e e  L ia n g ,  1 9 7 1 ) ,  a n d  F a n n e lo p  a n d  
W a ldm an  (1 9 7 2 )  f o r  f i n i t e  v o lu m e  o i l  s p i l l s .
R e c e n t l y ,  M e i (1 9 6 6 )  a n d  B u c k m a s te r  (1 9 7 7 )  c o n s id e r e d  th e  
s p r e a d in g  f l o w  o f  a  s h e e t  o f  v i s c o u s  l i q u i d  dow n a n  i n c l i n e d  
p la n e .  T h e  s p e c i a l  c a s e  i n v o l v i n g  s p re a d  o v e r  a h o r i z o n t a l  p la n e
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w as  c o n s id e r e d  b y  S . H . S m ith  ( 1 9 6 9 b ) .  He o b t a in e d  s i m i l a r i t y  
s o l u t i o n s  t o  a p p r o p r i a t e  t o  a n  in s t a n t a n e o u s  p o i n t  s o u r c e  a n d  
fo u n d  t h a t  a  l i q u i d  f r o n t  m o ve s  o v e r  a h o r i z o n t a l  b e d  w i t h  a 
d e c e l e r a t i n g  v e l o c i t y  p r o p o r t i o n a l  t o  t - 4 / 5 f o r  p la n e  f l o w  a n d  
p r o p o r t i o n a l  t o  t - 7 / 8 f o r  r a d i a l  f l o w .
M o re  g e n e r a l  s o l u t i o n s  i n c l u d i n g  v a r y i n g  s o u r c e  c o n d i t i o n s  
a r e  p r e s e n t e d  i n  t h e  n e x t  c h a p t e r .
2 . 4 . 2  S p r e a d in g  i n  a L i n e a r l y - S t r a t i f i e d  E n v ir o n m e n t
N u m e r ic a l  s t u d i e s  f o r  i n t e r f l o w i n g  d e n s i t y  f r o n t s  
w e re  m ade b y  W e s s e l ( 1 9 6 9 ) ,  P a d m a n a b h a n  e t  a l .  ( 1 9 7 0 ) ,  Y o u n g  a n d  H i r t  
( 1 9 7 2 ) ,  V a s i l i e v  e t  a l .  ( 1 9 7 2 ) ,  B e l l  a n d  D u g a n  ( 1 9 7 4 ) ,  D u g a n  e t  a l .  
( 1 9 7 6 ) ,  a n d  C e r a s o l i  ( 1 9 7 8 ) ,  as  l i s t e d  i n  T a b le  2 . 4 . 1 .  F o r  t h e  s o - c a l l e d  
" p r i n c i p a l  s t a g e "  r e g i o n ,  M a n in s  (1 9 7 6 b )  a n d  K ao (1 9 7 7 )  sh o w e d  
t h a t  a p la n e  s u b m e rg e d  d e n s i t y  f r o n t  r e s u l t i n g  f r o m  a  v o lu m e  
o f  h o m o g e n e o u s  f l u i d  c o l l a p s i n g  a t  a n e u t r a l l y  b u o y a n t  l e v e l  i n  
a  l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t  w i l l  i n c r e a s e  i t s  h o r i z o n t a l  
l e n g t h  s c a le  i n  p r o p o r t i o n  t o  t 1 / 2 . H o w e v e r ,  t h e  v i s c o u s  lo n g  
w a v e  a p p r o x im a t io n  b y  P a d m a n a b h a n  e t  a l .  (1 9 7 0 )  sh o w e d  t h a t  i t  
w i l l  i n c r e a s e  a s  t 1 / 6 w h e n  t im e  i s  v e r y  l a r g e .  B y  a n  in v e r s e  
a n a lo g y  t o  s e l e c t i v e  w i t h d r a w a l  t h e o r y ,  Im b e r g e r  e t  a l .  (1 9 7 6 )  
o b t a in e d  d i f f e r e n t  p o w e r  la w s  f o r  t h e  p la n e  i n t r u s i o n  l a y e r .
T h e y  fo u n d  t h a t  i n  t h e  a b s e n c e  o f  m o le c u la r  d i f f u s i o n ,  th e  
i n t e r f l o w i n g  w e d g e  d u e  t o  a h o r i z o n t a l  s l o t  j e t  d is c h a r g e  a t  a 
n e u t r a l  b u o y a n c y  l e v e l  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  
w i l l  g ro w  i n  p r o p o r t i o n  t o  th e  t im e  t  i n  t h e  i n e r t i a l - b u o y a n c y
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T a b le  2 . 4 . 1  S um m ary o f  p r e v io u s  t h e o r e t i c a l  s t u d i e s  o f  a  p la n e  
( n  =  0 )  o r  a  r a d i a l  ( n  =  1 )  s u b m e rg e d  d e n s i t y  f r o n t  
s p r e a d in g  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  
d u e  t o  a f i n i t e  v o lu m e  r e le a s e  (m  =  0 )  o r  a  c o n t in u o u s  
d is c h a r g e  (m  =  1)  a t  a  n e u t r a l  l e v e l .
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r e g i o n ,  a n d  th e n  i n  p r o p o r t i o n  t o  t 5 / 6 i n  t h e  v is c o u s - b u o y a n c y  
r e g i o n .  A  l i n e a r  f u n c t i o n  o f  t im e  w as a l s o  o b t a in e d  b y  
M a n in s  (1 9 7 6 a )  u s in g  a d i f f e r e n t  a p p r o a c h .  M e i (1 9 6 9 )  fo u n d  
b y  u s in g  i n t e r n a l  lo n g  w a v e  a p p r o x im a t io n s  t h a t  a  f i n i t e  v o lu m e  o f  
h o m o g e n e o u s  f l u i d  c o l l a p s i n g  i n i t i a l l y  i n  a  l i n e a r l y  s t r a t i f i e d  
a m b ie n t  f l u i d  w i l l  p r o p a g a t e  a s y m p t o t i c a l l y  i n  p r o p o r t i o n  t o  t .
A l t h o u g h  M a n in s  ( 1 9 7 6 a ,  b )  o b t a in e d  tw o  d i f f e r e n t  p o w e r  
la w s  f o r  i n t e r f l o w i n g  f r o n t s  f o r  tw o  d i f f e r e n t  s o u r c e  c o n d i t i o n s ,  
h e  (1 9 7 6 b )  s u g g e s te d  t h a t  t h e r e  m u s t b e  som e d y n a m ic  s i m i l i t u d e  
b e tw e e n  th e m . H o w e v e r ,  t h e r e  i s  n o t ,  a s  y e t ,  a  u n i f i e d  t h e o r y  
w h ic h  c a n  sh o w  how  th e  w id e  v a r i e t y  o f  p o w e r  la w s  f o r  i n t e r f l o w i n g  
f r o n t s  a r e  r e l a t e d .  A s im p le  o r d e r  o f  m a g n i tu d e  a n a l y s i s  w i l l  
s e r v e  t h i s  r o l e  i n  t h e  n e x t  c h a p t e r .
G e n e r a l  s e l f - s i m i l a r  s o l u t i o n s  o f  lo n g  w a ve  a p p r o x im a t io n  
a r e  a l s o  p r e s e n t e d  f o r  t h e  i n e r t i a l  a n d  th e  v i s c o u s  p h a s e s  o f  
i n t e r f l o w i n g  f r o n t s ,  i n c l u d i n g  t h e  i n i t i a l  s t a g e ,  t h e  p r i n c i p a l  
s t a g e ,  a n d  t h e  f i n a l  s t a g e .
2 . 5  F u r t h e r  M ix in g  o f  S u r fa c e  S p re a d i n g  F lo w
2 . 5 . 1  D e s c r i p t i o n  o f  S p re a d in g  F lo w
W hen a r o u n d  o r  s l o t  b u o y a n t  j e t  f l o w  r e a c h e s  t h e  
f r e e  s u r f a c e  o r  th e  b o t t o m ,  i t  m ay s t i l l  h a v e  r e s i d u a l  b u o y a n c y  
a n d  h o r i z o n t a l  m om entum  w h ic h  w i l l  c a u s e  i t  t o  s p re a d  o u t  a s  
a  h o r i z o n t a l  b u o y a n t  j e t .  F o r  i n s t a n c e ,  i n  t h e  t w o - d im e n s io n a l  
c a s e ,  J i r k a  a n d  H a r le m a n  (1 9 7 3 )  fo u n d  t h a t  a t w o - d im e n s io n a l
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s u r f a c e  s p r e a d in g  f l o w  m oved  o u t  f r o m  th e  t r a n s i t i o n  z o n e  a t
a n  i n i t i a l  d e n s i m e t r i c  F ro u d e  N u m b e r F .  a r o u n d  2 . 6 ,  w h e re
, u i  a n d  h i  a r e  r e s p e c t i v e l y  t h e  m ean
v e l o c i t y  a n d  t h e  t h i c k n e s s  o f  t h e  s p r e a d in g  f l o w  a t  t h e  b o u n d a r y
o f  t h e  t r a n s i t i o n  z o n e ,  a n d  th e  d e n s i t y  o f  t h e  s p r e a d in g  f l u i d
i s  ρi .
A n y  r e s i d u a l  h o r i z o n t a l  m om entum  f l u x  w i l l  d r i v e  t h e  d i l u t e d  
w a t e r  aw ay  f r o m  t h e  s u r f a c e  i n t e r s e c t i o n  p o i n t  a n d  p r o d u c e s  a 
s e c o n d a r y  e n t r a in m e n t  o f  a m b ie n t  f l u i d  d u r i n g  h o r i z o n t a l  s p r e a d in g .  
By c o n t r a s t ,  r e s i d u a l  b u o y a n c y  w i l l  g r a d u a l l y  e ro d e  t h e  c a p a c i t y  
o f  t h e  s p r e a d in g  f l u i d  t o  m ix  w i t h  t h e  a m b ie n t  f l u i d  a n d  w i l l  
f o r c e  t h e  l e s s  d e n s e  f l u i d  i n t o  a  t h i n n e r  f l o a t i n g  l a y e r .  
E v e n t u a l l y ,  i n t e r f a c i a l  m ix in g  w i l l  b e  r e d u c e d  t o  a  n e g l i g i b l e  
a m o u n t a n d  t h e  i n t e r f a c e  w i l l  b e  s h a r p e n e d .  A  t w o - la y e r e d  
s t r a t i f i e d  f l o w  w i l l  b e  fo r m e d .
T h e  i n i t i a l  r e g i o n  o f  t h e  s u r f a c e  s p r e a d in g  f l o w  w as  fo u n d  
b y  J i r k a  a n d  H a r le m a n  t o  h a v e  r a p i d l y  i n c r e a s in g  d e p th  w h i l e  
t h e  l o c a l  d e n s im e t r i c  F ro u d e  n u m b e r d e c r e a s e d  t o  a lo w e r  v a l u e .  
I n t e n s i v e  i n t e r f a c i a l  m ix in g  w i t h  t h e  a m b ie n t  f l u i d  o c c u r r e d  
i n s i d e  t h i s  r e g i o n .  J i r k a  a n d  H a r le m a n  (1 9 7 3 )  a n d  L e e  e t  a l .
(1 9 7 4 )  s u g g e s te d  t h a t  t h i s  r e g i o n  fo r m e d  a n  i n t e r n a l  h y d r a u l i c  
ju m p .  L i s t  (1 9 7 7 )  p r e f e r r e d  t o  c a l l  t h i s  i n c r e a s in g  d e p th  z o n e  
s u r f a c e  j e t  m ix in g  r a t h e r  th a n  a n  i n t e r n a l  h y d r a u l i c  ju m p ,  
s in c e  a l t h o u g h  th e  F ro u d e  n u m b e r o f  t h e  s p r e a d in g  f l o w  i s
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r e d u c e d  b y  a n  i n t e r f a c i a l  m ix in g  p r o c e s s  i n  t h e  a b s e n c e  o f  a 
d o w n s tre a m  c o n t r o l  t h e r e  c a n  b e  n o  s t a b l y  h y d r a u l i c  ju m p .
Some v e l o c i t y  m e a s u re m e n ts  w e re  m ade b y  M u r o ta  a n d  M u ra o k a  
(1 9 6 7 )  a n d  A n w a r (1 9 7 2 )  a n d  e x c e s s - d e n s i t y  o r  t e m p e r a tu r e  
m e a s u re m e n ts  b y  A n w a r (1 9 7 2 )  a n d  P r y p u t n ie w ic z  a n d  B o w le y  ( 1 9 7 5 ) .
S i m i l a r  f l o w  s t r u c t u r e s  h a v e  b e e n  o b s e r v e d  i n  o t h e r  
e x p e r im e n t a l  s t u d i e s  o f  s u r f a c e  b u o y a n t  j e t  d i s c h a r g e s ,  s u c h  a s  b y  
Wood ( 1 9 6 5 , 1 9 6 7 ) ,  W i lk i n s o n  a n d  W ood ( 1 9 7 1 ) ,  W i lk i n s o n  ( 1 9 7 0 ) ,  
S te f a n  (1 9 7 2 )  i n  t h e  p la n e  j e t  c a s e  a n d  J i r k a  e t  a l .  (1 9 7 7 )  
i n  t h e  r a d i a l  c a s e .  A n  i n t e n s i v e  i n t e r f a c i a l  m ix in g  z o n e  w as 
f o l l o w e d  b y  a  t w o - l a y e r e d  s t r a t i f i e d  f l o w  w h e re  v e r t i c a l  
e n t r a in m e n t  w as a lm o s t  n e g l i g i b l e .  T he  p la n e  j e t  m ix in g  w as 
fo u n d  t o  b e  s e n s i t i v e  t o  c h a n g e s  i n  t h e  d is c h a r g e  c o n d i t i o n  
as  w e l l  a s  i n  t h e  d o w n s tre a m  c o n t r o l .  A n  i n t e r n a l  h y d r a u l i c  
ju m p  d o e s  o c c u r  i n  t h i s  j e t  m ix in g  z o n e  w h e n  th e  e n t r a in m e n t  
l e n g t h  i s  c o n t r o l l e d  b y  a b r o a d - c r e s t e d  w e i r  d o w n s tre a m  
( W i lk i n s o n  a n d  W ood , 1 9 7 1 ) .
2 . 5 . 2  S u r fa c e  B u o y a n t  J e t  M o d e ls
A r a d i a l  s u r f a c e  j e t  m o d e l b y  C hao (1 9 7 5 )  s im u la t e s  
t h e  i n i t i a l  m ix in g  z o n e  o f  t h e  s u r f a c e  s p r e a d in g  f l o w  c r e a t e d  
b y  a v e r t i c a l  s i n g l e  p o r t  d i s c h a r g e .  F o l l o w in g  th e  w a l l  j e t  
s o l u t i o n  b y  G la u e r t  ( 1 9 5 6 ) ,  C hao d e r i v e d  th e  m ean v e l o c i t y  
f i e l d  o f  t h e  r a d i a l  s u r f a c e  j e t  f o r  b o t h  l a m in a r  a n d  th e  
t u r b u l e n t  f l o w s .  He fo u n d  t h a t  t h e r e  a r e  s i m i l a r i t y  p r o f i l e s  
f o r  t h e  r a d i a l  v e l o c i t y ,  a n d  t h a t  t h e  m axim um  m ean s u r f a c e
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v e l o c i t y  d e c a y s  i n  i n v e r s e  p r o p o r t i o n  t o  t h e  r a d i a l  d i s t a n c e  
f r o m  t h e  s t a g n a t io n  p o i n t ,  w h i l e  t h e  s u r f a c e  j e t  t h i c k n e s s  
in c r e a s e s  l i n e a r l y  w i t h  t h e  r a d i a l  d i s t a n c e .  S i m i l a r  r e s u l t s  
f o r  r a d i a l  s u r f a c e  j e t  f l o w  a n d  s u r f a c e  b u o y a n t  j e t s  w e re  a l s o  
d e r i v e d  e a r l i e r  b y  K o h  a n d  F a n  (1 9 7 0 )  u s in g  a n  e n t r a in m e n t  
t h e o r y  a p p r o a c h .  H o w e v e r ,  n o  i n f o r m a t i o n  a b o u t  t h e  s u r f a c e  
j e t  d i l u t i o n  w as  p r e s e n t e d .
A n  a n a l y t i c a l  s o l u t i o n  f o r  s u r f a c e  j e t  m i x in g ,  f o r  b o t h  
p la n e  a n d  r a d i a l  s u r f a c e  j e t s ,  w i l l  b e  p r e s e n t e d  i n  t h e  n e x t  
c h a p t e r .
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THEORETICAL A N ALYSIS
3 . 0  I n t r o d u c t o r y  N o te
I n  t h i s  c h a p t e r  t h e o r e t i c a l  s o l u t i o n s  d e s c r i b i n g  g r a v i t y -  
d r i v e n  s u r f a c e  a n d  s u b s u r f a c e  s p r e a d in g  c u r r e n t s ,  i n  b o th  
h o m o g e n e o u s  a n d  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n ts ,  d u e  
t o  a  v a r i a b l e  r a t e  s o u r c e  w i l l  b e  p r e s e n t e d .  A n  o r d e r - o f - m a g n i t u d e  
a n a l y s i s  b y  a  f o r c e - b a la n c e  m e th o d  i s  u s e d  t o  d e r i v e  a  s e r i e s  
o f  a s y m p t o t i c  t im e  f u n c t i o n s  f o r  b o t h  t h e  i n e r t i a l  a n d  th e  
v i s c o u s  s p r e a d in g  r e g im e s .  S e l f - s i m i l a r  s o l u t i o n s  o f  n o n - l i n e a r  
lo n g  w a v e  e q u a t io n s  a r e  a l s o  u s e d  t o  e x a m in e  th e s e  a s y m p t o t i c  
f o r m u la e .  F o r  i n e r t i a l  s p r e a d in g  t h e  s o l u t i o n s  a n a lo g o u s  t o  
b l a s t  w a v e  p r o p a g a t io n  a n d  t o  g a s  c lo u d  e x p a n s io n  a r e  d e r i v e d  
f o r  t h e  i n e r t i a l - b u o y a n c y  s p r e a d in g  r e g io n  a n d  th e  i n i t i a l  s t a g e .
F o r  v i s c o u s  s p r e a d in g  a  s o l u t i o n  a n a lo g o u s  t o  t h e  " p o w e r - la w "  
d i f f u s i o n  m e c h a n is m  i s  d e r i v e d .  S o lu t i o n s  o f  s u r f a c e  j e t  m ix in g  
i n  t h e  m om entum  j e t  r e g im e  a r e  a l s o  d e r i v e d  o n  t h e  b a s is  o f  
P r a n d t l ' s  a s s u m p t io n s .  D im e n s io n a l  a n a l y s i s  w i l l  b e  u s e d  t o  c o n s id e r  
t h e  i n i t i a l  c o n d i t i o n  e f f e c t s  o n  t h e  s p r e a d in g  m e c h a n is m s .
3 . 1  F o r c e  S c a le  A n a ly s i s  f o r  D e n s i t y  C u r r e n t s
3 . 1 . 1  F r e e  S u r fa c e  S p r e a d in g  C u r r e n t s
S u p p o s e  t h e r e  i s  a p o o l  o f  l i q u i d  w i t h  u n i f o r m  d e n s i t y  
ρ s  f l o a t i n g  o n  a  l i q u i d  o f  i n f i n i t e  d e p th  w i t h  a  u n i f o r m  d e n s i t y
CHAPTER 3
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s t a r t i n g  t h e  d is c h a r g e  Q ,  t h e  a v e r a g e  t h i c k n e s s  o f  t h e  s p r e a d in g  
p o o l  i s  h  =  h ( t )  a n d  t h e  p o o l  r a d iu s  R  =  R ( t ) .  S u p p o s e  t h e  v e r t i c a l  
a c c e l e r a t i o n  i s  v e r y  s m a l l  i n  c o m p a r is o n  t o  t h e  h o r i z o n t a l  o n e ,  
so  t h a t  t h e  p r e s s u r e  d i s t r i b u t i o n  w i l l  b e  h y d r o s t a t i c .  W hen 
th e  f l o a t i n g  l a y e r  i s  i n  h y d r o s t a t i c  e q u i l i b r i u m  i n  t h e  v e r t i c a l  
d i r e c t i o n ,  t h e  a v e r a g e  s u p e r - e le v a t i o n  o f  t h e  f l o a t i n g  p o o l  
o v e r  t h e  f r e e  s u r f a c e  i s  Δh ( t ) ,  w h ic h  c a n  b e  s im p ly  d e r i v e d  
f r o m  t h e  h y d r o s t a t i c  a s s u m p t io n .  A ssum e  t h a t  t h e r e  i s  n o  
m o le c u la r  d i f f u s i o n  a n d  a  n e g l i g i b l e  a m o u n t o f  m ix in g  t h r o u g h  th e  
i n t e r f a c e ,  t h e n  t h e  t o t a l  v o lu m e  o f  t h e  s u r f a c e  l a y e r ,  w h ic h  i s
ρ a , ( ρs < ρ a ) ,  w h e re  t h e  d im e n s io n le s s  d e n s i t y  d i f f e r e n c e  r a t i o  Δ
i s  ( ρa -  ρs) / ρ s , a s  sh o w n  i n  F ig u r e  3 . 1 . 1 .  A t  t im e  t  a f t e r
F ig u r e  3 . 1 . 1  I d e a l i z e d  s k e t c h  o f  f r e e  s u r f a c e  s p r e a d in g  d e n s i t y  
c u r r e n t s .
80
p r o p o r t i o n a l  t o  ( 1 +  Δ)h R n+ 1 , i s  f i x e d  b y  t h e  d i s c h a r g e .  I f  t h e  
i n t e g r a t e d  s o u r c e  d is c h a r g e  i s  Q tm , th e n  t h e  v o lu m e  c o n s e r v a t io n  
e q u a t io n  i s  s im p ly
i n  w h ic h  n  i s  a p a r a m e te r  t h a t  d e n o te s  t h e  p la n e  ( n  = 0 )  a n d  th e  
r a d i a l  ( n  = 1 )  c a s e s ,  Q i s  th e  d is c h a r g e  r a t e ,  a n d  m i s  a s o u r c e  
p a r a m e te r  t h a t  d e n o te s  a n  in s t a n t a n e o u s  f i n i t e  v o lu m e  r e le a s e  
(m  = 0 )  o r  a  c o n t in u o u s  s te a d y  s o u r c e  r e s p e c t i v e l y  (m  =  1) .  Q 
r e p r e s e n t s  a  f i n i t e  v o lu m e  V w h e n  m  = 0 ,  a n d  a  c o n s t a n t  d is c h a r g e  
r a t e  Q w h e n  m  = 1 .
I f  t h e  s u r f a c e  t e n s io n  f o r c e  i s  n e g l i g i b l e ,  t h e  d r i v i n g  
f o r c e ,  Fp , a t  t h e  p lu m e  f r o n t  i s  t h e  r e s u l t a n t  o f  tw o  h o r i z o n t a l  
p r e s s u r e  f o r c e s  F S a n d  FA , w h ic h  a r e  d i r e c t e d  o u tw a r d s  a n d  in w a r d s  
a t  t h e  f r o n t .  T h e s e  a r e
( 3 . 1 . 1 )
( 3 . 1 . 2 )
( 3 . 1 . 3 )
a n d
( 3 . 1 . 4 )
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T h e re  a r e  tw o  f o r c e s  r e t a r d i n g  t h e  s p r e a d in g  p lu m e :  o n e  
i s  t h e  i n e r t i a l  F I  w h ic h  i s  p r o p o r t i o n a l  t o  t h e  p r o d u c t  o f  th e  
p lu m e  m ass w i t h  t h e  a c c e l e r a t i o n
( 3 . 1 . 5 )
a n d  t h e  o t h e r  i s  t h e  v i s c o u s  f o r c e .  T h e  v i s c o u s  f o r c e  m ay a r i s e  
f r o m  tw o  d i f f e r e n t  m e c h a n is m s  o f  i n t e r f a c i a l  s h e a r .  F o r  e x a m p le ,  
a n  o i l  s l i c k  i s  u s u a l l y  v e r y  t h i n  a n d  i t s  k i n e m a t i c  v i s c o s i t y  v s 
i s  m uch  h i g h e r  t h a n  t h a t  o f  t h e  a m b ie n t  f l u i d  ν a u n d e r n e a th  th e  
o i l  l a y e r ,  t h u s  th e  v is c o u s  f o r c e  FVA f o r  a s p r e a d in g  o i l  s l i c k  
c a n  b e  a p p r o x im a te d  b y  th e  b o u n d a r y  l a y e r  s h e a r  i n  t h e  a m b ie n t  
f l u i d ,  a n d
w h e re  i s  t h e  R a y le i g h 's  u n s te a d y  l a m in a r  b o u n d a r y  l a y e r
t h i c k n e s s  √νa t .  F o r  m i s c i b l e  f l u i d s ,  t h e  v i s c o u s  f o r c e  i s  
d o m in a te d  b y  t h e  f u l l y  d e v e lo p e d  b o u n d a r y  l a y e r  i n  t h e  p lu m e  
f l u i d  i t s e l f  a n d  we w r i t e
( 3 . 1 . 7 )
( 3 . 1 . 6 )
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F ro m  th e  c o m p a r is o n  o f  t h e  tw o  p o s s i b le  r e t a r d i n g  f o r c e s  tw o  
d i f f e r e n t  a s y m p t o t i c  r e g im e s  f o r  th e  s t a r t i n g  p lu m e  c a n  b e  
d i s t i n g u i s h e d .  I n  o n e ,  t h e  i n e r t i a l  f o r c e  d o m in a te s  t h e  v is c o u s  
f o r c e  a n d  i n  th e  s e c o n d ,  t h e  v is c o u s  f o r c e  i s  p r e d o m in a n t .  B y  
b a la n c in g  t h e  d r i v i n g  f o r c e  w i t h  e i t h e r  o f  t h e  a f o r e m e n t io n e d  
r e t a r d i n g  f o r c e s  a n d  i n t r o d u c i n g  t h e  a v e ra g e  t h i c k n e s s  h  f r o m  
t h e  c o n t i n u i t y  r e l a t i o n s h i p  ( 3 . 1 . 1 )  t h e  p o s s i b le  g r o w th  r a t e s  
a r e  d e r i v e d .  F o r  a b u o y a n c y - i n e r t i a l  p lu m e
( 3 . 1 . 8 )
w i t h  a n  a v e r a g e  t h i c k n e s s
( 3 . 1 . 9 )
F o r  a m i s c i b l e  b u o y a n c y - v is c o u s  p lu m e
( 3 . 1 . 1 0 )
a n d  i t s  a v e r a g e  t h i c k n e s s
83
( 3 . 1 . 1 1 )
T h e  i n e r t i a l - b u o y a n c y  s p r e a d  r e g im e  i s  t h e r e f o r e  i d e n t i c a l  w i t h  
t h a t  o f  a s p r e a d in g  o i l  s l i c k .  H o w e v e r ,  a  d i f f e r e n t  g r o w th  
h i s t o r y  i s  fo u n d  i n  v is c o u s - b u o y a n c y  s p r e a d in g  r e g im e  d u e  t o  
t h e  d i f f e r e n t  m e c h a n is m s  o f  i n t e r f a c i a l  s h e a r .  T h e  e q u a t io n s  
e q u i v a l e n t  t o  E q s .  ( 3 . 1 . 1 0 )  a n d  ( 3 . 1 . 1 1 )  a r e ,  i n  t h i s  r e g im e ,
( 3 . 1 . 1 2 )
a n d
( 3 . 1 . 1 3 )
M o re  d e t a i l s  o f  s p r e a d in g  o i l  s l i c k s  a r e  g iv e n  i n  F a y  ( 1 9 6 9 , 1 9 7 1 ) ,  
H o u l t  ( 1 9 7 2 ) ,  a n d  B u c k m a s te r  ( 1 9 7 3 ) .
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t ,  f r o m  E q s . ( 3 . 1 . 8 )  a n d  ( 3 . 1 . 1 0 ) ,  
t h e  s t a r t i n g  s u r f a c e  p lu m e  d o e s  n o t  n e c e s s a r i l y  p r o p a g a t e  w i t h  a 
c o n s t a n t  v e l o c i t y  e x c e p t  w h e n  m  =  n +  1 ( w i t h  n o  v i s c o u s  e f f e c t )  a n d  
w h e n  m  = (3 n  +  4 ) / 3  ( w i t h  a v i s c o u s  e f f e c t ) .  T a b le  3 . 1 . 1  g iv e s  
t h e  s u r f a c e  s t a r t i n g  p lu m e  f o r m u la e  f o r  tw o  c o n v e n t i o n a l  d is c h a r g e
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T a b le  3 . 1 . 1  A s y m p t o t ic  f o r m u la e  f o r  s t a r t i n g  s u r f a c e  p lu m e s  (C h e n , 1 9 7 5 ) .
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c o n d i t i o n s ,  c o r r e s p o n d in g  t o  m  = 0 a n d  m  = 1 f o r  b o t h  p la n e  a n d  
a x is y m m e t r ic  c a s e s .  T h e  r e l e v a n t  l e n g t h  a n d  t im e  s c a le s  f o r  
n o r m a l i z in g  e x p e r im e n t a l  d a t a  a s  d e r i v e d  f r o m  E q s . ( 3 . 1 . 8 )  a n d  
( 3 . 1 . 1 0 ) ,  a r e  sh o w n  i n  T a b le  3 . 1 . 2 .  T h e  f r o n t a l  p r o p a g a t io n  
v e l o c i t i e s  c a n  b e  s im p ly  d e r i v e d  b y  d i f f e r e n t i a t i o n .  F o r  th e
i n e r t i a l  r e g im e  th e  f r o n t  v e l o c i t y  o f  t h e  p lu m e  R d e c a y s  a lo n g  
w i t h  f r o n t a l  t r a v e l  d i s t a n c e  a c c o r d in g  t o
I n  th e  v i s c o u s  re g im e
( 3 . 1 . 1 5 )
T h e s e  a r e  sh o w n  i n  T a b le  3 . 1 . 3  f o r  t h e  c a s e s  i n  w h ic h  n  = 0 ,  1 a n d  
m = 0 ,  1 .
A n  a l t e r n a t i v e  a p p ro a c h  t o  t h e  a b o v e ,  u s e d  b y  K o h  a n d  F a n  
( 1 9 7 0 ) ,  e m p lo y e d  th e  h y d r o d y n a m ic  d r a g  f o r c e  FD ,
( 3 . 1 . 1 6 )
a n d  th e  i n t e r f a c i a l  s h e a r  f o r c e  F IS
( 3 . 1 . 1 7 )
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T a b le  3 . 1 . 2  L e n g th  a n d  t im e  s c a le s  f o r  s u r f a c e  d e n s i t y  s p r e a d in g .
T a b le  3 . 1 . 3  A s y m p t o t ic  f o r m u la e  f o r  s u r f a c e  d e n s i t y  s p r e a d in g  f r o n t  
v e l o c i t y  as  a f u n c t i o n  o f  f r o n t a l  d i s t a n c e .
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t o  e x p r e s s  t h e  tw o  f o r c e s  r e s i s t i n g  s p r e a d in g .  H e re  ε  i s  a n  
e f f e c t i v e  v i s c o s i t y  c o e f f i c i e n t  a n d  Ro  = R ( 0 ) . S in c e  th e  d im e n s io n s  
o f  th e s e  tw o  r e s i s t i n g  f o r c e s ,  i n  E q s . ( 3 . 1 . 1 6 )  a n d  ( 3 . 1 . 1 7 )  
a r e  h o m o g e n e o u s  r e s p e c t i v e l y  w i t h  th o s e  o f  t h e  p r e v i o u s l y  d e r i v e d  
i n e r t i a l  f o r c e  F I  a n d  v i s c o u s  f o r c e  FV S , t h e  sam e r e s u l t s  f o r  
f r o n t a l  m o t io n ,  a s  sh o w n  i n  T a b le  3 . 1 . 1 ,  c a n  b e  d e r i v e d  f r o m  t h i s  
a p p ro a c h  ( s e e  K oh  ( 1 9 7 6 ) ) .
3 . 1 . 2  B o t to m  S p r e a d in g  C u r r e n t s
A  b o t t o m  s t a r t i n g  p lu m e  c a n  b e  v ie w e d  a s  a n  i n v e r t e d  
v e r s i o n  o f  t h e  f r e e  s u r f a c e  p lu m e  w i t h o u t  s u p e r - e le v a t i o n  Δh .
T h e  tw o  r e t a r d i n g  f o r c e s  a r e  t h e  sam e a s  f o r  t h e  f r e e  s u r f a c e  
c a s e  s in c e  t h e  i n e r t i a l  f o r c e  i s  s t i l l  i n v o lv e d  a n d  th e  i n t e r f a c i a l  
s h e a r  d o m in a te s  t h e  w a l l  s h e a r . A s sh o w n  i n  F ig u r e  3 . 1 . 2  t h e  
d r i v i n g  f o r c e  FP ' f o r  a  s t a r t i n g  b o t t o m  c u r r e n t  i s  t h e  r e s u l t a n t  
o f  tw o  p r e s s u r e  f o r c e s  F S ' a n d  FA ' ,
( 3 . 1 . 1 8 )
( 3 . 1 . 1 9 )
a n d  F P ' =  F S '  -  FA ' so  t h a t  F P ' h a s  t h e  same fo r m  a s  E q . ( 3 . 1 . 4 ) :
( 3 . 1 . 2 0 )
a n d  t h e  f r e e  s u r f a c e  r e s u l t s  m ay b e  a p p l ie d  d i r e c t l y .
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F ig u r e  3 . 1 . 2  I d e a l i z e d  s k e t c h  o f  b o t t o m  s p r e a d in g  d e n s i t y  
c u r r e n t s .
F ig u r e  3 . 1 . 3  A h o m o g e n e o u s  l a y e r  i n t r u d i n g  a t  a n e u t r a l  b u o y a n t  
l e v e l  i n t o  th e  l i n e a r l y  d e n s i t y - s t r a t i f i e d  a m b ie n t  
f l u i d .
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3 . 1 . 3  I n t e r n a l  D e n s i t y  C u r r e n ts .
T h e  d r i v i n g  f o r c e  f o r  s u b m e rg e d  d e n s i t y  c u r r e n t s  i s  
t h e  u n b a la n c e d  h o r i z o n t a l  p r e s s u r e  f o r c e  FP . I t  i s  a ssu m e d  t h a t  
t h e  i n t e r n a l  c u r r e n t  i s  h o m o g e n e o u s  a n d  i s  s p r e a d in g  a t  a n e u t r a l  
d e n s i t y  l e v e l  i n  a  l i n e a r l y  s t r a t i f i e d  e n v i r o n m e n t ,  a s  sh o w n  i n  
F ig u r e  3 . 1 . 3 ;  t h e  d e n s i t y  d i f f e r e n c e  b e tw e e n  th e  c u r r e n t  a n d  
t h e  a m b ie n t  s t r a t i f i e d  f l u i d  i s  a  l i n e a r  f u n c t i o n  o f  d e p th .
T h e  t o t a l  p r e s s u r e  f o r c e  FP i n  t h i s  c a s e  i s  p r o p o r t i o n a l  t o  th e  
c u b ic  p o w e r  o f  t h e  a v e r a g e  t h i c k n e s s  o f  t h e  c u r r e n t  r a t h e r  t h a n  
t h e  s q u a r e  p o w e r  a s  f o r  s u r f a c e  a n d  b o t to m  s p r e a d in g  c u r r e n t s ,  i . e .
( 3 . 1 . 2 1 )
I n  t h e  tw o  d im e n s io n a l  c a s e  ( f o r  w h ic h  n  = 0 ) ,  t h e  t o t a l  p r e s s u r e  
f o r c e  i s , a s  d e r i v e d  b y  K ao  ( 1 9 7 4 , 1 9 7 6 ) .
T he  r e t a r d i n g  f o r c e s  f o r  s u b m e rg e d  d e n s i t y  c u r r e n t s  a r e  
t h e  sam e as  f o r  f r e e  s u r f a c e  a n d  b o t t o m  c u r r e n t s ,  i . e .  t h e  
i n e r t i a l  f o r c e  FI a n d  th e  v is c o u s  f o r c e  FVS as  d e f in e d  i n  
E q s . ( 3 . 1 . 5 )  a n d  ( 3 . 1 . 7 ) .
E q u a t in g  t h e  p r e s s u r e  f o r c e  FP w i t h  t h e  i n e r t i a l  f o r c e  
F I  a n d  c a n c e l l i n g  t h e  a v e r a g e  t h i c k n e s s  te r m  h  w i t h  t h e  a id  o f  
t h e  c o n t i n u i t y  r e l a t i o n s h i p  ( 3 . 1 . 1 )  e n a b le s  th e  i n e r t i a l  
s p r e a d in g  f r o n t  t o  b e  e x p re s s e d  a s  a  f u n c t i o n  o f  t im e  t  as
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( 3 . 1 . 2 2 )
s in c e  N = √g ε . E q u a t in g  th e  p r e s s u r e  f o r c e  FP t o  t h e  v i s c o u s  
f o r c e  FV S , g i v e s  t h e  r a d i u s  o f  t h e  v i s c o u s  s p r e a d in g  f r o n t
( 3 . 1 . 2 3 )
T a b le  3 . 1 . 4  g iv e s  s p e c i f i c  r e s u l t s  f o r  t h e  v a r i o u s  v a lu e s  o f  
m a n d  n . T h e  a v e ra g e  t h i c k n e s s  h ( t )  f o r  th e  i n e r t i a l  s p r e a d in g  
w e d g e  c a n  b e  w r i t t e n  as
a n d  f o r  th e  v is c o u s  s p r e a d in g  w e d g e  a s
( 3 . 1 . 2 4 )
( 3 . 1 . 2 5 )
T h e  l e n g t h  a n d  th e  t im e  s c a le s  f o r  n o r m a l i z in g  e x p e r im e n t a l  
d a ta  a r e  g iv e n  i n  T a b le  3 . 1 . 5 .
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T a b le  3 . 1 . 4  A s y m p t o t ic  f o r m u la e  f o r  s u b m e rg e d  d e n s i t y  s p r e a d in g  o f  
a n  i n t r u s i o n  l a y e r  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t
93
T a b le  3 . 1 . 5  L e n g th  a n d  t im e  s c a le s  o f  s u b m e rg e d  d e n s i t y  s p re a d  
f o r  n o r m a l i z a t i o n .
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3 . 2  S i m i l a r i t y  S o lu t i o n s  f o r  I n e r t i a l - B u o y a n c y  D e n s i t y  C u r r e n t s
T h e  f o r c e  s c a le  a n a l y s i s  p r e s e n t e d  i n  S e c t io n  3 . 1  p r o v id e s  
o r d e r  o f  m a g n i tu d e  e s t im a t e s  o f  f r o n t a l  t r a j e c t o r i e s  f o r  u n s te a d y  
a n d  n o n - u n i f o r m  f l o w s .  H o w e v e r ,  i n  e a c h  p o w e r  la w  g r o w t h  r a t e  
t h e r e  i s  a n  u n k n o w n  c o e f f i c i e n t  t h a t  m u s t b e  d e te r m in e d  f r o m  
e x p e r im e n t a l  s t u d i e s .  M o r e o v e r ,  a l l  o f  t h e  f l u i d  w a s  a ssu m e d  
t o  m ove  a t  t h e  f r o n t a l  v e l o c i t y  a n d  th e  s p r e a d in g  l a y e r  t h ic k n e s s e s  
w e re  a ssu m e d  t o  b e  u n i f o r m .  I n  t h i s  s e c t i o n  tw o  g e n e r a l i z e d  
s h a l lo w - w a t e r  e q u a t io n s  w i l l  b e  u s e d  t o  d e s c r ib e  t h e  i n e r t i a l -  
b u o y a n c y  f o r c e  b a la n c e  f o r  s u r f a c e  a n d  t h e  s u b m e rg e d  d e n s i t y  
s p r e a d in g  f l o w s  i n  m o re  d e t a i l .  T a y l o r ' s  (1 9 5 0 )  s e l f - s i m i l a r  
t e c h n iq u e  f o r  d e s c r i b i n g  b l a s t  w a v e  p r o p a g a t io n  i s  e x te n d e d  a n d  
u s e d  t o  f i n d  th e  u n k n o w n  c o e f f i c i e n t s  a n d  th e  n o n - u n i f o r m  
f e a t u r e s  o f  t h e  f l o w s .  T h e  s e r i e s  o f  a s y m p t o t i c  f o r m u la e  
t h a t  w e re  d e r i v e d  b y  t h e  f o r c e  s c a le  a n a l y s i s  w i l l  b e  d e te r m in e d  
d i r e c t l y  f r o m  th e  e q u a t io n s  o f  m o t io n .
T h e  e f f e c t s  o f  f i n i t e  d im e n s io n s  w i l l  b e  c o n s id e r e d  f o r  
b o t h  t h e  s u r f a c e  a n d  t h e  s u b m e rg e d  s p r e a d in g  f l o w  p r o d u c e d  b y  a 
f i n i t e  v o lu m e  r e l e a s e ,  a n d  th e  s e l f - s i m i l a r  s o l u t i o n s  
a r e  fo u n d  t o  d e s c r i b e  t h e  e a r l y  s ta g e  o f  f l o w  b e f o r e  " s h o c k  w a v e "  
t y p e  p r o p a g a t io n  d e v e lo p s .  T h is  s o l u t i o n  i s  s i m i l a r  t o  t h e  
e x p a n s io n  o f  a  s u d d e n ly  r e le a s e d  f i n i t e  v o lu m e  o f  g a s .
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T h e o r e t i c a l  r e s u l t s  d e v e lo p e d  i n  t h i s  s e c t i o n  w i l l  b e  c o m p a re d  w i t h
p r e v i o u s l y  p u b l i s h e d  n u m e r ic a l  a n d  e x p e r im e n t a l  d a ta  i n  C h a p te r  6 .
3 . 2 . 1  L o n g i t u d i n a l  I n t e r n a l  S h a l lo w - W a te r  W ave E q u a t io n s  
We c o n s id e r  t h e  tw o  f l o w  c o n f i g u r a t i o n s  a s  sh o w n  i n  
F ig u r e s  3 . 2 . 1 ( a )  a n d  ( b ) . A t  t im e  t ,  t h e r e  i s  a s p r e a d in g  
p o o l  w i t h  a h o r i z o n t a l  e x t e n t  R ( t )  a n d  l a y e r  t h i c k n e s s  h ( r ,  t )  a t  
a r a d i a l  d i s t a n c e  r .  I f  t h e  h o r i z o n t a l  l e n g t h  s c a le  i s  m u ch  
l a r g e r  th a n  t h e  m ax im um  v e r t i c a l  l e n g t h  s c a l e ,  t h e n  th e  v e r t i c a l  
a c c e l e r a t i o n  a n d  v e l o c i t y  w i l l  b e  s m a l le r  th a n  th e  c o r r e s p o n d in g  
h o r i z o n t a l  v a lu e s .  T he  p r e s s u r e  d i s t r i b u t i o n  i s  t h e r e f o r e  
h y d r o s t a t i c  a n d  t h e  h o r i z o n t a l  v e l o c i t y  u ( r ,  t )  i s  in d e p e n d e n t  
o f  t h e  v e r t i c a l  d i r e c t i o n  z .  A t  h y d r o s t a t i c  e q u i l i b r i u m  th e  
t h i c k n e s s  o f  t h e  s u r f a c e  p o o l  a b o v e  th e  w a t e r  s u r f a c e  i s
( 3 . 2 . 1 )
w h e re  t h e  d im e n s io n le s s  d e n s i t y  d i f f e r e n c e  Δ = (ρa -  ρs ) / ρ s .
F o r  a s u b m e rg e d  s p r e a d in g  f l o w  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  
m e d iu m , as  sh o w n  i n  F ig u r e  3 . 2 . 1 ( c ) ,  t h e  f l o w s  a r e  a ssu m e d  
s y m m e t r i c a l .  T he  c o o r d in a t e  s y s te m  i s  c h o s e n  s u c h  t h a t  th e  
o r i g i n  i s  a t  t h e  p o i n t  o f  s y m m e try  a n d  h ( r ,  t )  r e p r e s e n t s  o n ly  
o n e - h a l f  t h e  t h i c k n e s s  o f  t h e  s u b m e rg e d  s p r e a d in g  l a y e r .
U s in g  a lo n g - w a v e  a p p r o x im a t io n ,  tw o  g e n e r a l i z e d  s h a l lo w -  
w a te r  w a v e  e q u a t io n s  c a n  b e  d e r i v e d  f o r  t h e s e  s p r e a d in g  f l o w s  
(s e e  A p p e n d ix  A ) .  F i r s t ,  t h e  c o n t i n u i t y  e q u a t io n  i s
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F ig u r e  3 . 2 . 1 ( a )  C o o r d in a t e  s y s te m  f o r  f r e e  s u r f a c e  s p r e a d in g  f l o w s .
F ig u r e  3 . 2 . 1 ( b )  C o o r d in a t e  s y s te m s  f o r  b o t t o m  s p r e a d in g  f l o w s .
F ig u r e  3 . 2 . 1 ( c )  C o o r d in a t e  s y s te m  f o r  s u b m e rg e d  d e n s i t y  f l o w s .
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( 3 . 2 . 2 )
a n d  t h e  h o r i z o n t a l  m om entum  e q u a t io n  i s
( 3 . 2 . 3 )
w h e re  t h e  p a r a m e te r  n  d e n o te s  t h e  c a s e  o f  p la n e  s p r e a d in g  f l o w  
f o r  n  =  0 a n d  r a d i a l  s p r e a d in g  f l o w  w h e n  n  =  1 .  T h e  p a r a m e te r  
i  =  0 d e n o te s  s u r f a c e  a n d  b o t t o m  s p r e a d in g  f l o w s  i n  a  u n i f o r m  
e n v i r o n m e n t .  S u b m e rg e d  s p r e a d in g  f l o w  i n  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  i s  d e n o te d  b y  i  =  1.
B y a d d in g  E q . ( 3 . 2 . 2 )  m u l t i p l i e d  b y  u  a n d  E q . ( 3 . 2 . 3 )  
m u l t i p l i e d  b y  h  t h e  m om entum  e q u a t io n  c a n  b e  r e w r i t t e n  a s
E q u a t io n  ( 3 . 2 . 4 )  i s  a c t u a l l y  a n  e n e r g y  e q u a t io n  f o r  s h a l l o w -  
w a t e r  w a v e s .
( 3 . 2 . 4 )
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E q u a t io n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  w i t h  i  =  0 a n d  n  =  1 ,  w e re  
d e r i v e d  b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 )  t o  s t u d y  t h e  b a s e  s u r g e  
m i s t - a i r  f l o w  fo rm e d  b y  a n  a to m ic  bom b e x p lo s io n  i n  s h a l lo w  w a t e r .  
E q u a t io n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  w i t h  i  =  0 a n d  n  =  0 ,  a r e  th e  
g e n e r a l  fo r m  o f  d a m - b re a k  f l o w  e q u a t io n s  w i t h o u t  f r i c t i o n  e f f e c t s ,  
i n  w h ic h  c a s e  t h e  r e l a t i v e  d e n s i t y  d i f f e r e n c e  Δ i s  u n i t y .  T he  
sam e s h a l lo w  w a t e r  w a ve  e q u a t io n s ,  w i t h  i  =  0 ,  w e re  u s e d  b y  H o u l t  
(1 9 7 2 )  t o  s t u d y  i n e r t i a l  s p r e a d in g  o f  a n  o i l  s l i c k  o n  t h e  s e a  
s u r f a c e .  E q u a t io n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  w i t h  i  =  1 a n d  n  =  0 ,  
w e re  u s e d  b y  M e i (1 9 6 9 )  t o  s t u d y  t h e  i n i t i a l  s ta g e  o f  c o l l a p s e  
o f  a p la n e  m ix e d  r e g io n  i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  f l u i d .
3 . 2 . 2  Gas D y n a m ic s  A n a lo g y
I t  i s  w e l l - k n o w n  (s e e  C o u r a n t  a n d  F r i e d r i c h s  ( 1 9 4 8 ) ,  
p p .  3 2 - 3 5 )  t h a t  t h e  tw o  s h a l lo w - w a t e r  w a ve  e q u a t io n s  ( 3 . 2 . 2 )  a n d  
( 3 . 2 . 3 ) ,  w h e n  i  =  0 ,  a r e  s i m i l a r  t o  t h e  e q u a t io n s  o f  o n e - d im e n s io n a l  
u n s te a d y  i s e n t r o p i c  g a s - d y n a m ic s .
( 3 . 2 . 5 )
( 3 . 2 . 6 )
w h e n  th e  s p e c i f i c  g a s  c o n s t a n t  γ  i s  e q u a l  t o  2 ,  i n  w h ic h  t h e  s o u n d  
s p e e d  c  = √ dp / d ρ a n d  t h e  p a r a m e te r  n  d e n o te s  t h e  p la n e ,  c y l i n d r i c a l  
o r  s p h e r i c a l  f l o w  r e s p e c t i v e l y  w h e n  n  =  0 ,  1 ,  a n d  2 .
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F o l l o w in g  t h e  s t u d y  o f  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 ) ,  th e  
c h a r a c t e r i s t i c s  e q u a t io n s  f o r  d e n s i t y  s p r e a d in g  f l o w s  c a n  t h e r e f o r e  
b e  w r i t t e n  a s
( 3 . 2 . 7 )
T he  R ie m a n n  i n v a r i a n t s  a lo n g  th e  c h a r a c t e r i s t i c s  c u r v e s ,
( 3 . 2 . 8 )
a r e
o r
( 3 . 2 . 9 )
( 3 . 2 . 1 0 )
W i th  s u i t a b l e  i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  th e s e  e q u a t io n s  
m ay b e  s o lv e d  n u m e r i c a l l y  e x c e p t  w h e n  a ju m p  d i s c o n t i n u i t y  
d e v e lo p s  d u e  t o  t h e  n o n - l i n e a r i t y .
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S i m i l a r i t y  s o l u t i o n s  f o r  t h e  b l a s t  w a v e  p r o p a g a t io n  p ro d u c e d  
b y  a n  a to m ic  bom b e x p lo s io n  w e re  in t r o d u c e d  in d e p e n d e n t ly  b y  
T a y lo r  ( 1 9 5 0 ) ,  a n d  S e d o v  ( 1 9 5 7 ) .  L a t e r ,  t h i s  s e l f - s i m i l a r  
t e c h n iq u e  w as  e x te n d e d  b y  s e v e r a l  i n v e s t i g a t o r s ,  ( s e e  R o g e rs  
( 1 9 5 8 ) ,  F re e m a n  ( 1 9 6 8 ) ,  D a b o ra  ( 1 9 7 2 ) ,  P i t k i n  ( 1 9 7 7 ) ) ,  t o  s o lv e  
t h e  m o re  g e n e r a l  p r o b le m  o f  t h e  s h o c k  w a v e  p r o d u c e d  b y  a  v a r i a b l e  
r a t e  o f  e n e r g y  r e le a s e .  T a y lo r  a n d  S e d o v  fo u n d  t h a t  s h o c k  w a ve  
f r o n t  p r o p a g a te d  w i t h  a v e l o c i t y  t h a t  d e p e n d s  o n l y  o n  th e  s p e c i f i c  
e n e r g y  r e le a s e .  T he  t r a j e c t o r y  o f  th e  f r o n t  i s  d e s c r ib e d  as
w h e re  t h e  p r o p o r t i o n a l i t y  c o e f f i c i e n t  S (γ ,  m , n )  i s  fo u n d  f r o m  an  
e n e r g y  c o n s e r v a t io n  c o n d i t i o n .  T he  s i m i l a r i t y  d i s t r i b u t i o n s  f o r  
p a r t i c l e  v e l o c i t y ,  d e n s i t y  a n d  p r e s s u r e  w e re  s o lv e d  a n a l y t i c a l l y  
a n d  n u m e r i c a l l y .
S e d o v 's  s e l f - s i m i l a r  t e c h n iq u e  w as u s e d  b y  H o u l t  a n d  S u c h o n  
(1 9 7 0 )  t o  s t u d y  t h e  i n e r t i a l  p h a s e  o f  s p r e a d in g  o f  a p la n e  o i l  
s l i c k  fo r m e d  b y  t h e  r e le a s e  o f  a f i n i t e  v o lu m e  o f  o i l .  H o w e v e r ,  
t h e i r  c o m p u te d  r e s u l t s  a r e  n o t  i n  a g re e m e n t w i t h  t h e i r  
e x p e r im e n t a l  r e s u l t s .  L a t e r ,  H o u l t  (1 9 7 2 )  r e v i s e d  th e  t e c h n iq u e  
t o  u s e  a  d i f f e r e n t  in d e p e n d e n t  s e l f - s i m i l a r  v a r i a b l e  b u t  p r o b le m s  
w e re  s t i l l  m e t i n  s p e c i f y i n g  t h e  b o u n d a r y  c o n d i t i o n s  a n d  th e  
s i m i l a r i t y  p r o f i l e  f o r  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  w as n o t  
g iv e n  f o r  t h e  r a d i a l  s p r e a d in g  c a s e .  S i m i l a r  d i f f i c u l t i e s  w e re
( 3 . 2 . 1 1 )
1 0 1
a ls o  e n c o u n te r e d  b y  F a y  (s e e  L ia n g ,  1 9 7 1 )  a n d  F a n n e lo p  a n d  W a ldm an  
( 1 9 7 2 ) .
H e r e ,  we u s e  T a y l o r ' s  s e l f - s i m i l a r  t e c h n iq u e ,  a s  e x te n d e d  
b y  R o g e rs  ( 1 9 5 8 ) ,  t o  r e s o l v e  t h e  g e n e r a l  p r o b le m s  o f  a  v a r i a b l e  
f l o w  r a t e  b u o y a n t - d is c h a r g e .  H o w e v e r ,  f i r s t  we m u s t d e r i v e  
t h e  c o r r e c t  T a y l o r ’ s s e l f - s i m i l a r  f o r m u la e  a n d  t h e  n e c e s s a r y  
b o u n d a ry  c o n d i t i o n s  a t  t h e  f r o n t .
3 . 2 . 3  D e r i v a t i o n  o f  S e l f - S i m i l a r  F o rm u la e
Two m e th o d s  o f  d e r i v a t i o n  w i l l  b e  g iv e n  h e r e .  T he  
f i r s t  o n e  i s  t h e  m e th o d  o f  s e p a r a t io n  o f  v a r i a b l e s  a n d  th e  
s e c o n d  o n e  i s  t h e  T a y l o r ' s  m e th o d  u s e d  f o r  t h e  b l a s t  w a ve  
p r o p a g a t io n .
3 . 2 . 3 . 1  M e th o d  o f  S e p a r a t io n  o f  V a r i a b le s
A ssum e  t h a t  t h e  tw o  u n k n o w n s , u ( r ,  t )  a n d  h ( r ,  t )  
i n  t h e  s h a l lo w - w a t e r  w a ve  e q u a t io n s ,  h a v e  s o l u t i o n s  i n  th e  
f o l l o w i n g  fo r m s :
( 3 . 2 . 1 2 )
( 3 . 2 . 1 3 )
w h e re  t h e  d im e n s io n le s s  v a r i a b l e  ξ  i s  d e f i n e d  a s  r / R ( t ) , a n d  
R ( t )  i s  t h e  f r o n t a l  p o s i t i o n  a t  t im e  t ,  Ω ( t ) a n d  T ( t ) , w h ic h  w i l l  
b e  d e te r m in e d  l a t e r ,  a r e  tw o  u n k n o w n  s c a le  f u n c t i o n s  f o r  m ean 
v e l o c i t y  a n d  s p r e a d in g  l a y e r  t h i c k n e s s ,  r e s p e c t i v e l y .
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i n  w h ic h  " ° "  d e n o te s  t h e  d i f f e r e n t i a t i o n  o f  a f u n c t i o n  w i t h  
r e s p e c t  t o  t im e  t  a n d  t o  t h e  d im e n s io n le s s  v a r i a b l e  ξ .
I n  o r d e r  t o  h a v e  th e  a ssu m e d  fo r m  o f  s o l u t i o n s  g i v e n  i n  
E q s . ( 3 . 2 . 1 2 )  a n d  ( 3 . 2 . 1 3 ) ,  o n e  m u s t l e t  f o u r  u n k n o w n  f u n c t i o n s ,  
R / Ω , RΩ/ Ω2 , R T /Ω Τ  a n d  g Δ i  Τ i + 1 /Ω 2 , b e  d im e n s io n le s s .  C h o o se
u n i t y  f o r  t h e  f i r s t  o n e  R/Ω .  T h e n , t h e  v e l o c i t y  s c a le  w i l l  b e  
t h e  f r o n t  v e l o c i t y  a n d  t h e  s i m i l a r i t y  a s s u m p t io n  f o r  m ean v e l o c i t y  
w i l l  becom e
( 3 . 2 . 1 6 )
T h e  s e c o n d  f u n c t i o n  RΩ/Ω 2 w i l l  t h e r e f o r e  a u t o m a t i c a l l y  becom e 
a  d im e n s io n le s s  n u m b e r Λ t h a t  we c a l l  t h e  d e c a y  c o e f f i c i e n t ,
( 3 . 2 . 1 7 )
S u b s t i t u t i n g  t h e  a b o v e  i n t o  t h e  s h a l lo w - w a t e r  w a ve  e q u a t io n s  
( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  o n e  o b t a in s
( 3 . 2 . 1 4 ) .
a n d
( 3 . 2 . 1 5 )
103
T h e re  a r e  tw o  k in d s  o f  s e l f - s i m i l a r  s o l u t i o n s  t o  c h o o s e  
f o r  t h e  s p r e a d in g  l a y e r  t h i c k n e s s .  T h e  f i r s t  o n e  i s  t o  s e t  
t h e  f o u r t h  f u n c t i o n  g Δ i  Τ i+ 1 / Ω 2  t o  u n i t y .  T h a t  i s  t o  s a y  t h a t  
t h e  l e n g t h  s c a le  f o r  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  w i l l  b e
( 3 . 2 . 1 8 )
I n  t h i s  c a s e  t h e  t h i r d  f u n c t i o n  R T/Ω Τ  w i l l  a u t o m a t i c a l l y  be co m e  
a  c o n s t a n t  v a lu e  t h a t  i s  r e l a t e d  o n l y  t o  t h e  d e c a y  c o e f f i c i e n t ,  i . e .
( 3 . 2 . 1 9 )
a n d  t h e  s i m i l a r i t y  a s s u m p t io n ,  E q . ( 3 . 2 . 1 3 )  w i l l  becom e
( 3 . 2 . 2 0 )
T h e  s e c o n d  s o l u t i o n  i s  t o  s e t  t h e  t h i r d  f u n c t i o n  R T/Ω Τ  t o  
a c o n s t a n t  v a lu e  α ,  i . e .
( 3 . 2 . 2 1 )
w h e re  t h e  d im e n s io n le s s  f r o n t a l  p o s i t i o n  η = R ( t ) / R o , Ro i s  th e  
i n i t i a l  f r o n t a l  l e n g t h  R ( 0 ) . F ro m  E q . ( 3 . 2 . 2 1 )  o n e  h a s  th e  
l e n g t h  s c a le  f o r  t h e  s p r e a d in g  l a y e r  t h i c k n e s s
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i n  w h ic h  α i s  a n  u n k n o w n  c o n s t a n t  a n d  i s  a n  i n i t i a l  l a y e r  
s c a le  t h i c k n e s s .  F o r  t h i s  c a s e  t h e  f o u r t h  f u n c t i o n ,  g Δ i  Τ i+ 1 /Ω 2 , 
w i l l  b e  a d im e n s io n le s s  n u m b e r t h a t  i s  r e l a t e d  o n l y  t o  t h e  d e c a y  
c o e f f i c i e n t  Λ .
T h e  f i r s t  s e t  o f  s i m i l a r i t y  s o l u t i o n s ,  E q s . ( 3 . 2 . 1 6 )  a n d
( 3 . 2 . 2 0 ) ,  i n d i c a t e  t h a t  o n l y  t h e  f r o n t a l  v e l o c i t y  p la y s  t h e  
r o l e  i n  d e f i n i n g  t h e  s p r e a d in g  l a y e r  t h i c k n e s s .  I n  t h e  s e c o n d  
s e t ,  E q s . ( 3 . 2 . 1 6 )  a n d  ( 3 . 2 . 2 3 ) ,  o n l y  t h e  r e l a t i v e  f r o n t a l  l e n g t h  
η i s  im p o r t a n t .  T h e  f i r s t  s e t  t h u s  i s  u s e d  t o  d e s c r ib e  t h e  
f a r - f i e l d  g r a v i t a t i o n a l  s p r e a d in g  p r o b le m  w h e re  t h e  f r o n t  i s  
so  d i s p la c e d  f r o m  th e  o r i g i n  o f  m o t io n  t h a t  t h e  i n i t i a l  d im e n s io n  
i s  n o  lo n g e r  im p o r t a n t  b u t  n o t  so  f a r  t h a t  v is c o u s  e f f e c t s  
a r e  n e g l i g i b l e .  T he  s e c o n d  s e t  o f  s o l u t i o n s  i s  a p p r o p r i a t e  
f o r  t h e  n e a r - f i e l d  p r o b le m  a n d  w i l l  b e  c o n s id e r e d  i n  Se c t i o n  3 . 2 . 7 .
( 3 . 2 . 2 2 )
w h e re  T ( 0 )  i s  t h e  i n i t i a l  l e n g t h  s c a le  o f  t h e  s p r e a d in g  l a y e r  
t h i c k n e s s .  B y  c h o o s in g  T ( 0 )  =  h 1 , th e n  th e  s e c o n d  s o l u t i o n  f o r  
t h e  s p r e a d in g  l a y e r  t h i c k n e s s  be co m e s
( 3 . 2 . 2 3 )
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T h e  f i r s t  s e t  o f  s i m i l a r i t y  s o l u t i o n s  c a n  a l s o  b e  d e r i v e d  
b y  T a y l o r ' s  (1 9 5 0 )  a p p ro a c h  t o  s o l v i n g  t h e  b l a s t  w a v e  p r o p a g a t io n  
a s  e x te n d e d  b y  L a t t e r  ( 1 9 5 5 ) .
3 . 2 . 3 . 2  T a y l o r ' s  M e th o d
A ssum e  t h a t  tw o  u n k n o w n s , u ( r ,  t )  a n d  h ( r ,  t ) , 
h a v e  s i m i l a r i t y  s o l u t i o n s  o f  t h e  f o l l o w i n g  fo r m s :
( 3 . 2 . 2 4 )
( 3 . 2 . 2 5 )
w h e re  k  a n d  ℓ  a r e  tw o  u n k n o w n  i n t e g e r s  t h a t  w i l l  b e  d e te r m in e d  
l a t e r ,  φ1 a h d  H1 a r e  tw o  u n k n o w n  f u n c t i o n s  t h a t  a r e  a l s o  t o  b e  
d e te r m in e d  l a t e r .
S u b s t i t u t i n g  a b o v e  tw o  a s s u m p t io n s  i n  t h e  s h a l lo w - w a t e r  
w a v e  e q u a t io n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 ) ,  o n e  g e t s
( 3 . 2 . 2 6 )
a n d
( 3 . 2 . 2 7 )
I n  o r d e r  t o  h o m o g e n iz e  b o t h  E q s . ( 3 . 2 . 2 6 )  a n d  ( 3 . 2 . 2 7 )  i n t o  
d im e n s io n le s s  f o r m s ,  o n e  h a s  t o  s e t
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( 3 . 2 . 2 8 )
( 3 . 2 . 2 9 )
a n d  a ssum e
( 3 . 2 . 3 0 )
( 3 . 2 . 3 1 )
i n  w h ic h  A i s  a  d im e n s io n a l  c o n s t a n t ,  a n d  φ ( ξ )  a n d  Η ( ξ )  a r e  tw o  
d im e n s io n le s s  s i m i l a r i t y  f u n c t i o n s .  F ro m  E q s . ( 3 . 2 . 2 4 ) ,  ( 3 . 2 . 2 5 ) ,
( 3 . 2 . 2 8 ) ,  ( 3 . 2 . 2 9 ) ,  ( 3 . 2 . 3 0 ) ,  a n d  ( 3 . 2 . 3 1 )  tw o  s i m i l a r i t y  
s o l u t i o n s  a r e  d e r i v e d  a s  ( s e e  A p p e n d ix  B f o r  d e t a i l s  o f  d e r i v a t i o n )
( 3 . 2 . 1 6 )
a n d
( 3 . 2 . 2 0 )
T h e  tw o  s i m i l a r i t y  f u n c t i o n s  φ ( ξ ) a n d  Η ( ξ )  a r e  t h e  d im e n s io n le s s  
d i s t r i b u t i o n s  o f  t h e  r e l a t i v e  m ean p a r t i c l e  v e l o c i t y  a n d  th e  
l o c a l  R ic h a r d s o n  n u m b e r b e h in d  t h e  f r o n t .  F o r  t h e  u n i f o r m
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e n v i r o n m e n t  c a s e  w h e re  i  =  0 ,  t h e  l o c a l  R ic h a r d s o n  n u m b e r i s  
c l e a r l y  d e f i n e d  as
( 3 . 2 . 3 2 )
a n d  f o r  t h e  l i n e a r l y  s t r a t i f i e d  c a s e  w h e re  i  =  1, i t  i s  d e f i n e d  a s
( 3 . 2 . 3 3 )
i n  w h ic h  N i s  t h e  B r u n t - V ä i s ä lä  f r e q u e n c y  o f  t h e  a m b ie n t  
s t r a t i f i c a t i o n .
3 . 2 . 4  E v a lu a t io n  o f  S e l f - S i m i l a r  S o lu t i o n s
3 . 2 . 4 . 1  G e n e r a l  D e r i v a t i o n
T he  s i m i l a r i t y  a s s u m p t io n s  ( 3 . 2 . 1 6 )  a n d  ( 3 . 2 . 2 0 )  
w h e n  s u b s t i t u t e d  i n t o  th e  c o n t i n u i t y  a n d  th e  m om entum  e q u a t io n s
( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 )  r e d u c e  th e  tw o  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  
t o  tw o  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s :
( 3 . 2 . 3 4 )
( 3 . 2 . 3 5 )
i n  w h ic h  '  d e n o te s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  ξ ,  i . e .  d / d ξ . 
T he  d e c a y  c o e f f i c i e n t  Λ  = R R /R 2 i n  E q s . ( 3 . 2 . 3 4 )  a n d  ( 3 . 2 . 3 5 )  
c a n  b e  d e r i v e d  f r o m  t h e  f r o n t a l  f u n c t i o n  R ( t ) .
1 0 8
Now s u p p o s e  a  b u o y a n c y  s o u r c e  s u p p l ie s  a  t i m e - v a r y in g  v o lu m e  
Vj ( t )  o f  f l u i d  t h a t  m ay b e  p o s i t i v e l y ,  n e g a t i v e l y ,  o r  n e u t r a l l y  
b u o y a n t .  T h e n  we h a v e
T he  t o t a l  v o lu m e  o f  a  s p r e a d in g  l a y e r  a t  t im e  t  i s
( 3 . 2 . 3 8 )
( 3 . 2 . 3 6 )
w h e re  m  =  1 d e n o te s  t h e  c a s e  o f  a  s t e a d y ,  c o n s t a n t  r a t e  d is c h a r g e
Q, a n d  m  =  0 d e n o te s  t h e  c a s e  o f  a n  in s t a n t a n e o u s  r e le a s e  o f  a
f i n i t e  v o lu m e  V j = V .
A s s u m in g  t h a t  t h e  a m o u n t o f  i n t e r f a c i a l  m ix in g  b e tw e e n  th e  
tw o  f l u i d s  i s  n e g l i g i b l e  a n d  a l s o  t h a t  f r e e  s u r f a c e  e v a p o r a t io n  
l o s s  o r  b o t t o m  f l o o r  s e e p a g e  i s  n e g l i g i b l e ,  th e n  th e  t o t a l  v o lu m e  
V ( t )  o f  t h e  s p r e a d in g  l a y e r  a t  t im e  t  m u s t  e q u a l  t h e  a m o u n t t h a t  
h a s  b e e n  s u p p l ie d  V j ( t ) , i . e .
( 3 . 2 . 3 7 )
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i n  w h ic h  t h e  i n t e g r a t i o n  c o n s t a n t  i n  e a c h  c a s e  w i l l  b e
( 3 . 2 . 3 9 )
a n d  t h e  s h a p e  f a c t o r  k in i s  d e f in e d  as
( 3 . 2 . 4 0 )
W hen t h e  r e l a t i v e  d e n s i t y  d i f f e r e n c e  Δ i s  r a t h e r  s m a l l ,  i . e .  f o r  
t h e  c a s e  o f  f r e e  s u r f a c e  s p r e a d in g  o f  se w a g e  o r  t h e r m a l  w a t e r  
d i s c h a r g e ,  E q . ( 3 . 2 . 3 8 )  i s  s t i l l  a  g o o d  a p p r o x im a t io n  w i t h  a n  
e r r o r  t o  t h e  o r d e r  o f  Δ , b u t  f o r  a s p r e a d in g  o i l  s l i c k ,  t h e  
r e l a t i v e  d e n s i t y  d i f f e r e n c e  i s  n o t  v e r y  s m a l l  a n d  th e  s h a p e  
f a c t o r  h a s  t o  b e  m u l t i p l i e d  f o r  a  f a c t o r  ( 1  +  Δ ) f o r  c o r r e c t i o n ,
i . e .
F ro m  th e  s i m i l a r i t y  a s s u m p t io n s  ( 3 . 2 . 1 9 )  a n d  th e  c o n d i t i o n  
o f  v o lu m e  c o n s e r v a t io n ,  o n e  o b t a in s  t h e  d i f f e r e n t i a l  e q u a t io n  
f o r  t h e  t r a j e c t o r y  f u n c t i o n ,
( 3 . 2 . 4 1 )
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,  ( 3 . 2 . 4 2 )
f o r  b o t h  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  f l o w s .  I n t e g r a t i n g
E q . ( 3 . 2 . 4 2 )  f r o m  R  =  R ( 0 )  =  Ro t o  R  =  R ( t )  g i v e s  t h e  f r o n t a l  f u n c t i o n ,
( 3 . 2 . 4 3 )
i n  w h ic h  t h e  g e n e r a l i z e d  d e f i n i t i o n  o f  k in e m a t i c  o r  s p e c i f i c  
b u o y a n c y  f l u x  B i  i s
( 3 . 2 . 4 4 )
W hen t h e  i n i t i a l  s i z e  o f  th e  s p r e a d in g  p o o l  i s  v e r y  s m a l l ,  i . e .
a s y m p t o t i c  fo r m  f o r  R ( t )  i s
<< 0 ( 1 ) ,  a nRo / R ( t )  << 0 ( 1 )  o r  
1 1 1
( 3 . 2 . 4 5 )
i n  w h ic h  t h e  c o e f f i c i e n t  i n  t h e  a s y m p t o t i c  fo r m  c .  i s
( 3 . 2 . 4 6 )
T h e  p o w e r  la w  i s  a g e n e r a l  fo r m  f o r  d e s c r i b i n g  i n e r t i a l - b u o y a n c y  
m o t io n  f o r  b o t h  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  c u r r e n t s  d u e  
t o  a  v a r i a b l e  s o u r c e  o f  b u o y a n t  d i s c h a r g e .  T h e  d e c a y  c o e f f i c i e n t  
Λ b e co m e s
( 3 . 2 . 4 7 )
T h e  tw o  n o n - l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  f o r  H a n d  φ 
b ecom e
( 3 . 2 . 4 8 )
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( 3 . 2 . 4 9 )
To s o lv e  th e s e  tw o  d i f f e r e n t i a l  e q u a t io n s  f o r  t h e  s i m i l a r i t y  
p r o f i l e s  tw o  b o u n d a r y  c o n d i t i o n s  a r e  n e e d e d  a n d  t h e y  a r e  fo u n d  
f r o m  th e  s h o c k  d i s c o n t i n u i t i e s  a t  t h e  f r o n t .
3 . 2 . 4 . 2  S h o c k  C o n d i t io n s  a t  F r o n t
F ro m  c o n t i n u i t y  o f  m a s s , E q . ( 3 . 2 . 2 ) ,  a n d  m om entum  
E q . ( 3 . 2 . 3 )  o r  e n e r g y  E q . ( 3 . 2 . 4 ) ,  t h r e e  s h o c k  c o n d i t i o n s  a t  th e  
f r o n t  c a n  b e  d e r i v e d :
( 3 . 2 . 5 0 )
( 3 . 2 . 5 1 )
( 3 . 2 . 5 2 )
w h e re  [ ] d e n o te s  t h e  ju m p  v a lu e  o f  t h e  te r m  i n s i d e  b r a c k e t s  
b e tw e e n  t h e  r i g h t - h a n d  s id e  ( +  s i d e )  a n d  th e  l e f t - h a n d  s id e
( -  s i d e )  o f  t h e  d i s c o n t i n u i t y  a n d  U  = R ( t )  i s  t h e  f r o n t a l  v e l o c i t y .  
T h e  d e r i v a t i o n  d e t a i l s  f o r  th e s e  t h r e e  ju m p  c o n d i t i o n s  a r e  g iv e n  
i n  A p p e n d ix  C.
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N ow , a ssu m e  t h a t  t h e  a m b ie n t  f l u i d  i s  s t a g n a n t ,  i . e .  
ua = u + =  u ( R +,  t )  =  0 ,  a n d  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  t h e r e  
v a n is h e s ,  i . e .  h +  = h ( R + ,  t )  = 0 .  F ro m  E q . ( 3 . 2 . 5 0 ) ,  o n e  h a s
i . e .
F ro m  E q s . ( 3 . 2 . 5 1 )  a n d  ( 3 . 2 . 5 3 ) ,  o n e  h a s
S i m i l a r l y ,  f r o m  E q s . ( 3 . 2 . 5 2 )  a n d  ( 3 . 2 . 5 3 ) ,  o n e  h a s
i . e .
( 3 . 2 . 5 3 )
( 3 . 2 . 5 4 )
( 3 . 2 . 5 5 )
( 3 . 2 . 5 6 )
( 3 . 2 . 5 7 )
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Two k in d s  o f  f r o n t  a r e  t h e r e f o r e  p o s s i b le  d e p e n d in g  o n  w h e th e r  
m om entum  o r  e n e r g y  i s  c o n s e r v e d :  o n e  i s  th e  w a v e  f r o n t  w i t h  a 
c o n s t a n t  f r o n t a l  R ic h a r d s o n  n u m b e r ,
( 3 . 2 . 5 9 )
a n d  t h e  o t h e r  i s  t h e  f r o n t  w i t h  a v a n i s h in g  f r o n t a l  R ic h a r d s o n  
n u m b e r ,
( 3 . 2 . 6 0 )
Two k in d s  o f  m o v in g  s u r f a c e  f r o n t s  f o r  th e  c a s e  i  =  0 w e re  
a l s o  fo u n d  b y  A b b o t t  a n d  T o rb e  (1 9 6 3 )  u s in g  t h e  m e th o d  o f  
c h a r a c t e r i s t i c s :  o n e  w as c a l l e d  t h e  w a v e  f r o n t  ( o r  m o v in g
h y d r a u l i c  ju m p  o r  b o r e )  p r o p a g a t in g  w i t h  a  f i n i t e  f r o n t a l  
R ic h a r d s o n  n u m b e r , t h e  o t h e r  w as c a l l e d  t h e  S a in t  V e n a n t  f r o n t  
p r o p a g a t in g  w i t h  a v a n i s h in g  f r o n t a l  R ic h a r d s o n  n u m b e r . 
A c c o r d in g  t o  t h e i r  t h e o r e t i c a l  a r g u m e n ts ,  t h e  f r o n t  m o v in g  w i t h
i . e .
( 3 . 2 . 5 8 )
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a  v a n i s h in g  f r o n t a l  t h i c k n e s s  o c c u r s  a t  t h e  c o in c id e n c e  o f  tw o  
c h a r a c t e r i s t i c s  c u r v e s  a n d  t h e  w a v e  f r o n t  m o v in g  w i t h  a  f i n i t e  
f r o n t a l  R ic h a r d s o n  n u m b e r o c c u r s  w h e n  o n e  o f  t h e  c h a r a c t e r i s t i c s  
b e c o m e s  t im e  s t a t i o n a r y .  I n  t h e  c a s e  o f  o n e  f l u i d  s p r e a d in g  
o v e r  o r  u n d e r  a n o t h e r ,  a w a v e  f r o n t  m u s t a lw a y s  b e  fo r m e d  as  
lo n g  as  t h e  v e l o c i t i e s  i n  b o t h  f l u i d s  a r e  i n  t h e  sam e d i r e c t i o n .
A  s p r e a d in g  f r o n t  fo r m e d  b y  a  s h a l lo w  f l u i d  l a y e r  f l o w i n g  o v e r  o r  
u n d e r  a n o t h e r  f l u i d  o f  m uch  g r e a t e r  d e p th  w i l l  e v e n t u a l l y  d e v e lo p  
i n t o  a  m o v in g  w a v e  f r o n t  s in c e  i t  d o e s  n o t  in d u c e  a p p r e c ia b le  
m o t io n  i n  a m b ie n t  f l u i d .
T h e  v a n i s h in g  s u b m e rg e d  f r o n t a l  t h i c k n e s s  i n  E q . ( 3 . 2 . 5 8 )  
w h e n  i  =  1 a n d  n  = m  =  0 w as a l s o  d e r i v e d  b y  M e i (1 9 6 9 )  f o r  t h e  
i n i t i a l  s t a g e  o f  d y n a m ic  c o l l a p s e  o f  a  m ix e d  r e g io n  i n  a  l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t ,
3 . 2 . 5  A s y m p t o t ic  S o lu t i o n s  f o r  S u r fa c e  D e n s i t y  S p r e a d in g
T h e  a s y m p t o t i c  f o r m  o f  t h e  f r o n t a l  t r a j e c t o r y  f u n c t i o n  
i n  t h i s  c a t e g o r y ,  i  =  0 ,  h a s  th e  same t im e - p o w e r  f u n c t i o n  a s  f o r  
b l a s t  w a v e  p r o p a g a t io n  p r o d u c e d  b y  a v a r i a b l e  r a t e  o f  e n e r g y  
r e l e a s e ,
I n  t h i s  c a s e  th e  k i n e m a t i c  b u o y a n c y  f l u x ,  Bo  =  B  =  g ΔQ , o r  t h e  
s p e c i f i c  b u o y a n t  f o r c e  p e r  u n i t  m a s s , Bo = B = gΔV , i s  a n a lo g o u s
( 3 . 2 . 6 1 )
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t o  t h e  s p e c i f i c  p o w e r  o r  e n e r g y  r e le a s e  E / ρ i n  E q . ( 3 . 2 . 1 1 ) .
T h e  c o e f f i c i e n t  co m n , 
( 3 . 2 . 6 2 )
c a n  b e  d e te r m in e d  f r o m  t h e  i n t e g r a t i o n  c o n s t a n t  I omn o f  t h e  s e l f -  
s i m i l a r  t h i c k n e s s  p r o f i l e s  Η ( ξ )  f o r  e a c h  c a s e  n  a n d  d is c h a r g e  
c o n d i t i o n s  m . T h e  s i m i l a r i t y  d i s t r i b u t i o n s  f o r  s p r e a d in g  l a y e r  
t h i c k n e s s  a n d  m ean v e l o c i t y  c a n  b e  s o lv e d  a n a l y t i c a l l y  o r  
n u m e r i c a l l y  f r o m  th e  tw o  r e d u c e d  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s ,
( 3 . 2 . 6 3 )
( 3 . 2 . 6 4 )
u s in g  tw o  R a n k in e - H u g o n io t  t y p e  f r o n t a l  b o u n d a r y  c o n d i t i o n s ,
H ( 1 ) = 1/2 a n d  φ ( 1 )  = 1 .
3 . 2 . 5 . 1  P la n e  a n d  R a d ia l  S u r fa c e  D e n s i t y  S p re a d  f r o m  a 
F i n i t e  V o lu m e  R e le a s e
T he  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  i n  t h i s  c a s e  
( n  =  0 ,  1 ,  a n d  m  =  0) becom e
1 1 7
C o r r e s p o n d in g  t o  t h e  b o u n d a r y  c o n d i t i o n s  φ ( 1 )  = 1 a n d  H ( 1 )  n o t  
s p e c i f i e d ,  th e s e  e q u a t io n s  h a v e  t h e  s o l u t i o n s
( 3 . 2 . 6 5 )
( 3 . 2 . 6 6 )
( 3 . 2 . 6 7 )
( 3 . 2 . 6 8 )
( 3 . 2 . 6 9 )
( 3 . 2 . 7 0 )
a n d
a n d
T h e  S a in t  V e n a n t  f r o n t  c o n d i t i o n ,  H ( 1 )  = 0 ,  g iv e s  a n e g a t i v e  
v a lu e  f o r  Η ( ξ )  e x c e p t  a t  t h e  f r o n t .  T h e  w a v e  f r o n t  c o n d i t i o n ,  
H ( 1 ) = 1 /2 , g iv e s  t h e  t h i c k n e s s  d i s t r i b u t i o n  as
T h u s  t h e  i n t e g r a t i o n  c o n s t a n t
1 1 8
a n d  t h e  s p r e a d in g  l a y e r  c o e f f i c i e n t  i s
( 3 . 2 . 7 1 )
T h e  p la n e  i n e r t i a l  s p r e a d in g  f r o n t  (n  = 0 )  d u e  t o  a  f i n i t e  v o lu m e  
r e le a s e  t h e r e f o r e  g ro w s  a s y m p t o t i c a l l y  a c c o r d in g  t o
( 3 . 2 . 7 2 )
a n d  t h e  r a d i a l  i n e r t i a l  s p r e a d in g  f r o n t  ( n  =  1 )  g ro w s  a s y m p t o t i c a l l y  
a s
T h e  d e n s i t y  w a v e  f r o n t  f r o m  a f i n i t e  v o lu m e  r e le a s e  t h e r e f o r e  
g ro w s  w i t h  t h e  g r e a t e s t  t h i c k n e s s  a t  t h e  f r o n t  a n d  a c o n t i n u a l l y  
d e c r e a s in g  t h i c k n e s s  b e h in d  th e  f r o n t .  No " d e n s i t y  h e a d "  o r  
" d e n s i t y  n o s e "  i s  g iv e n  b y  t h i s  b l a s t  w a v e  a n a lo g y  s o l u t i o n .
T he  w h o le  s p r e a d in g  f l u i d  a c t s  a s  a s t r e t c h i n g  l a y e r  b e tw e e n  
th e  f r o n t  a n d  t h e  o r i g i n .  T he  f r o n t  p u l l s  t h e  s p r e a d in g  f l u i d  
w i t h  t h e  sam e v e l o c i t y  a s  t h e  f r o n t  a t  t h e  f r o n t a l  w a l l  a n d  a 
l i n e a r  d i s t r i b u t i o n  o f  f l u i d  p a r t i c l e  v e l o c i t y ,  p r o p o r t i o n a l  t o  
i t s  d im e n s io n le s s  l o c a t i o n ,  ξ ,  o c c u r s  b e h in d  t h e  f r o n t .  T he  
d e t a i l s  o f  t h i s  s p r e a d in g  f l o w  a r e  show n  i n  F ig u r e  3 . 2 . 2 .
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F ig u r e  3 . 2 . 2 S e l f - s i m i l a r  v e l o c i t y  a n d  t h i c k n e s s  d i s t r i b u t i o n s  
o f  th e  p la n e  and  th e  r a d i a l  i n e r t i a l  d e n s i t y  w a ve  
f r o n t  p r o p a g a t io n  d u e  t o  a f i n i t e  v o lu m e  r e le a s e  
o f  b u o y a n t  f l u i d .
120
T h is  s t r o n g  s h o c k  w a v e  s o l u t i o n  i s  a p p l i c a b l e  o n l y  w h e n  th e  
d e n s i t y  f r o n t s  a r e  s o  f a r  aw ay f r o m  th e  o r i g i n  p o i n t  t h a t  t h e  
i n i t i a l  d im e n s io n s  a r e  n e g l i g i b l e  i n  c o m p a r is o n  t o  t h e  f r o n t a l  
d i s t a n c e .  T h e  i n i t i a l  d im e n s io n  p la y s  n o  f u r t h e r  r o l e  i n  
d e f i n i n g  t h e  l e n g t h  s c a le  t o  th e  p r o b le m .  I n  t h e  c a s e  w h e re  t h e  
i n i t i a l  d im e n s io n s  a r e  im p o r t a n t ,  t h e  i n i t i a l  f l o w  p r o b le m  i s  
t o t a l l y  d i f f e r e n t  a n d  w i l l  b e  d is c u s s e d  i n  S u b s e c t io n  3 . 2 . 7 .
3 . 2 . 5 . 2  S t a r t i n g  T w o - D im e n s io n a l  S t r a t i f i e d  F lo w
I n  t h i s  c a s e  n  = 0 a n d  m = 1 so  t h a t  p r o v i d i n g  t h a t  
( φ  -  ξ ) 2 -  Η ( ξ )  ≠ 0 ,  th e  tw o  s i m i l a r i t y  e q u a t io n s  i n  t h i s  c a s e  a r e
( 3 . 2 . 7 6 )
a n d
( 3 . 2 . 7 7 )
H e n ce  th e  i n t e g r a t i o n  c o n s t a n t
( 3 . 2 . 7 8 )
( 3 . 2 . 7 4 )
a n d
( 3 . 2 . 7 5 )
T he  n o n - t r i v i a l  w a ve  f r o n t  s o l u t i o n s  a r e
1 2 1
a n d  t h e  c o e f f i c i e n t  f o r  t h e  t w o - d im e n s io n a l  i n e r t i a l  s t a r t i n g  
f l o w  i s
i . e . ,  t h e  s t a r t i n g  f r e e  s u r f a c e  i n e r t i a l  s p r e a d in g  f l o w  g ro w s  a s
w h e re  Q i s  t h e  v o lu m e  f l u x  o f  t h e  d i s c h a r g e .  I n  t h e  a b s e n c e  o f  
a n y  v i s c o s i t y  e f f e c t  t h e  t w o - d im e n s io n a l  s t a r t i n g  f l o w  t h e r e f o r e  
g ro w s  w i t h  a c o n s t a n t  v e l o c i t y  w h ic h  i s  p r o p o r t i o n a l  t o  t h e  c u b ic  
r o o t  o f  t h e  d is c h a r g e  b u o y a n c y  f l u x  B  =  g ΔQ.
T h e  v e l o c i t y  a n d  t h e  t h i c k n e s s  o f  a  t w o - d im e n s io n a l  s t a r t i n g  
f l o w  a r e  t h e r e f o r e  d i s t r i b u t e d  i n  s u c h  a  w a y  t h a t  t h e  l o c a l  
R ic h a r d s o n  n u m b e r R i ( r ,  t )  i s  u n i f o r m l y  d i s t r i b u t e d  w i t h  a c o n s t a n t  
v a lu e  0 . 5  o v e r  t h e  e n t i r e  s p r e a d in g  l e n g t h ,  i . e .
T h is  i s  f u l l y  a n a lo g o u s  t o  a t w o - d im e n s io n a l  p r o p a g a t in g  s t r o n g  
s h o c k  f r o n t  d r i v e n  b y  a c o n t in u o u s  s te a d y  e n e r g y  r e l e a s e ,  a s  
d e r i v e d  b y  R o g e rs  ( 1 9 5 8 ) .  T h e  s h o c k  w a ve  f r o n t  a l s o  p r o p a g a te s  
w i t h  a u n i f o r m l y  d i s t r i b u t e d  v e l o c i t y ,  d e n s i t y  ( p r e s s u r e  a l s o )  
a n d  M ach  n u m b e r .
( 3 . 2 . 7 9 )
( 3 . 2 . 8 0 )
( 3 . 2 . 8 1 )
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3 . 2 . 5 . 3  S u r fa c e  R a d ia l  S t a r t i n g  P lu m e
I n  t h i s  c a s e  n  =  1 ,  m  =  1, a n d  t h e  tw o  o r d i n a r y  
d i f f e r e n t i a l  e q u a t io n s  d e s c r i b i n g  t h e  s i m i l a r i t y  s o l u t i o n  a r e
( 3 . 2 . 8 2 )
a n d
( 3 . 2 . 8 3 )
T h e s e  tw o  d i f f e r e n t i a l  e q u a t io n s  w e re  s o lv e d  n u m e r i c a l l y  a t  
C a l t e c h 's  B o o th  C o m p u tin g  C e n te r  b y  a p ro g r a m  c a l l e d  "MODDEQ/ 
D i f f e r e n t i a l  E q u a t io n  S o lv e r "  u s in g  f r o n t a l  b o u n d a r y  c o n d i t i o n s  
φ ( 1 )  = 1 a n d  H ( 1 ) = 1 / 2 .  T he  n u m e r ic a l  c a l c u l a t i o n  i s  b a s e d  o n  
t h e  m e th o d  o f  R u n g e - K u t t a - G i l l  w i t h  a u t o m a t ic  e r r o r  c o n t r o l .
Two s i m i l a r i t y  p r o f i l e s  a r e  sh o w n  i n  F ig u r e  3 . 2 . 3 .  I t  i s  
p e c u l i a r  t o  s e e  t h a t  t h e r e  i s  a n  i n f i n i t e l y  l a r g e  f l u i d  v e l o c i t y  
i n s i d e  t h e  p lu m e  a t  t h e  l o c a t i o n  ξ  = 0 .7 5 3 .  A t  t h i s  p o i n t  th e  
t h i c k n e s s  v a n is h e s  a n d  a n o t h e r  i n t e r n a l  r i n g  fo r m s  a f t e r  th e  
f o r m e r  r i n g  i s  d i s p a t c h e d .
T he  i n t e g r a t i o n  c o n s t a n t  I 0 1 1  a s  c a l c u l a t e d  b y  S im p s o n 's  
r u l e  i s
( 3 . 2 . 8 4 )
123
F i g .  3 . 2 . 3  V e l o c i t y  a n d  t h i c k n e s s  d i s t r i b u t i o n s  o f  a  s t a r t i n g  
i n t e r n a l  r a d i a l  r i n g .
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T h u s ,  t h e  c o e f f i c i e n t  f o r  t h e  r a d i a l  s t a r t i n g  p lu m e  i s
( 3 . 2 . 8 5 )
T he  f r o n t a l  b o r e  t h e r e f o r e  p r o p a g a te s  o u tw a r d s  a c c o r d in g  t o
( 3 . 2 . 8 6 )
S u p p o s e  t h a t  t h e r e  i s  a s t a t i o n a r y  o b s e r v e r  l o c a t e d  a t  a 
d i s t a n c e  r  f r o m  th e  s u r f a c e  b u o y a n t  s o u r c e  p o i n t .  He w i l l  
e x p e r ie n c e  a  s e r i e s  o f  i n t e r n a l  r i n g  f r o n t s  a t  a p e r i o d  T ,  
w h ic h  i s
( 3 . 2 . 8 7 )
V e l o c i t y  m e a s u re m e n ts  a t  t h e  same l o c a t i o n  r  f r o m  th e  s o u r c e  p o i n t  
w i l l  h a v e  a n  o s c i l l a t i o n  i n  m a g n i tu d e ,  w h ic h  i s  c o h e r e n t  w i t h  an  
o s c i l l a t i o n  i n  d e n s i t y ,  a t  t h e  sam e p e r i o d  T .
3 . 2 . 6  A s y m p t o t ic  So l u t i o n s  f o r  I n t e r n a l  D e n s i t y  S p r e a d in g
T h e  a s y m p t o t i c  E q . ( 3 . 2 . 4 5 )  o f  t h e  f r o n t a l  t r a j e c t o r y  
f u n c t i o n  i n  t h i s  c a t e g o r y ,  i  =  1, b e co m e s
( 3 . 2 . 8 8 )
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i n  w h ic h  t h e  k i n e m a t i c  b u o y a n c y  f l u x  B1  = NQ f o r  t h e  s te a d y
c o n t in u o u s  d is c h a r g e  c a s e ,  m  =  1, a n d  t h e  s p e c i f i c  b u o y a n t  f o r c e
p e r  u n i t  m ass  B1 = NV f o r  t h e  f i n i t e  v o lu m e  c a s e ,  m  =  0 .  T h e
c o e f f i c i e n t  c lm n , 
( 3 . 2 . 8 9 )
c a n  b e  d e te r m in e d  f r o m  t h e  i n t e g r a t i o n  o f  t h e  s e l f - s i m i l a r  
t h i c k n e s s  p r o f i l e  Η ( ξ )  f o r  e a c h  c a s e  n  a n d  d is c h a r g e  c o n d i t i o n s  
m . T h is  s e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  Η ( ξ )  c a n  b e  s o lv e d  
a n a l y t i c a l l y  o r  n u m e r i c a l l y  f r o m  tw o  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s ,
( 3 . 2 . 9 0 )
( 3 . 2 . 9 1 )
w i t h  t h e  b o u n d a r y  c o n d i t i o n s  H ( 1 )  = 1 a n d  φ ( 1 )  = 1 .
3 . 2 . 6 . 1  P la n e  a n d  R a d ia l  S u b m e rg e d  D e n s i t y  S p re a d  f r o m  a 
F i n i t e  V o lu m e  R e le a s e
T h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  i n  t h i s  c a s e  
( n  =  0 ,  1 ,  a n d  m  =  0 )  b ecom e
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C o r r e s p o n d in g  t o  t h e  b o u n d a r y  c o n d i t i o n s  φ ( 1 )  = 1 a n d  H ( 1 ) = 1 ,  th e s e  
e q u a t io n s  h a v e  th e  s o l u t i o n s
( 3 . 2 . 9 4 )
( 3 . 2 . 9 5 )
a n d  f o r  t h e  r a d i a l  f l o w ,  n  =  1 ,  w i l l  b e
w h e re  t h e  v a lu e  e x i s t s  o n l y  f o r  1 /√ 2  ≤ ξ  ≤ 1 .  A  c i r c u l a r  i n t e r n a l  r i n g  
s t r u c t u r e  m u s t b e  fo rm e d  f o r  t h i s  c a s e  w h ic h  is -  d i f f e r e n t  f r o m  t h a t  o f  
r a d i a l  s u r f a c e  s p r e a d in g .  D e t a i l s  o f  s e l f - s i m i l a r  h a l f - t h i c k n e s s
( 3 . 2 . 9 2 )
a n d
( 3 . 2 . 9 3 )
a n d
T h e  h a l f - t h i c k n e s s  w i l l  b e  s e e n  a s  a  l i n e a r  f u n c t i o n  o f  th e  
d im e n s io n le s s  v a r i a b l e  ξ  f o r  t h e  p la n e  f l o w ,  n  =  0 ,
( 3 . 2 . 9 6 )
( 3 . 2 . 9 7 )
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p r o f i l e s  a r e  g iv e n  i n  F ig u r e  3 . 2 . 4 .  T h e r e f o r e ,  t h e  i n t e g r a t i o n
c o n s t a n t  I lon b e co m e s  
( 3 . 2 . 9 8 )
a n d  t h e  c o e f f i c i e n t  c lon b e co m e s
( 3 . 2 . 9 9 )
A  p la n e  i n e r t i a l  s p r e a d in g  f r o n t  ( n  = 0 )  d u e  t o  a  f i n i t e  v o lu m e  
r e le a s e  t h e r e f o r e  g ro w s  a s y m p t o t i c a l l y  a c c o r d in g  t o
( 3 . 2 . 1 0 0 )
a n d  t h e  r a d i a l  s p r e a d in g  f r o n t  ( n  =  1 )  g ro w s  a s y m p t o t i c a l l y  a s
( 3 . 2 . 1 0 2 )
( 3 . 2 . 1 0 1 )
F o r  t h e  s p e c i a l  c a s e  o f  a n  i n i t i a l l y  c y l i n d r i c a l  s e c t i o n  o f  
r a d iu s  Ro , ( n  = 0 ) ,  t h e  f r o n t a l  p o s i t i o n  f u n c t i o n  w i l l  b e
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F ig u r e  3 . 2 . 4  S i m i l a r i t y  p r o f i l e s  o f  th e  h a l f - t h i c k n e s s  f o r  a
p la n e  ( n  = 0 )  a n d  r a d i a l  ( n  = 1 )  i n t e r f l o w i n g  l a y e r  
r e s u l t i n g  f r o m  a c o l l a p s i n g  h o m o g e n e o u s  m ix e d  r e g io n  
a t  a n e u t r a l  d e n s i t y  l e v e l  i n  a l i n e a r l y  s t r a t i f i e d  
e n v i r o n m e n t .
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F o r  a n  i n i t i a l l y  s p h e r i c a l  s e c t i o n  o f  r a d iu s  Ro , ( n  =  1 ) ,  t h e  
f r o n t a l  p o s i t i o n  w i l l  b e  s p e c i f i e d  b y
3 . 2 . 6 . 2  I n t e r n a l  P la n e  S t a r t i n g  L a y e r  ( C o n t in u o u s  F lo w )  
P r o v i d in g  t h a t  ( φ  -  ξ ) 2 -  Η2 ( ξ )  ≠ 0 ,  t h e  tw o  
s i m i l a r i t y  s o l u t i o n s  i n  t h i s  c a s e  ( n  = 0 a n d  m = 1 )  a r e
( 3 . 2 . 1 0 4 )
a n d
( 3 . 2 . 1 0 5 )
T h e  n o n - t r i v i a l  w a v e  f r o n t  s o l u t i o n s  f o r  t h e  h a l f - t h i c k n e s s  a n d  th e  
m ean v e l o c i t y  o f  t h e  i n t r u s i v e  l a y e r  a r e :
( 3 . 2 . 1 0 7 )
( 3 . 2 . 1 0 3 )
( 3 . 2 . 1 0 6 )
a n d
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T h e  i n t e g r a t i o n  c o n s t a n t  i n  t h i s  c a s e  i s
a n d  t h e  c o e f f i c i e n t  f o r  t h e  p la n e  i n t r u s i v e  l a y e r  i s
A n  i n t r u s i o n  l a y e r  f r o n t  r e s u l t i n g  f r o m  a d is c h a r g e  a t  a  n e u t r a l  
d e n s i t y  l e v e l ,  w i t h  a d is c h a r g e  R ic h a r d s o n  n u m b e r 
o f  u n i t y ,  w i l l  i n c r e a s e  i t s  d is p la c e m e n t  a c c o r d in g  t o
(3.21 0 8 )
(3.21 0 9 )
(3.21 1 0 )
w h e re  h j  i s  t h e  h a l f - t h i c k n e s s  o f  t h e  s l o t  j e t  o p e n in g ,  u j  i s
t h e  m ean j e t  v e l o c i t y  a n d  Q i s  t h e  v o lu m e  r a t e  o f  d i s c h a r g e ,
Q  =  2 u j h j . W hen th e  j e t  R ic h a r d s o n  n u m b e r i s  l e s s  t h a n  
u n i t y ,  i . e . t h e r e  w i l l  b e  a  r e g io n  o f  m ix in g .  
T h is  j e t  m ix in g  w i l l  r e d u c e  th e  m ean v e l o c i t y  t o  a  lo w e r  v a lu e  
s u c h  t h a t  t h e  f l o w  w i l l  m ove a t  a R ic h a r d s o n  n u m b e r o f  u n i t y .  
H o w e v e r ,  t h e  t o t a l  v o lu m e  o f  t h e  i n t e r f l o w i n g  l a y e r  w i l l  b e  
l a r g e r  t h a n  th e  a m o u n t d i s c h a r g e d .  I n  t h i s  c a s e  th e  c o n s t a n t  
o f  p r o p o r t i o n a l i t y  i n  E q . ( 3 . 2 . 1 1 0 ) , w i l l  b e  g r e a t e r
t h a n  1 / √ 2 .
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3 . 2 . 6 . 3  I n t e r n a l  R a d ia l  S t a r t i n g  L a y e r  ( C o n t in u o u s - F lo w )  
I n  t h i s  c a s e  n  = 1 a n d  m = 1 a n d  t h e  d e c a y
( 3 . 2 . 1 1 1 )
and
( 3 . 2 . 1 1 2 )
W i t h  th e  tw o  b o u n d a r y  c o n d i t i o n s ,  φ ( 1 )  = 1 a n d  H ( 1 ) = 1 ,  th e s e  
tw o  d i f f e r e n t i a l  e q u a t io n s  w e re  s o lv e d  n u m e r i c a l l y  u s in g  th e  
s u b r o u t in e  " M O D D E Q /D if f e r e n t ia l  E q u a t io n  S o lv e r "  a t  C a l t e c h 's  
B o o th  C o m p u tin g  C e n t e r .  T h e  s u b r o u t in e  i s  b a s e d  o n  th e  m e th o d  
o f  R u n g e - K u t t a - G i l l  w i t h  a u t o m a t ic  c o n t r o l  o f  e r r o r  t r u n c a t i o n .
T h e  tw o  s i m i l a r i t y  p r o f i l e s  f o r  m ean v e l o c i t y  a n d  h a l f - t h i c k n e s s  
o b t a in e d  f o r  t h e  s p r e a d in g  l a y e r  a r e  sh o w n  i n  F ig u r e  3 . 2 . 5 .
I t  i s  p e c u l i a r  t o  s e e  t h a t  t h e r e  i s  a l s o  a n  i n f i n i t e l y  l a r g e  
f l u i d  v e l o c i t y  i n s i d e  t h e  p lu m e  a t  t h e  l o c a t i o n  ξ  = 0 .6 9 1 5  
w h e re  t h e  h a l f - t h i c k n e s s  v a n is h e s .  S in c e  th e  n e u t r a l  d e n s i t y  
s o u r c e  i s  c o n t i n u o u s ly  d is c h a r g e d  a t  t h e  o r i g i n ,  a  s e r i e s  o f  
s u c h  i n t e r n a l  r i n g s  s h o u ld  fo r m  a f t e r  th e  f i r s t  r i n g  i s  d i s p a t c h e d .
c o e f f i c i e n t . Two r e d u c e d  d i f f e r e n t i a l  e q u a t io n s  a r e
o b t a in e d :
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F ig u r e  3 . 2 . 5  S i m i l a r i t y  p r o f i l e s  o f  t h e  a v e ra g e  v e l o c i t y  a n d  
th e  h a l f - t h i c k n e s s  o f  i n t e r f l o w i n g  r a d i a l  r i n g  
d u e  t o  a c o n t in u o u s  r e le a s e .
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T h e  c o e f f i c i e n t  o f  i n t e g r a t i o n  i s  c o m p u te d  u s in g  
S im p s o n 's  r u l e  a s
( 3 . 2 . 1 1 3 )
a n d  t h e  r a d i a l  f r o n t  c o e f f i c i e n t  b e co m e s
( 3 . 2 . 1 1 4 )
A n  i n t e r n a l  r i n g  f r o n t  w i l l  t h e r e f o r e  p r o p a g a t e  a c c o r d in g  t o
S u p p o s e  t h e r e  i s  a  s t a t i o n a r y  o b s e r v e r  l o c a t e d  a t  a d i s t a n c e  r  
f r o m  a  s u b m e rg e d  n e u t r a l  d e n s i t y  s o u r c e  d i s c h a r g in g  w i t h  a 
f l o w  r a t e  Q i n  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  f o r  w h ic h  
t h e  B r u n t - V ä i s ä lä  f r e q u e n c y  i s  N . T he  o b s e r v e r  w i l l  s e e  a 
s te a d y  s e r i e s  o f  f r o n t s  p a s s in g  a t  a p e r i o d  T
3 . 2 . 7  I n i t i a l  S ta g e  o f  D e n s i t y  S p re a d
A  s p r e a d in g  d e n s i t y  f r o n t  g e n e r a t e d  b y  r e le a s e  o f  
a f i n i t e  v o lu m e  o f  l i q u i d  h a s  a n  i n i t i a l  s ta g e  fo rm e d  b y  th e  
c o l l a p s e  o f  t h e  v o lu m e .  S u b s e q u e n t ly  th e  f r o n t  fo r m e d  d e v e lo p s
( 3 . 2 . 1 1 5 )
( 3 . 2 . 1 1 6 )
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i n t o  t h e  d e c e l e r a t i n g  s h o c k  w a v e  t y p e  p r o p a g a t io n  t h a t  w as 
c o n s id e r e d  i n  t h e  p r e v io u s  S u b s e c t io n s  3 . 2 . 5  a n d  3 . 2 . 6 .  A s 
w as  d is c u s s e d  i n  S u b s e c t io n  3 . 2 . 3 . 1  t o  s o lv e  t h e  tw o  s h a l lo w -  
w a t e r  w a v e  e q u a t io n s  ( 3 . 2 . 2 )  a n d  ( 3 . 2 . 3 )  i n  t h i s  c a s e ,  
s i m i l a r i t y  s o l u t i o n s  f o r  v e l o c i t y  a n d  t h i c k n e s s  w e re  d e v e lo p e d  
i n  t h e  fo r m
w h e re  ξ  i s  t h e  d im e n s io n le s s  v a r i a b l e  r / R ( t )  a s  b e f o r e ,  η i s  
t h e  f r o n t a l  p o s i t i o n  r e l a t i v e  t o  t h e  o r i g i n a l  r a d i a l  l e n g t h  Ro , 
i . e .  η = R ( t ) / R o , h 1 i s  th e  o r i g i n a l  c h a r a c t e r i s t i c  t h i c k n e s s  
b e f o r e  s p r e a d in g ,  a n d  α i s  a n  u n k n o w n  n u m b e r . Ф ( ξ )  a n d  Η ( ξ )  
a r e  t h e  s i m i l a r i t y  p r o f i l e s  f o r  t h e  m ean v e l o c i t y  a n d  th e  
s p r e a d in g  l a y e r  t h i c k n e s s .  S u b s t i t u t i o n  o f  t h e s e  tw o  s i m i l a r i t y  
s o l u t i o n s  i n t o  t h e  i n t e r n a l  s h a l lo w  w a te r - w a v e  E q s . ( 3 . 2 . 2 )  
a n d  ( 3 . 2 . 3 )  g iv e s
( 3 . 2 . 1 6 )
a n d
( 3 . 2 . 2 3 )
( 3 . 2 . 1 1 7 )
a n d
, ( 3 . 2 . 1 1 8 )
1 3 5
w h e re  t h e  d e c a y  c o e f f i c i e n t  Λ i s  e q u a l  t o  R R /R 2 a s  b e f o r e  a n d  
i  =  0 f o r  s u r f a c e  s p r e a d in g  a n d  i  =  1 f o r  i n t e r n a l  s p r e a d in g .
To h o m o g e n iz e  t h e  a b o v e  e q u a t io n  ( 3 . 2 . 1 1 8 ) ,  o n e  m u s t h a v e
t h a t
( 3 . 2 . 1 1 9 )
f o r  som e c o n s t a n t  β ,  so  t h a t  E q . ( 3 . 2 . 1 1 8 )  b e co m e s
( 3 . 2 . 1 2 0 )
E q u a t io n s  ( 3 . 2 . 1 1 7 )  a n d  ( 3 . 2 . 1 2 0 )  h a v e  s o l u t i o n s  ( s e e  A p p e n d ix  D)
( 3 . 2 . 1 2 1 )
( 3 . 2 . 1 2 2 )
s a t i s f y i n g
( 3 . 2 . 5 4 )
p r o v id e d  t h a t  c o n s t a n t s  α a n d  β a r e  c h o s e n
( 3 . 2 . 5 8 )
1 3 6
( 3 . 2 . 1 2 3 )
( 3 . 2 . 1 2 4 )
T h e  c h a r a c t e r i s t i c  t h i c k n e s s  c a n  b e  d e r i v e d  f r o m  a c o n s e r v a t io n  
o f  v o lu m e .  T h e  t o t a l  v o lu m e  o f  s p r e a d in g  f l u i d  V ( t )  m u s t b e  
e q u a l  t o  t h e  t o t a l  v o lu m e  V o a t  th e  s t a r t  o f  s p r e a d in g .  T h e  
r e l a t i o n s h i p  i s
( 3 . 2 . 1 2 5 )
w h e re
( 3 . 2 . 1 2 6 )
a n d
( 3 . 2 . 1 2 7 )
I t  t h u s  b e co m e s  p o s s i b le  t o  f i n d  t h e  u n k n o w n  l e n g t h  s c a l e ,  h 1 ,
( 3 . 2 . 1 2 8 )
1 3 7
T h e  v a lu e s  o f  t h e  o r i g i n a l  c h a r a c t e r i s t i c  t h i c k n e s s  s c a le  h1
a r e  l i s t e d  i n  T a b le  3 . 2 . 1  f o r  s p r e a d in g  i n  a  h o m o g e n e o u s  
e n v i r o n m e n t  ( i  =  0 )  a n d  i n  T a b le  3 . 2 . 2  f o r  s p r e a d in g  i n  a  
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) .  T h u s ,  t h e  
u n s te a d y  a n d  n o n - u n i f o r m  t h i c k n e s s  d i s t r i b u t i o n  h ( r ,  t )  c a n  
b e  e x p r e s s e d  e x p l i c i t l y  a s
T h e s e  tw o  s i m i l a r i t y  p r o f i l e s  f o r  s p r e a d in g  f l u i d  t h i c k n e s s  a r e  
p l o t t e d  i n  F ig u r e  3 . 2 . 6  f o r  i  =  0 a n d  i n  F ig u r e  3 . 2 . 7  f o r  i  =  1. T h e  
t h i c k n e s s  p r o f i l e  o f  a n  i n i t i a l  s p r e a d in g  l a y e r  i n  a h o m o g e n e o u s  
e n v i r o n m e n t  ( i  =  0 )  i s  n o t  a n  e l l i p t i c a l  s e c t i o n  a s  L o n g u e t - H ig g in s  
(1 9 7 2 )  e x p e c te d .  H o w e v e r ,  t h e  t h i c k n e s s  p r o f i l e  i n  a  l i n e a r  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) i s  a n  e l l i p t i c a l  s e c t i o n  w h ic h  w a s  a l s o  
a ssu m e d  b y  M e i ( 1 9 6 9 ) .
T h e  f r o n t a l  c o n t a c t  a n g le  β w i t h  t h e  h o r i z o n t a l  b e d  ( o r  th e  
n e u t r a l  w a t e r  l e v e l )  c a n  b e  fo u n d  f r o m  t h e  f o l l o w i n g  r e l a t i o n s h i p ,
( 3 . 2 . 1 2 9 )
( 3 . 2 . 1 3 0 )
f o r  i  =  0 a n d
( 3 . 2 . 1 3 1 )
T a b le  3 . 2 . 1  T he  o r i g i n a l  c h a r a c t e r i s t i c  t h i c k n e s s  s c a le  h 1 f o r  t h e  i n i t i a l  s ta g e  o f  
s u r f a c e  d e n s i t y  s p re a d  i n  a h o m o g e n e o u s  e n v ir o n m e n t  ( i  =  0 )  e x p re s s e d  as  
a f u n c t i o n  o f  th e  i n i t i a l  s h a p e  o f  l i q u i d  v o lu m e  b e f o r e  s p r e a d in g .
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T a b le  3 . 2 . 2  T he  o r i g i n a l  c h a r a c t e r i s t i c  t h i c k n e s s  s c a le  h 1 e x p re s s e d  a s  a f u n c t i o n  o f  i n i t i a l  
c r o s s - s e c t i o n s  f o r  t h e  i n i t i a l  s u b m e rg e d  d e n s i t y  s p re a d  i n  a  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v ir o n m e n t  ( i  = 1 ) .
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F ig u r e  3 . 2 . 6 S i m i l a r i t y  p r o f i l e s  f o r  th e  m ean
h o r i z o n t a l  v e l o c i t y  a n d  th e  s p r e a d ­
in g  l a y e r  t h i c k n e s s  f o r  th e  i n i t i a l  
s ta g e  o f  s u r f a c e  d e n s i t y  s p r e a d in g  
i n  a h o m o g e n e o u s  e n v ir o n m e n t  ( i  =  0 ) .
F ig u r e  3 . 2 . 7  S i m i l a r i t y  p r o f i l e s  f o r  t h e  a v e ra g e  
v e l o c i t y  a n d  th e  h a l f - t h i c k n e s s  o f  
i n t e r f l o w i n g  s u b m e rg e d  d e n s i t y  
s p r e a d in g  l a y e r  d u e  t o  a f i n i t e  
v o lu m e  r e le a s e  i n  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) .
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1 4 1
f o r  i  =  1. T h is  m eans t h a t  t h e  i n t e r n a l  w e d g e  a n g le  a t  t h e  f r o n t  
i s  a lw a y s  p e r p e n d i c u la r  t o  t h e  p r o p a g a t io n  d i r e c t i o n  a t  th e  
n e u t r a l  l e v e l  f o r  a  s t a b l y  s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) .
B u t  m o re  i n t e r e s t i n g ,  t h e  f r o n t a l  c o n t a c t  a n g le  o f  i n e r t i a l  
s p r e a d in g  i n  t h e  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  i s  a  f u n c t i o n  
o f :  ( i )  t h e  r e l a t i v e  f r o n t a l  d i s t a n c e  η = R ( t ) / R o ; ( i i )  t h e
i n i t i a l  s h a p e  o f  l i q u i d  v o lu m e ;  a n d  ( i i i )  t h e  i n i t i a l  a s p e c t  
r a t i o  ( o r  h 1 /R o )  a n d  a l s o  t h e  c a s e  c o n s id e r e d  n . F o r  a  v e r y  
lo n g  r e s e r v o i r ,  h 1 /R  →  0 ,  t h e  i n i t i a l  v a lu e  o f  β d e f i n e d  b y
w i l l  b e  a s y m p t o t i c a l l y  z e r o ,  w h ic h  c o in c id e s  w i t h  t h e  d r y - b e d  
b r e a k  f l o w  r e s u l t  o b t a in e d  b y  R i t t e r  ( 1 8 9 2 ) .  F o r  a  l o n g  t im e ,
so  t h e  f r o n t a l  c o n t a c t  a n g le  w i l l  b e  
a s y m p t o t i c  t o  a  c o n s t a n t  v a l u e ,  0 ,  f o r  a r e s e r v o i r  w i t h  
f i n i t e  a s p e c t  r a t i o .
T h e  f r o n t a l  t r a j e c t o r y  f u n c t i o n  i s  d e te r m in e d  b y  i n t e g r a t i o n  
o f  t h e  e q u a t io n ,
( 3 . 2 . 1 3 2 )
( 3 . 2 . 1 3 3 )
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E q u a t io n  ( 3 . 2 . 1 3 3 )  c a n  b e  r e w r i t t e n  as
w h e re
T h is  e q u a t io n  i s  s o lv e d  w i t h  i n i t i a l  c o n d i t i o n s
( 3 . 2 . 1 3 4 )
( 3 . 2 . 1 3 5 )
( 3 . 2 . 1 3 6 )
( 3 . 2 . 1 3 7 )
( 3 . 2 . 1 3 8 )
t o  g i v e
( 3 . 2 . 1 3 9 )
T h e  n o r m a l iz e d  f r o n t a l  v e l o c i t y  f o r  l a r g e  t im e  i s  c l e a r l y
( 3 . 2 . 1 4 0 )
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a n d  w h i l e  f o r  r a d i a l  s p r e a d in g  t h e  i n t e g r a l  c a n n o t  b e  e v a lu a t e d  
e x p l i c i t l y .  I n  e a c h  o f  t h e  a b o v e  c a s e s  t h e  c h a r a c t e r i s t i c  
l e n g t h  s c a le  h 1  m u s t b e  e v a u la t e d  f r o m  th e  g i v e n  i n i t i a l  s h a p e  
o f  th e  s p r e a d in g  v o lu m e .
3 .3  S i m i l a r i t y  S o lu t i o n s  o f  V is c o u s - B u o y a n c y  D e n s i t y  C u r r e n t s  
I n  t h i s  s e c t i o n  t h e  a s y m p t o t i c  f u n c t i o n s  d e s c r i b in g  b o t h  
s u r f a c e  a n d  s u b m e rg e d  d e n s i t y  c u r r e n t s  i n  t h e  v is c o u s - b u o y a n c y  
r e g im e ,  w h ic h  w e re  d e r i v e d  b y  f o r c e  s c a le  a n a l y s i s  i n  S e c t io n  3 . 1 ,  
w i l l  b e  e v a lu a t e d  b y  a s e l f - s i m i l a r  a n a l y s i s .  E x a c t  s o l u t i o n s
F o r  p la n e  s u r f a c e  s p r e a d in g  i n  a  h o m o g e n e o u s  e n v i r o n m e n t  n  =  0 
a n d  i  =  0 so  t h a t  E q . ( 3 . 2 . 1 3 9 )  b e co m e s
( 3 . 2 . 1 4 1 )
w h i l e  f o r  r a d i a l  s u r f a c e  s p r e a d in g  i n  a h o m o g e n e o u s  e n v i r o n m e n t  
( i  =  0 a n d  n  =  1 )  E q . ( 3 . 2 . 1 3 9 )  b e co m e s
( 3 . 2 . 1 4 2 )
F o r  d e n s i t y  s t r a t i f i e d  e n v i r o n m e n ts  a n d  i n t e r n a l  s p r e a d in g  ( i  =  1
a n d  n  =  0 )  t h e  p la n e  s p r e a d in g  r e s u l t  i s
( 3 . 2 . 1 4 3 )
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a n a lo g o u s  t o  p o i n t  s o u r c e  s o l u t i o n s  f o r  n o n l i n e a r  d i f f u s i o n  w i l l  
b e  g iv e n  f o r  t h e  f i r s t  f o u r  c a s e s .  T h e s e  c o r r e s p o n d  t o  a  p la n e  
( n  = 0 )  o r  a  r a d i a l  ( n  =  1) f i n i t e  v o lu m e  r e le a s e  (m  =  0 )  i n  a 
u n i f o r m  ( i  =  0 )  o r  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  ( i  =  1) e n v i r o n m e n t .  
S e r ie s  e x p a n s io n  s o l u t i o n s  w i l l  b e  g i v e n  f o r  t h e  c o n t in u o u s  
d is c h a r g e  c a s e s  (m  = 1 ) .  S e l f - s i m i l a r  d i s t r i b u t i o n s  o f  t h i c k n e s s  
a n d  v e l o c i t y  a n d  t h e  u n k n o w n  n u m e r ic a l  c o e f f i c i e n t s  i n  t h e  p o w e r  
la w  d e s c r i p t i o n s  f o r  t h e  v i s c o u s  s p r e a d in g  f r o n t  w i l l  b e  f o u n d .
A c o m p a r is o n  o f  th e  r e s u l t s  o b t a in e d  w i t h  a v a i l a b l e  e x p e r im e n t a l  
d a ta  w i l l  b e  p r e s e n t e d  i n  C h a p te r  6 .
3 . 3 . 1  N o n l in e a r  L o n g  W ave E q u a t io n s
T he  r e l e v a n t  l o n g  w a v e  a p p r o x im a t io n  e q u a t io n  f o r  
t h e  v is c o u s - b u o y a n c y  r e g io n  o f  s u r f a c e  a n d  s u b m e rg e d  d e n s i t y  
s p re a d  i s  t h e  " ( i  +  4 ) "  p o w e r  n o n l i n e a r  d i f f u s i o n  e q u a t io n ,
w h e re  h  = h ( r ,  t )  i s  t h e  t h i c k n e s s  o f  th e  s p r e a d in g  l a y e r  ( f o r  i  = 0 ) ,  
a n d  i s  t h e  h a l f - t h i c k n e s s  o f  a n  i n t e r f l o w i n g  l a y e r  i n  a  l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( f o r  i  = 1 ) ,  n  i s  a  p a r a m e te r  
t h a t  d e n o te s  t h e  r a d i a l  c a s e  f o r  n  =  1 a n d  th e  p la n e  c a s e  f o r  
n  =  0 ,  ν  i s  t h e  k in e m a t i c  v i s c o s i t y  o f  s p r e a d in g  f l u i d ,  g Δ i
d e n o te s  t h e  r e d u c e d  g r a v i t a t i o n a l  c o n s t a n t ,  g ( ρs -  ρa ) / ρ s , f o r
i  =  0 ,  a n d  t h e  s q u a re  o f  B r u n t - V ä i s ä lä  f r e q u e n c y  o f  a m b ie n t
( 3 . 3 . 1 )
1 4 5
f o r  i  = 1 ,  i n
w h ic h  ρa a n d  ρs a r e  m ass d e n s i t i e s  o f  th e  a m b ie n t  a n d  th e  
s p r e a d in g  f l u i d .  T h e  c o o r d in a t e  s y s te m  o f  t h i s  s p r e a d in g  f l o w  
i s  t h a t  sh ow n  i n  F ig u r e  3 . 2 . 1 .  (S e e  A p p e n d ix  E f o r  t h e  d e r i v a t i o n  
o f  v is c o u s  lo n g  w a ve  a p p r o x im a t io n  e q u a t i o n . )
3 . 3 . 2  D e r i v a t i o n  o f  S e l f - S i m i l a r  F o rm u la  b y  t h e  M e th o d  o f  
S e p a r a t io n  o f  V a r i a b le s
A ssum e  t h a t  t h e  u n k n o w n  s p r e a d in g  l a y e r  t h i c k n e s s  
h ( r ,  t )  i n  t h e  n o n l i n e a r  l o n g  w a ve  e q u a t io n  h a s  s o l u t i o n s  o f  th e  
f o l l o w i n g  fo r m :
w h e re  t h e  d im e n s io n le s s  v a r i a b l e  ξ  i s  d e f in e d  a s  r / R ( t ) , R ( t )  
i s  t h e  f r o n t a l  p o s i t i o n  a t  t im e  t ,  T ( t )  i s  t h e  u n k n o w n  s c a le  
f u n c t i o n  f o r  th e  s p r e a d in g  l a y e r  t h i c k n e s s  a n d  Η ( ξ )  i s  th e  
s i m i l a r i t y  f u n c t i o n  t o  b e  d e te r m in e d .
S u b s t i t u t i n g  E q . ( 3 . 3 . 2 )  i n t o  E q . ( 3 . 3 . 1 )  g iv e s  t h e  o r d i n a r y  
d i f f e r e n t i a l  e q u a t io n
( 3 . 3 . 3 )
d e n s i t y  s t r a t i f i c a t i o n ,
( 3 . 3 . 2 )
1 4 6
i n  w h ic h  " ° "  d e n o te s  d i f f e r e n t i a t i o n  o f  a  f u n c t i o n  w i t h  r e s p e c t  
t o  t im e  t  a n d  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  th e  
d im e n s io n le s s  v a r i a b l e  ξ .  I n  o r d e r  t o  h a v e  a s e l f - s i m i l a r  
s o l u t i o n  o f  E q . ( 3 . . 3 . 2 ) ,  o n e  m u s t h a v e  th e  tw o  te r m s ,  R R v /g Δ i T i+ 3  
a n d  R 2 ν T / g Δ iT i+ 4 , i n  t h e  l e f t - h a n d  s id e  o f  E q . ( 3 . 3 . 3 ) ,  b e  
d im e n s io n le s s  a n d  c o n s t a n t .  F o r  s i m p l i c i t y ,  c h o o s e  th e  f i r s t
te r m  RRv/gΔiTi+3 e q u a l  t o  u n i t y ,  so  t h a t  t h e  s c a le  f u n c t i o n  
T ( t )  i s
( 3 . 3 . 4 )
T h e n  t h e  s e c o n d  te r m  w i l l  a u t o m a t i c a l l y  b e  a  d im e n s io n le s s  n u m b e r ,
( 3 . 3 . 5 )
w h e re  t h e  d e c a y  c o e f f i c i e n t  Λ i s  d e f in e d  a s  Λ = R R /R 2 a n d  c a n  
b e  d e te r m in e d  f r o m  th e  f r o n t a l  t r a j e c t o r y  f u n c t i o n  R ( t ) . T h e r e f o r e ,  
E q . ( 3 . 3 . 3 )  c a n  b e  r e w r i t t e n  as
( 3 . 3 . 6 )
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T h u s ,  t h e  s i m i l a r i t y  s o l u t i o n  f o r  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  
l a y e r  t h i c k n e s s  h ( r ,  t )  h a s  t h e  f o r m
T he  same s e l f - s i m i l a r  f o r m u la  E q . ( 3 . 3 . 7 )  c a n  a l s o  b e  d e r i v e d  
s t r a i g h t f o r w a r d l y  b y  s u b s t i t u t i n g  t h e  T a y l o r ' s  (1 9 5 0 )  s i m i l a r i t y  
a s s u m p t io n  E q . ( 3 . 2 . 2 5 )  i n t o  t h e  n o n l i n e a r  w a ve  E q . ( 3 . 3 . 1 )  (s e e  
A p p e n d ix  E f o r  d e t a i l s  o f  d e r i v a t i o n ) .
3 . 3 . 3  D e r i v a t i o n  o f  G e n e r a l  S e l f - S i m i l a r  S o lu t i o n s
I f  i n t e r f a c i a l  m ix in g  a n d  d i f f u s i o n ,  a n d  s u r f a c e  
e v a p o r a t io n  w e re  n e g l i g i b l e ,  th e n  th e  t o t a l  s p r e a d in g  v o lu m e  
V ( t )  a t  t im e  t  m u s t b e  e q u a l  t o  t h e  v o lu m e  t h a t  h a s  b e e n  
s u p p l ie d  V j( t ) . S in c e  t h e  t o t a l  s p r e a d in g  v o lu m e  a t  t im e  t  i s
w h e re  k in i s  a s h a p e  f u n c t i o n  o f  i  a n d  n  a n d  i s  d e f i n e d  i n
E q s . ( 3 . 2 . 4 0 )  a n d  ( 3 . 2 . 4 1 ) .  T h e  t o t a l  v o lu m e  s u p p l ie d  i s  
a ssu m e d  t o  b e
( 3 . 3 . 7 )
( 3 . 3 . 8 )
( 3 . 3 . 9 )
so  t h a t  o n e  o b t a in s
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( 3 . 3 . 1 0 )
w h e re  α  = a n d  th e  i n t e g r a t i o n  c o n s t a n t  I imn i s
d e f in e d  a s
( 3 . 3 . 1 1 )
w h ic h  i s  a  f u n c t i o n  o f  i ,  m , a n d  n  ( s i n c e  t h e  s i m i l a r i t y  
d i s t r i b u t i o n  Η ( ξ )  i s  a f u n c t i o n  o f  i ,  m , a n d  n ).  C a r r y in g  o u t  
i n t e g r a t i o n  o f  E q . ( 3 . 3 . 1 0 )  f r o m  R  =  Ro t o  R  =  R ( t )  a n d  t  =  0 
t o  t  = t  g i v e s  t h e  e x p l i c i t  f o r m  o f  f r o n t a l  t r a j e c t o r y  f u n c t i o n s :
( 3 . 3 . 1 2 )
W hen t h e  s p r e a d in g  d i s t a n c e  R ( t )  i s  m uch  l a r g e r  th a n  t h e  i n i t i a l  
l e n g t h  Ro , i . e .  R ( t )  >>  Ro o r  e q u i v a l e n t l y  w h e n  th e  t im e  t  >>
th e  a s y m p t o t i c  fo r m  o f  v is c o u s - b u o y a n c y
s p r e a d in g  b e co m e s
149
( 3 . 3 . 1 3 )
i n  w h ic h  t h e  c o e f f i c i e n t  b imn i s
( 3 . 3 . 1 4 )
T h is  f u n c t i o n  h a s  e x a c t l y  t h e  sam e fo r m  a s  t h a t  d e r i v e d  b y  t h e  
f o r c e  s c a le  a n a l y s i s  i n  Se c t i o n  3 . 1 .  T h e  u n k n o w n  c o e f f i c i e n t  
m a in ly  d e p e n d s  o n  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  d i s t r i b u t i o n  
w h ic h  c a n  b e  d e r i v e d  b y  i n t e g r a t i n g  E q . ( 3 . 3 . 6 )  w i t h  s u i t a b l e  
b o u n d a ry  c o n d i t i o n s .
F ro m  E q . ( 3 . 3 . 1 3 )  t h e  d e c a y  c o e f f i c i e n t  n o w  i s
( 3 . 3 . 1 5 )
so  t h a t  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n  f o r  a v i s c o u s  
l a y e r  s p r e a d in g  t h i c k n e s s  (E q .  ( 3 . 3 . 6 ) )  b e co m e s
( 3 . 3 . 1 6 )
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3 . 3 . 4  S o l u t i o n s  f o r  S p re a d in g  f r o m  a F i n i t e  V o lu m e  R e le a s e
I n  t h i s  c a s e  (m  =  0 )  t h e  o r d i n a r y  d i f f e r e n t i a l  E q . ( 3 . 3 . 1 6 )  
f o r  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  l a y e r  t h i c k n e s s  i s
( 3 . 3 . 1 7 )
o r
( 3 . 3 . 1 8 )
I n t e g r a t i n g  t w i c e  f r o m  ξ  = 1 t o  ξ  =  ξ  a n d  u s in g  t h e  b o u n d a r y  c o n d i t i o n
( 3 . 3 . 1 9 )
a n d  a s s u m in g
( 3 . 3 . 2 0 )
g iv e s  t h e  s i m i l a r i t y  d i s t r i b u t i o n  f o r  s p r e a d in g  l a y e r  t h i c k n e s s  as
( 3 . 3 . 2 1 )
1 5 1
w h ic h  i s  c o n s i s t e n t  w i t h  E q . ( 3 . 3 . 2 0 ) .  T h u s  t h e  s e l f - s i m i l a r  
p r o f i l e  f o r  t h e  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  l a y e r  t h i c k n e s s  
b e co m e s
( 3 . 3 . 2 2 )
T h e  s h a p e  o f  t h i s  t h i c k n e s s  p r o f i l e  i s  sh o w n  i n  F ig u r e  3 . 3 . 1  
f o r  t h e  c a s e  o f  s p r e a d in g  i n  a  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  
a n d  i n  F ig u r e  3 . 3 . 2  f o r  t h e  c a s e  o f  s p r e a d in g  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) .
T h e  i n t e g r a t i o n  c o n s t a n t  Iion i s
( 3 . 3 . 2 3 )
T h e  s p e c i a l  c a s e  n  =  1 ,  g iv e s
( 3 . 3 . 2 4 )
a n d  f o r  n  = 0 ,
1 5 2
F ig u r e  3 . 3 . 1  S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  p la n e  a n d  
r a d i a l  v i s c o u s  s u r f a c e  s p re a d  l a y e r  d u e  t o  a 
f i n i t e  v o lu m e  r e le a s e  ( i  =  0 ,  m  =  0 ,  n  =  0 a n d  1 ) .
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F ig u r e  3 . 3 . 2  S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  p la n e  a n d  
r a d i a l  v i s c o u s  s u b m e rg e d  d e n s i t y  s p re a d  l a y e r  d u e  
t o  a f i n i t e  v o lu m e  r e le a s e  ( i  =  1, m  =  0 ,  n  =  0 a n d  1 ) .
1 5 4
( 3 . 3 . 2 5 )
w h e re  Γ ( χ )  i s  t h e  Gamma f u n c t i o n  o f  x . T h e  a p p r o x im a te  v a lu e  
o f  t h e  i n t e g r a t i o n  c o n s t a n t  l i o n  i s  l i s t e d  i n  T a b le  3 . 3 . 1  f o r  
e a c h  c a s e  o f  i  a n d  n . T h e  a p p r o x im a te  v a lu e  o f  t h e  c o e f f i c i e n t  
b i o n  i n  v i s c o u s - b u o y a n c y  s p r e a d  E q . ( 3 . 3 . 1 3 )  i s  th e n  c a l c u l a t e d  
a n d  t h e  v i s c o u s - b u o y a n t  t r a j e c t o r y  f u n c t i o n  f o r  e a c h  c a s e  i  a n d  
n  i s  l i s t e d  i n  T a b le  3 . 3 . 2 .
T h e  f r o n t a l  c o n t a c t  a n g le  β d e f i n e d  b y
( 3 . 3 . 2 6 )
f o r  a l l  t im e  d u r i n g  v is c o u s - b u o y a n t  s p r e a d in g .
A s d e r i v e d  i n  A p p e n d ix  E ,  t h e  h o r i z o n t a l  v e l o c i t y  o f  a  f l u i d  
p a r t i c l e  w i l l  b e  g iv e n  b y
o r
( 3 . 3 . 2 7 )
( 3 . 3 . 2 8 )
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T a b le  3 . 3 . 1  T h e  v a lu e  o f  t h e  i n t e g r a t i o n  c o n s t a n t  I i o n  
f o r  s u r f a c e  a n d  s u b m e rg e d  s p r e a d in g  f r o m  
a  f i n i t e  v o lu m e  r e le a s e  (m  =  0 ) .
156
T a b le  3 . 3 . 2  T h e  f r o n t a l  t r a j e c t o r y  f u n c t i o n s  f o r  t h e  v i s c o u s -  
b u o y a n t  s u r f a c e  o r  s u b m e rg e d  s p r e a d in g  d u e  t o  a 
f i n i t e  v o lu m e  r e le a s e  (m  =  0 ) .
157
a s  sh o w n  i n  F ig u r e  3 . 3 . 3 .  T h e  p e a k  f l u i d  p a r t i c l e  v e l o c i t y  
w i l l  t h e r e f o r e  b e  50% f a s t e r  th a n  th e  f r o n t a l  v e l o c i t y .  T h e  
c r o s s - s e c t i o n a l  a v e ra g e  f l u i d  p a r t i c l e  v e l o c i t y  i s ,  h o w e v e r ,  
c o n t in u o u s  w i t h  t h e  f r o n t a l  v e l o c i t y  a n d  s t i l l  a  l i n e a r  f u n c t i o n  
o f  l o c a t i o n ,  s in c e
( 3 . 3 . 2 9 )
3 . 3 . 5  P la n e  V is c o u s  S p r e a d in g  L a y e r  f r o m  a C o n t in u o u s  D is c h a r g e  
E q u a t io n  ( 3 . 3 . 1 6 )  i n  t h i s  c a s e  (m  =  1 a n d  n  =  0 )  i s
( 3 . 3 . 3 0 )
A c c o r d in g  t o  t h e  m a t h e m a t ic a l  s t u d y  b y  G i l d i n g  a n d  P e l e t i e r  
( 1 9 7 6 ) ,  t h e r e  i s  n o  e x a c t  w e a k  s o l u t i o n  t o  E q . ( 3 . 3 . 3 0 ) .  H o w e v e r ,  
t h e  s o l u t i o n  w as  sh o w n  t o  e x i s t  a n d  b e  u n iq u e .  M o r e o v e r ,  i t  
i s  b o u n d e d  b e tw e e n  a lo w e r  b o u n d  s o l u t i o n  HL,
( 3 . 3 . 3 1 )
a n d  an  u p p e r  b o u n d  s o l u t i o n  Hu ,
( 3 . 3 . 3 2 )
F ig u r e  3 . 3 . 3  S e l f - s i m i l a r  d i s t r i b u t i o n  o f  p la n e  a n d  r a d i a l  v is c o u s  s u r f a c e  ( i  =  0 )  o r  s u b m e rg e d  
( i  =  1) s p r e a d in g  f l u i d  v e l o c i t y  d u e  t o  a f i n i t e  v o lu m e  r e le a s e  ( n  =  0 ,  1 a n d  m  =  0 ) .
158
159
A n  a p p r o x im a te  s o l u t i o n  HA  b e tw e e n  tw o  b o u n d s ,
( 3 . 3 . 3 3 )
w as g iv e n  b y  G ru n d y  (1 9 7 9 )  w i t h  t h e  m e th o d  o f  p h a s e  p la n e  a n a l y s i s .  
T h e  a p p r o x im a te  s o l u t i o n  i n  E q . ( 3 . 3 . 3 3 )  i s  a c t u a l l y  a s o l u t i o n  
n e a r  t h e  f r o n t  a s  ξ  →  1 .  I t  c a n  a l s o  b e  d e r i v e d  e a s i l y  b y  
i n t e g r a t i n g  t h e  s i m p l i f i e d  E q . ( 3 . 3 . 3 0 )  t w i c e  n e a r  t h e  f r o n t ,
( 3 . 3 . 3 4 )
w i t h  tw o  b o u n d a r y  c o n d i t i o n s ,  H ( 1 ) = 0 a n d  Η i+ 3  ( 1 ) H ' ( 1 )  = 0 .  T he  
lo w e r  b o u n d  s o l u t i o n  i s  t h e  e x a c t  w e a k  s o l u t i o n  g iv e n  i n  E q . ( 3 . 3 . 2 1 ) ,  
w h ic h  w as d e r i v e d  i n  t h e  S u b s e c t io n  3 . 3 . 4 .
E q u a t io n  ( 3 . 3 . 3 0 )  c a n  b e  r e w r i t t e n  i n  new  fo r m ,
( 3 . 3 . 3 5 )
w h e re  f ( x ) = Hi + 4 ( ξ )  a n d  x  =  1  -  ξ .  A ssum e t h a t  t h e  s o l u t i o n  o f
E q . ( 3 . 3 . 3 5 )  h a s  t h e  f o l l o w i n g  s e r i e s  e x p a n s io n  fo r m  n e a r  t h e  f r o n t ,
( 3 . 3 . 3 6 )
1 6 0
S u b s t i t u t i n g  t h e  s e r i e s  s o l u t i o n  i n  E q . ( 3 . 3 . 3 5 )  o n e  c a n  f i n d  
t h e  c o e f f i c i e n t s  a j . Two v a l u e s ,  a1  a n d  a 2 , a r e  fo u n d ,
( 3 . 3 . 3 7 )
a n d
( 3 . 3 . 3 8 )
T he  s o l u t i o n  o f  E q . ( 3 . 3 . 3 0 )  c a n  b e  e x p r e s s e d  u p  t o  t h e  t h i r d  
o r d e r  as
( 3 . 3 . 3 9 )
Two s e l f - s i m i l a r  p r o f i l e s  o f  p la n e  s p r e a d in g  l a y e r  t h i c k n e s s  
a r e  sh o w n  i n  F ig u r e  3 . 3 . 4  f o r  t h e  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  
c a s e  a n d  i n  F ig u r e  3 . 3 . 5  f o r  t h e  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t  ( i  =  1) c a s e .  T h e  i n t e g r a t i o n  v a lu e s  I i 1 0  a r e  g iv e n  
i n  T a b le  3 . 3 . 3  a n d  th e  c o e f f i c i e n t s  b i1 0  i n  t h e  a s y m p t o t i c  
fo r m  o f  f r o n t a l  t r a j e c t o r y  f u n c t i o n s  a r e  g iv e n  i n  T a b le  3 . 3 . 4 .
1 6 1
F ig u r e  3 . 3 . 4  S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  p la n e
v i s c o u s  s u r f a c e  s p re a d  l a y e r  d u e  t o  a c o n s t a n t  
r a t e  o f  d i s c h a r g e  i n t o  a h o m o g e n e o u s  e n v i r o n m e n t  
( i  =  0 ,  m  =  1, n  = 0 ) .  S o l i d  l i n e  d e n o te s  th e  
f i r s t  a p p r o x im a t io n ,  a n d  o p e n  c i r c l e s  d e n o te  th e  
t h i r d  a p p r o x im a t io n .
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F ig u r e  3 . 3 . 5  S e l f - s i m i l a r  h a l f - t h i c k n e s s  d i s t r i b u t i o n  o f  p la n e  
v i s c o u s  s u b m e rg e d  d e n s i t y  s p re a d  l a y e r  d u e  t o  a 
c o n s t a n t  r a t e  o f  d is c h a r g e  i n t o  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  = 1 ,  m = 1 ,  n  = 0 ) .  S o l i d  
l i n e  d e n o te s  t h e  f i r s t  a p p r o x im a t io n  a n d  o p e n  c i r c l e s  
d e n o te  th e  t h i r d  a p p r o x im a t io n .
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T a b le  3 . 3 . 3  I n t e g r a t i o n  v a lu e s  I i 1 0  f o r  p la n e  v i s c o u s -  
b u o y a n c y  s p r e a d in g  c u r r e n t s  d u e  t o  a 
c o n t in u o u s  s te a d y  d is c h a r g e  p lu m e .
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T a b le  3 . 3 . 4  C o e f f i c i e n t s  b i 1 0  f o r  t h e  p la n e  v i s c o u s -  
b u o y a n c y  s p r e a d in g  c u r r e n t s  t o  a 
c o n t in u o u s  s te a d y  d is c h a r g e  p lu m e .
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T h e  s e r i e s  s o l u t i o n s  a r e  c o n v e r g e n t  v e r y  f a s t  o v e r  a l l  t h e  
d o m a in  b e tw e e n  0 a n d  1 .  T h e r e f o r e ,  th e  s o l u t i o n s  d e r i v e d  f r o m  
t h e  t h i r d  te r m  a p p r o x im a t io n  a r e  g o o d  e n o u g h  f o r  c o m p a r is o n .
T h e  f r o n t a l  t r a j e c t o r y  f u n c t i o n s  c a n  b e  e x p r e s s e d  a s
( 3 . 3 . 4 0 )
f o r  t h e  s p r e a d in g  c u r r e n t s  i n  th e  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  
a n d  as
( 3 . 3 . 4 1 )
f o r  t h e  s p r e a d in g  c u r r e n t s  i n  t h e  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t  ( i  = 1 ) .
3 . 3 . 6  R a d ia l  V is c o u s  S p r e a d in g  L a y e r  f r o m  a C o n t in u o u s  D is c h a r g e  
E q u a t io n  ( 3 . 3 . 1 6 )  i n  t h i s  c a s e  (m  = 1 a n d  n  = 1 )  i s
T h e  s i m p l i f i e d  E q . ( 3 . 3 . 4 2 )  n e a r  th e  f r o n t  c a n  b e  e x p r e s s e d  i n  
t h e  sam e fo r m  g iv e n  i n  E q . ( 3 . 3 . 3 4 ) .  T h u s ,  t h e  a p p r o x im a te  
s o l u t i o n  n e a r  t h e  f r o n t  i s  a l s o  o f  t h e  same fo r m  i n  E q . ( 3 . 3 . 3 3 ) .  
R e w r i t e  E q . ( 3 . 3 . 4 2 )  i n  t h e  f o r m ,
( 3 . 3 . 4 2 )
1 6 6
( 3 . 3 . 4 3 )
w h e re  f ( x ) = Η i + 4 ( ξ )  a n d  x  =  1  -  ξ .  A ssum e  t h a t  t h e  s o l u t i o n  o f  
E q . ( 3 . 3 . 4 3 )  c a n  a l s o  b e  e x p r e s s e d  i n  t h e  s e r i e s  e x p a n s io n  fo r m  
a b o u t  th e  s o l u t i o n  n e a r  t h e  f r o n t ,  i . e .  E q . ( 3 . 3 . 3 6 ) .  S u b s t i t u t i n g  
t h e  p o w e r  s e r i e s  e x p a n s io n  E q . ( 3 . 3 . 3 6 )  i n  E q . ( 3 . 3 . 4 3 ) ,  o n e  
c a n  f i n d  t h e  c o e f f i c i e n t s  a j . Two v a l u e s ,  a 1 a n d  a 2 , a r e  fo u n d ,
( 3 . 3 . 4 5 )
T h u s ,  t h e  s e l f - s i m i l a r  f u n c t i o n  Η ( ξ )  c a n  b e  e x p r e s s e d  u p  t o  t h e  
t h i r d  o r d e r  a s
( 3 . 3 . 4 6 )
( 3 . 3 . 4 4 )
a n d
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Two s e l f - s i m i l a r  p r o f i l e s  o f  r a d i a l  s p r e a d in g  l a y e r  t h i c k n e s s  
a r e  sh o w n  i n  F ig u r e  3 . 3 . 6  f o r  t h e  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  
c a s e  a n d  i n  F ig u r e  3 . 3 . 7  f o r  th e  l i n e a r l y  d e n s i t y - s t r a t i f i e d  
e n v i r o n m e n t  ( i  =  1) c a s e .  T he  i n t e g r a t i o n  v a lu e s  I i 1 1  a r e  g iv e n  
i n  T a b le  3 . 3 . 5  a n d  t h e  c o e f f i c i e n t s  bi 1 1  i n  t h e  a s y m p t o t i c  fo r m  
o f  f r o n t a l  t r a j e c t o r y  f u n c t i o n s  a r e  g i v e n  i n  T a b le  3 . 3 . 6 .
T h e  s e r i e s  s o l u t i o n s  a r e  a l s o  c o n v e r g e n t  r a t h e r  f a s t  a l l  
o v e r  t h e  d o m a in  b e tw e e n  0 a n d  1 .  T h e r e f o r e ,  t h e  f r o n t a l  
t r a j e c t o r y  f u n c t i o n  c a n  b e  e x p r e s s e d  a s
( 3 . 3 . 4 7 )
f o r  t h e  r a d i a l  s p r e a d in g  c u r r e n t s  i n  t h e  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) .
3 .4  F u r t h e r  M ix in g  o f  S u r fa c e  S p r e a d in g  F lo w
3 . 4 . 0  I n t r o d u c t o r y  N o te
A f t e r  a d is c h a r g e d  e f f l u e n t  r e a c h e s  a  f r e e  s u r f a c e  o r  
t h e  b o t t o m ,  t h e  m om entum  f l u x  c a u s e s  a n  i n c r e a s e  i n  p r e s s u r e  w h ic h  
t o g e t h e r  w i t h  a n y  b u o y a n c y  f l u x  c a u s e s  th e  d i l u t e d  e f f l u e n t  t o
f o r  t h e  r a d i a l  s p r e a d in g  c u r r e n t s  i n  t h e  h o m o g e n e o u s  e n v i r o n m e n t  
( i  = 0 )  a n d  a s
( 3 . 3 . 4 8 )
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F ig u r e  3 . 3 . 6  S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  r a d i a l  
v i s c o u s  s u r f a c e  s p r e a d  l a y e r  d u e  t o  a  c o n s t a n t  
r a t e  o f  d is c h a r g e  i n t o  a  h o m o g e n e o u s  e n v i r o n ­
m e n t ( i  = 0 ,  m  =  1, n  =  1 ) .  S o l i d  l i n e  d e n o te s  
t h e  t h i r d  te r m  a p p r o x im a t io n ,  o p e n  c i r c l e s ,  t h e  
f i r s t  t e r m  a p p r o x im a t io n ,  a n d  t r i a n g l e s ,  th e  
s e c o n d  te r m  a p p r o x im a t io n .
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F ig u r e  3 . 3 . 7  S e l f - s i m i l a r  h a l f - t h i c k n e s s  d i s t r i b u t i o n  o f  r a d i a l  
v i s c o u s  s u b m e rg e d  d e n s i t y  s p r e a d  l a y e r  d u e  t o  a 
c o n s t a n t  r a t e  o f  d is c h a r g e  i n t o  a  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1, m =  1, n =  1 ) . S o l i d  l i n e  
d e n o te s  t h e  t h i r d  te r m  a p p r o x im a t io n ,  o p e n  c i r c l e s ,  
t h e  f i r s t  te r m  a p p r o x im a t io n ,  a n d  t r i a n g l e s ,  th e  
s e c o n d  te r m  a p p r o x im a t io n .
1 7 0
T a b le  3 . 3 . 5  I n t e g r a t i o n  v a lu e s  I i 1 1  f o r  t h e  r a d i a l  
v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t s  d u e  
t o  a  c o n t in u o u s  s te a d y  d is c h a r g e  p lu m e .
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T a b le  3 . 3 . 6  C o e f f i c i e n t s  b i1 1  f o r  t h e  r a d i a l  v i s c o u s -  
b u o y a n c y  s p r e a d in g  c u r r e n t s  d u e  t o  a 
c o n t in u o u s  s te a d y  d i s c h a r g e  p lu m e .
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f l o w  h o r i z o n t a l l y .  T h e  p r e s s u r e  g r a d i e n t  in d u c e d  b y  t h e  m om entum  
f l u x  m a ke s  t h e  i n i t i a l  r e g im e  o f  h o r i z o n t a l  f l o w  b e h a v e  a s  a 
s u r f a c e  j e t  a n d  t h e r e f o r e  c a u s e s  a  c o n s id e r a b le  a m o u n t o f  m ix in g  
w i t h  t h e  a m b ie n t  f l u i d  b e n e a th  i t ,  a s  sh o w n  i n  F ig u r e  3 . 4 . 1 ( a ) .  
F u r t h e r  aw ay  f r o m  th e  im p a c t  p o i n t  t h e  b u o y a n c y  e f f e c t s  d u e  t o  
a n y  s m a l l  d e n s i t y  d i f f e r e n c e  b e co m e  m o re  im p o r t a n t .  T h e  b u o y a n c y  
g r a d u a l l y  r e d u c e s  t h e  v e r t i c a l  m ix in g  t o  a  n e g l i g i b l e  a m o u n t 
a n d  e v e n t u a l l y  p r o d u c e s  a t w o - l a y e r  s t r a t i f i e d  f l o w .  T he  
b e h a v io r  i s  t h e r e f o r e  q u i t e  d i f f e r e n t  f r o m  a  v e r t i c a l  s u b m e rg e d  
b u o y a n t  j e t .
T h e  m ix in g  d u e  t o  b o t h  p la n e  a n d  r a d i a l  b u o y a n t  j e t s ,  a s  
sh o w n  i n  F ig u r e  3 . 4 . 1 ( b ) ,  w i l l  b e  d is c u s s e d  i n  t h i s  s e c t i o n .
3 . 4 . 1  T u r b u le n t  S u r fa c e  J e t  M ix in g
S u p p o s e  t h e r e  i s  a r a d i a l  o r  p la n e  m om entum  s o u r c e  
l o c a t e d  a t  t h e  o r i g i n  o f  a n  r - z  c o o r d in a t e  s y s te m  i n  t h e  f r e e  
s u r f a c e ,  a s  sh o w n  i n  F ig u r e  3 . 4 . 2 .  T h e  s te a d y  j e t  f l o w  p ro d u c e d  
i s  a ssu m e d  t u r b u l e n t  so  t h a t  t h e  m o le c u la r  t r a n s p o r t  q u a n t i t i e s  
a r e  n e g le c t e d .  W i t h  t h e  u s u a l  b o u n d a r y  l a y e r  a s s u m p t io n s  t h e  
c o n t i n u i t y ,  h o r i z o n t a l  m om en tum , a n d  m a ss  c o n s e r v a t io n  e q u a t io n s  
f o r  m ean j e t  f l o w  c a n  b e  w r i t t e n  a s
( 3 . 4 . 1 )
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F ig u r e  3 . 4 . 1 ( a )  F lo w  re g im e s  o f  an  o u t f a l l  d is c h a r g e  ( s o o n  a f t e r  s t a r t u p ) :
I :  S u b m e rg e d  b u o y a n t  j e t  f l o w ,
I I :  S u r fa c e  t r a n s i t i o n ,
I I I :  S u r fa c e  b u o y a n t  j e t  f l o w .
F ig u r e  3 . 4 . 1 ( b )  A s u r f a c e  b u o y a n t  j e t  f l o w  m o d e l w i t h  f i n i t e  
d im e n s io n  o f  d is c h a r g e  ( s o o n  a f t e r  s t a r t u p ) .
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F ig u r e  3 . 4 . 2  P o in t  s o u r c e  s u r f a c e  j e t  n o m e n c la tu r e ,
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( 3 . 4 . 2 )
( 3 . 4 . 3 )
w h e re  u  a n d  w a r e  t h e  t im e - a v e r a g e d  v e l o c i t i e s  i n  t h e  h o r i z o n t a l  
a n d  t h e  v e r t i c a l  d i r e c t i o n ,  r e s p e c t i v e l y ;  c i s  t h e  r e l a t i v e  m ean 
te m p e r a tu r e  o r  m ean d e n s i t y  d i f f e r e n c e ;  τ z r  i s  t h e  t u r b u l e n t  
s h e a r  s t r e s s  a n d  W i s  th e  t u r b u l e n t  f l u x  o f  c a t  h o r i z o n t a l  
p o s i t i o n  r  a n d  d e p th  z ,  n  =  0 d e n o te s  t h e  p la n e  s u r f a c e  j e t  f l o w ,  
a n d  n  =  1 t h e  r a d i a l  s u r f a c e  j e t  f l o w .  T h e  a m b ie n t  f l u i d  i s  
a ssu m e d  i n f i n i t e l y  d e e p .
A ssum e t h a t  th e  t im e - a v e r a g e d  h o r i z o n t a l  v e l o c i t y  u ( r ,  z )  
h a s  a s i m i l a r i t y  s o l u t i o n  o f  t h e  fo r m
( 3 . 4 . 4 )
w h e re  th e  m ean v e l o c i t y  a t  f r e e  s u r f a c e  u ( r ,  0 )  = u m ( r )  a n d  th e  
d im e n s io n le s s  s i m i l a r i t y  v a r i a b l e  ξ = a z / r . T h e  e x a c t  fo r m  o f  
t h e  m axim um  f r e e  s u r f a c e  v e l o c i t y  u m( r )  c a n  b e  d e r i v e d  f r o m  
th e  c o n d i t i o n  o f  h o r i z o n t a l  m om entum  c o n s e r v a t io n ,  n a m e ly  t h a t ,
,  ( 3 . 4 . 5 )
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w h e re  t h e  i n i t i a l  k in e m a t i c  m om entum  j e t  f l u x  M  =  k o n  r j n  h j u j 2
a n d  k 00  = 1 f o r  n  =  0 a n d  k 01  = 2π f o r  n  =  1 a n d  th e  s u b s c r i p t  
j  i m p l i e s  t h e  i n i t i a l  j e t  v a lu e s .  T h u s ,
( 3 . 4 . 6 )
w h e re o r  s im p ly  i n  te r m s  o f  th e  
d is c h a r g e  j e t  d im e n s io n s  a n d  j e t  v e l o c i t y  u j :
( 3 . 4 . 7 )
A  S t o k e s '  s t r e a m  f u n c t i o n  c a n  b e  d e r i v e d  f r o m  th e  E q . ( 3 . 4 . 1 ) ,
( 3 . 4 . 8 )
( 3 . 4 . 9 )
t o  g i v e
( 3 . 4 . 1 0 )
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w h e re T h e r e f o r e  t h e  v e r t i c a l  m ean v e l o c i t y
c a n  b e  d e d u c e d  as
( 3 . 4 . 1 1 )
a n d  t h e  v e r t i c a l  g r a d i e n t  o f  t h e  m ean h o r i z o n t a l  v e l o c i t y  a s
( 3 . 4 . 1 2 )
w h e re  t h e  p r im e  d e n o te s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  ξ .
Two u n k n o w n  v a lu e s  o f  t u r b u l e n t  q u a n t i t i e s  i n  E q s . ( 3 . 4 . 2 )
a n d  ( 3 . 4 . 3 ) ,  τ z r /ρ  a n d  W, a r e  a ssu m e d  as 
( 3 . 4 . 1 3 )
( 3 . 4 . 1 4 )
b y  i n t r o d u c i n g  tw o  e d d y  v i s c o s i t y  t e r m s ,  ε u  a n d  εc v a lu e  p r im e s  
d e n o te  f l u c t u a t i o n s  f r o m  th e  m ean v a lu e s .  F o l l o w in g  P r a n d t l -  
T o l l m i e n 's  tw o  a s s u m p t io n s  a r e  m ade f o r  t h e  tw o  e d d y  v i s c o s i t y  
t e r m s :
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( 3 . 4 . 1 5 )
( 3 . 4 . 1 6 )
w h e re  ℓ u  a n d  ℓ c  a r e  P r a n d t l ' s  m ix in g  l e n g t h  f o r  t h e  m om entum  
a n d  th e  t r a c e r  t r a n s f e r ,
( 3 . 4 . 1 7 )
( 3 . 4 . 1 8 )
i n  w h ic h  cu a n d  cc a r e  tw o  u n k n o w n  c o e f f i c i e n t s .  I n  s h o r t ,  
P r a n d t l - T o l l m i e n  a s s u m p t io n s  f o r  tw o  e d d y  v i s c o s i t y  te r m s  a r e
( 3 . 4 . 1 9 )
( 3 . 4 . 2 0 )
w h e re  tw o  u n k n o w n  n u m b e rs  Ku a n d  Kc a r e  r e l a t e d  t o  Ku =  cu2
a n d  Kc = cu cc . 
A n  a l t e r n a t e  a p p ro a c h  i s ,  f o l l o w i n g  P r a n d t l - G ö r t l e r  ( 1 9 4 2 ) ,  
t o  a ssum e  t h a t
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w h e re  b u ( r )  a n d  b c ( r )  a r e  tw o  m ix in g  t h i c k n e s s  s c a le s  t h a t  a r e  
d e f in e d  as
( 3 . 4 . 2 3 )
( 3 . 4 . 2 4 )
im p ly i n g  t h a t  t h e  e d d y  v i s c o s i t y  te r m s  a r e  e x p r e s s e d  as
( 3 . 4 . 2 5 )
( 3 . 4 . 2 6 )
w h e re  tw o  u n k n o w n  n u m b e rs  Ku a n d  Ku a r e  r e l a t e d  t o  Ku = χ u k u
a n d  Kc = χ c k c i n  P r a n d t l - G ö r t l e r  a s s u m p t io n . 
S u b s t i t u t i n g  th e  P r a n d t l - T o l l m i e n  a s s u m p t io n s ,  E q s . ( 3 . 4 . 1 3 )  
a n d  ( 3 . 4 . 1 9 ) ,  i n t o  t h e  i n t e g r a l  f o r m  o f  h o r i z o n t a l  m om entum  
e q u a t io n ,
( 3 . 4 . 2 1 )
( 3 . 4 . 2 2 )
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( 3 . 4 . 2 7 )
g iv e n  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,
f r o m  d e r i v a t i o n  o f  E q . ( 3 . 4 . 2 8 ) .  W i t h  b o u n d a r y  
c o n d i t i o n s  a t  t h e  f r e e  s u r f a c e  o f  u ( r ,  0 )  = u m ( r ) , w ( r ,  0 )  = 0 a n d  
a t  d e p th  u ( r ,  ∞) = w ( r ,  ∞) = 0 ,  i . e .  F '  ( 0 )  = 1 a n d  F ( 0 )  = F ( ∞ ) = F '  ( ∞ )  = 0 ,  
t h e  s i m i l a r i t y  p r o f i l e  f o r  m ean v e l o c i t y  i s  o b t a in e d  b y  i n t e g r a t i n g  
E q . ( 3 . 4 . 2 8 )  a s  sh o w n  i n  T a b le  3 . 4 . 1 .
T h e  m ean t r a c e r  d i s t r i b u t i o n  o f  t h e  t u r b u l e n t  j e t  f l o w  i s  
fo u n d  f r o m  t h e  s e l f - s i m i l a r  d i s t r i b u t i o n  a ssu m e d  t o  b e  o f  t h e  
fo r m
w h e re  t h e  l o n g i t u d i n a l  t r a c e r  d i s t r i b u t i o n  a t  t h e  f r e e  s u r f a c e  
c ( r ,  0 )  = cm ( r ) . T h e  t o t a l  a m o u n t o f  t r a c e r  l o s s  t h r o u g h  th e  
f r e e  s u r f a c e  i s  a ssu m e d  v e r y  s m a l l  so  t h a t  t h e  t o t a l  i n t e g r a l  
a m o u n t o f  t r a c e r  d i s t r i b u t i o n  s h o u ld  b e  c o n s e r v e d  a t  e a c h  
r a d i a l  l o c a t i o n  r ,  i . e .
( 3 . 4 . 2 8 )
w h e re
( 3 . 4 . 2 9 )
1 8 1
T a b le  3 . 4 . 1  P r a n d t l - T o l lm i e n  s i m i l a r i t y  s o l u t i o n s  o f  t u r b u l e n t  
s u r f a c e  j e t  f l o w s .
1 8 2
( 3 . 4 . 3 0 )
w h e re  c .  i s  t h e  i n i t i a l  j e t  t r a c e r  c o n c e n t r a t i o n  a n d  Q i s  t h e  
j e t  d is c h a r g e  r a t e ,  Q = k on r j n h j u j . T h e r e f o r e ,  t h e  m ax im um
t r a c e r  d i s t r i b u t i o n  i s  d e c a y in g  a c c o r d in g  t o
( 3 . 4 . 3 1 )
S u b s t i t u t i n g  t h e  P r a n d t l - T o l l m i e n  a s s u m p t io n  E q . ( 3 . 4 . 1 4 )  w i t h  
E q . ( 3 . 4 . 2 0 )  i n  t h e  i n t e g r a l  f o r m  o f  t r a c e r  e q u a t io n ,
( 3 . 4 . 3 2 )
g iv e s
( 3 . 4 . 3 3 )
B y t h e  a id  o f  E q . ( 3 . 4 . 2 8 ) ,  E q . ( 3 . 4 . 3 3 )  c a n  b e  w r i t t e n  as
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( 3 . 4 . 3 4 )
I n t e g r a t i n g  E q . ( 3 . 4 . 3 4 )  p r o v i d in g  w i t h  b o u n d a r y  c o n d i t i o n s  
θ ( 0 )  = 1 a n d  F ' ( 0 )  = 1 f r o m  cm ( r )  =  c ( r ,  0 )  a n d  u m ( r )  =  u ( r ,  0 )  
g iv e s  t h e  s e l f - s i m i l a r  d i s t r i b u t i o n  θ ( ξ )  f o r  m ean t r a c e r  a s  
a  p o w e r  f u n c t i o n  o f  m ean v e l o c i t y  d i s t r i b u t i o n ,
T h u s ,  t h e  m ean t r a c e r  d i s t r i b u t i o n  i s  e x p r e s s e d  a s
. ( 3 . 4 . 3 6 )
S i m i l a r l y ,  u s in g  t h e  P r a n d t l - G ö r t l e r  a s s u m p t io n s  E q s .  ( 3 . 4 . 1 3 )  
a n d  ( 3 . 4 . 1 4 )  w i t h  E q s . ( 3 . 4 . 2 5 )  a n d  ( 3 . 4 . 2 6 )  i n  t h e  i n t e g r a l  fo r m  
o f  h o r i z o n t a l  m om entum  E q . ( 3 . 4 . 2 7 ) ,  g iv e s
( 3 . 4 . 3 7 )
( 3 . 4 . 3 5 )
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w i t h T h e  t r a c e r  e q u a t io n  ( 3 . 4 . 3 2 )  b e co m e s
( 3 . 4 . 3 8 )
I n t e g r a t i n g  E q . ( 3 . 4 . 3 7 )  t w i c e  w i t h  b o u n d a r y  c o n d i t i o n  F ' ( 0 )  = 1 
a n d  F ( 0 )  =  0 ,  g i v e s
( 3 . 4 . 3 9 )
T h e  s i m i l a r i t y  d i s t r i b u t i o n  o f  a  m ean h o r i z o n t a l  v e l o c i t y  i n  
d im e n s io n le s s  fo r m  i s  t h e r e f o r e
F ro m  E q s . ( 3 . 4 . 3 7 )  a n d  ( 3 . 4 . 3 8 )
( 3 . 4 . 4 0 )
( 3 . 4 . 4 1 )
I n t e g r a t i o n  o f  E q . ( 3 . 4 . 4 1 )  w i t h  b o u n d a r y  c o n d i t i o n s  θ ( 0 )  =  F ' ( 0 ) = 1 
g iv e s
( 3 . 4 . 4 2 )
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T h u s ,  t h e  m ean t r a c e r  d i s t r i b u t i o n  i s  e x p r e s s e d  as
.  ( 3 . 4 . 4 3 )
T h e  tw o  m ean t r a c e r  d i s t r i b u t i o n s ,  E q s . ( 3 . 4 . 3 5 )  a n d  ( 3 . 4 . 4 2 ) ,  
d e r i v e d  f r o m  t h e  P r a n d t l - T o l l m i e n  a n d  P r a n d t l - G ö r t l e r  a s s u m p t io n s ,  
t h e r e f o r e  do  n o t  n e c e s s a r i l y  c o i n c id e  w i t h  t h e  m ean h o r i z o n t a l  
v e l o c i t y  d i s t r i b u t i o n  f  = F ' ( ξ ) e x c e p t  w h e n  tw o  m ix e d  c o e f f i c i e n t s  
Ku  a n d  K c  a r e  e q u a l .  A s  sh o w n  i n  F ig u r e  3 . 4 . 3  i n  t h i s  c a s e  
t h e  p r o f i l e s  o f  m ean h o r i z o n t a l  v e l o c i t y  a n d  m ean t r a c e r  
d i s t r i b u t i o n  d e r i v e d  f r o m  th e  tw o  a s s u m p t io n s  g i v e  v a lu e s  c lo s e  
t o  e a c h  o t h e r .
3 . 5  D im e n s io n a l  A n a ly s i s
T he  a d v a n ta g e  o f  u s in g  k i n e m a t i c  f l u x e s  in s t e a d  o f  t h e  a c t u a l  
p h y s i c a l  d im e n s io n s  t o  d e s c r i b e  t h e  g e n e r a l  t im e - m e a n  p r o p e r t i e s  
o f  a s u b m e rg e d  b u o y a n t  j e t  h a s  b e e n  d e m o n s t r a te d  b y  L i s t  a n d  
Im b e r g e r  ( 1 9 7 3 ) .  T h e  same d im e n s io n a l  m e th o d s  m ay b e  u s e d  t o  
s o lv e  t h e  p r o b le m  o f  a h o r i z o n t a l  t u r b u l e n t  s u r f a c e  b u o y a n t  j e t .
3 . 5 . 1  R a d ia l  S u r fa c e  B u o y a n t J e t
A s sh o w n  i n  F ig u r e  3 . 5 . 1  a r a d i a l  s u r f a c e  b u o y a n t  
j e t  d is c h a r g e s  a f l u i d  o f  u n i f o r m  d e n s i t y  ρ j  a n d  te m p e r a tu r e  
T j  a t  t h e  f r e e  s u r f a c e  o f  a l a r g e  b o d y  o f  w a t e r  o f  d e n s i t y  ρ a
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F ig u r e  3 . 4 . 3  Two s e l f - s i m i l a r  p r o f i l e s  o f  m ean h o r i z o n t a l  v e l o c i t y ,  
F ' ( ξ ) = u ( r ,  z ) / u m ( r ) ,  a n d  m ean t r a c e r  w h e n  Ku  = K c , 
θ ( ξ )  = c ( r ,  z ) / c m ( r ) . D a sh  l i n e  i n d i c a t e s  t h e  s o l u t i o n  
d e r i v e d  f r o m  th e  P r a n d t l - T o l l m i e n  a s s u m p t io n  a n d  
s o l i d  l i n e  f r o m  th e  P r a n d t l - G ö r t l e r  a s s u m p t io n .
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F ig u r e  3 . 5 . 1  S k e tc h  o f  a r a d i a l  s u r f a c e  b u o y a n t  j e t .
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a n d  t e m p e r a tu r e  Ta . T h e  j e t  o r i g i n a t e s  f r o m  a c i r c u l a r  s l o t  
o f  r a d iu s  r j  a n d  t h i c k n e s s  h j . F o r  t h e  c a s e  o f  s t a t i o n a r y  
a m b ie n t  f l u i d  a n d  w h e n  s u r f a c e  t e n s io n  i s  n e g le c t e d ,  t h e r e  
a r e  ( 8  +  i )  in d e p e n d e n t  v a r i a b l e s  t o  d e s c r ib e  t h i s  b u o y a n t  j e t  
f l o w  so  t h a t  a n y  d e p e n d e n t v a r i a b l e  φ i s  g i v e n  b y
( 3 . 5 . 1 )
w h e re  H i s  t h e  d e p th  o f  t h e  a m b ie n t  f l u i d ,  x i  a r e  t h e  s p a c e  o r
t h e  t im e  in d e p e n d e n t  v a r i a b l e s  w h ic h  c a n  b e  r ,  z ,  t ,  o r  r  a n d  z ,
o r  o n l y  t ,  ν  i s  t h e  k i n e m a t i c  v i s c o s i t y  o f  t h e  d i s c h a r g in g  f l u i d .
I t  i s  assu m e d  t h a t  t h e  d e n s i t y  d i f f e r e n c e  b e tw e e n  t h e  d is c h a r g e d
f l u i d  a n d  t h e  a m b ie n t  f l u i d  i s  s u f f i c i e n t l y  s m a l l  i n  c o m p a r is o n
t o  some r e f e r e n c e  d e n s i t y ,  s a y  ρ j , t h a t  t h e  d e n s i t y  d i f f e r e n c e
i s  o n ly  im p o r t a n t  i n  t h e  b o d y  f o r c e  te r m  o f  th e  j e t  f l o w .
N ow , f o u r  in d e p e n d e n t  v a r i a b l e s  r j , h j , u j , a n d  g Δ =  g ( ρa - ρ j ) / ρ j
a r e  t r a n s f o r m e d  i n t o  t h r e e  k in e m a t i c  f l u x  v a r i a b l e s ,  Q , Μ , B , a n d  
o n e  p h y s i c a l  d im e n s io n  o f  t h e  j e t ,  e i t h e r  rj o r  h j , so  t h a t
( 3 . 5 . 2 )
i n  w h ic h  t h e  v o lu m e  f l u x  Q = 2 π r j h j u j , t h e  m om entum  f l u x
M = Q u j  a n d  t h e  b u o y a n c y  f l u x  B = g ΔQ. T he  d im e n s io n s  c o r r e s p o n d in g  
t o  e a c h  f l u x  a r e  r e s p e c t i v e l y  a s  L 3 / T ,  L 4 /T 2  a n d  L 4 / T 3 . T h e re  
a r e  t h r e e  l e n g t h  s c a le s  a s s o c ia t e d  w i t h  a n y  c o m b in a t io n  o f  tw o
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f l u x  v a r i a b l e s ,  a s  g iv e n  i n  T a b le  3 . 5 . 1 .  E a c h  l e n g t h  s c a le  
h a s  i t s  own m e a n in g .  F o r  e x a m p le ,  ℓM B i s  t h e  l e n g t h  s c a le  
l o c a t e d  w h e re  t h e  m om entum  f l u x  p ro d u c e d  b y  t h e  b u o y a n c y  w i l l  
b e g in  t o  d o m in a te  t h e  i n i t i a l  d is c h a r g e  m om entum  f l u x  M . T h u s ,  
tw o  re g im e s  o f  f l o w ,  w h ic h  a r e  d o m in a te d  r e s p e c t i v e l y  b y  t h e  
m om entum  f l u x  M a n d  b y  t h e  b u o y a n c y  f l u x  B , a r e  r o u g h l y  s e p a r a t e d  
a t  a d i s t a n c e  f r o m  t h e  o r i g i n  o f  o r d e r  ℓM B . O th e r  t im e  s c a le s  
a n d  v e l o c i t y  s c a le s  c a n  a l s o  b e  d e r i v e d  f r o m  th e  s i m i l a r  c o m b in a t io n s  
o f  a n y  tw o  f l u x e s ,  a s  g iv e n  i n  T a b le  3 . 5 . 1 .
T h e  d e n s im e t r i c  F ro u d e  n u m b e r F r  ( o r  t h e  i n v e r s e  s q u a r e  
r o o t  o f  R ic h a r d s o n  n u m b e r R i )  o f  t h e  b u o y a n t  j e t  f l o w  i s  d e f i n e d  
a s  t h e  r a t i o  o f  tw o  l e n g t h  s c a le s ,  ℓM B a n d  ℓQ M , i . e .
( 3 . 5 . 3 )
S i m i l a r l y ,  i t  i s  fo u n d  t h a t  t h e  r a t i o  o f  a n y  o t h e r  tw o  l e n g t h  
s c a le s ,  t im e  s c a le s ,  o r  v e l o c i t y  s c a le s  a l s o  fo r m s  a p o w e r  o f  
F ro u d e  n u m b e r F r .
To c h a r a c t e r i z e  th e  t u r b u l e n t  f l o w  tw o  R e y n o ld s  n u m b e rs
a r e  d e f i n e d .  T h e  f i r s t  i s  th e  R e y n o ld s  n u m b e r o f  t h e  j e t
f l o w  R e j ,
( 3 . 5 . 4 )
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T a b le  3 . 5 . 1  L e n g th ,  t i m e ,  a n d  v e l o c i t y  s c a le s  o f  a  r a d i a l  s u r f a c e  
b u o y a n t  j e t .
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w h ic h  i n d i c a t e s  t h e  t u r b u le n c e  l e v e l  i n  t h e  j e t  f l o w  r e g im e  a n d  
t h e  s e c o n d  i s  th e  R e y n o ld s  n u m b e r o f  t h e  p lu m e  f l o w  R ep ,
( 3 . 5 . 5 )
w h ic h  i n d i c a t e s  t h e  t u r b u le n c e  l e v e l  i n  t h e  p lu m e  r e g i o n .  The  
r a t i o  o f  t h e s e  tw o  R e y n o ld s  n u m b e rs  i s  a l s o  a  f u n c t i o n  o f  th e  
F ro u d e  n u m b e r ,
( 3 . 5 . 6 )
T h is  i m p l i e s  t h a t  F ro u d e  n u m b e r a n d  o n e  o r  t h e  o t h e r  R e y n o ld s  
n u m b e r i s  n e c e s s a r y  t o  m o d e l t h e  w h o le  r e g im e  o f  b u o y a n t  j e t  
f l o w .  D i f f e r e n t  l e v e l s  o f  t u r b u le n c e  i n  t h e  p lu m e  f l o w  d o w n s tre a m  may 
r e s u l t  d e p e n d in g  o n  t h e  j e t  R e y n o ld s  n u m b e r ,  w h ic h  i s  g e n e r a l l y  
n e g le c t e d  i n  j e t  f l o w s  s in c e  i t  i s  v e r y  l a r g e .
F ro m  B u c k in g h a m  π- t h e o r e m  ( 7  +  i )  -  2 = ( 5 +  i )  d im e n s io n le s s  
te r m s  c a n  b e  fo r m e d  t o  d e s c r ib e  t h e  f l o w  p r o b le m  g iv e n  i n  
E q . ( 3 . 5 . 2 ) .  T h e  f i r s t  tw o  π- t e r m s  a r e  t h e  d e n s im e t r i c  F ro u d e  
n u m b e r F r  a n d  t h e  j e t  o r  t h e  p lu m e  R e y n o ld s  n u m b e r .  T h e re  i s  
n o  d i f f e r e n c e  i n  c h o o s in g  r j  o r  h j  t o  b e  n o r m a l iz e d  b y  th e  
l e n g t h  s c a le  ℓ QM, s in c e  t h e  r e s u l t a n t  d im e n s io n le s s  te r m s  a r e  
r e c i p r o c a l  t o  e a c h  o t h e r ,  i . e .
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a n d
( 3 . 5 . 7 )
( 3 . 5 . 8 )
a n d  d e s c r ib e  th e  a s p e c t  r a t i o  r j / h j  o f  t h e  j e t .  One m o re  π- t e r m  
i s  t h e  r e l a t i v e  d e p th  o f  a m b ie n t  f l u i d  H /h j . T he  o t h e r  ( 1  +  i )  
te r m s  c a n  b e  f o r m u la t e d  b y  s u i t a b l e  n o r m a l i z a t i o n  w i t h  th e  l e n g t h ,  
t im e ,  o r  v e l o c i t y  s c a le s  a n  a p p r o p r i a t e  c h o ic e  d e p e n d in g  o n  th e  
p r o b le m  b e in g  c o n s id e r e d .  T h u s ,  E q . ( 3 . 5 . 2 )  c a n  b e  r e w r i t t e n  
i n  d im e n s io n le s s  f o r m ,
( 3 . 5 . 9 )
i n  w h ic h  x i *  a n d  φ *  d e n o te  t h e  d im e n s io n le s s  in d e p e n d e n t  a n d  
d e p e n d e n t  v a r i a b l e s ,  t h e  R e y n o ld s  n u m b e r Re c a n  b e  R ej  o r  R e p .
C o n s id e r  th e  i n i t i a t i o n  f l o w  f o r  a r a d i a l  b u o y a n t  s u r f a c e  
j e t .  T h e  in d e p e n d e n t  v a r i a b l e  x i  i n  t h i s  c a s e  i s  t im e  t  a n d  th e  
d e p e n d e n t  v a r i a b l e  i s  R ( t ) , t h e  g r o w th  h i s t o r y  o f  t h e  r a d i a l  
t i p .  T h e  d im e n s io n le s s  e q u a t io n  b e co m e s
( 3 . 5 . 1 0 )
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w h e re  R * a n d  t *  a r e  s u i t a b l e  n o r m a l iz e d  v a lu e s  o f  R ( t )  a n d  t .  
W hen th e  d im e n s io n le s s  l e n g t h  R ( t ) / ℓM B o r  t h e  d im e n s io n le s s  t im e  
t / t MB i s  m uch  l e s s  th a n  u n i t y ,  t h e r e  i s  a r e g i o n  o f  s t a r t i n g  
j e t  f l o w ,  i . e .
S i m i l a r l y ,  t h e r e  i s  a r e g io n  o f  i n e r t i a l  p lu m e  f l o w ,
( 3 . 5 . 1 2 )
w h e n  t MB < t  < t Bν o r  RMB < R ( t )  < RB v . S u b s e q u e n t ly  t h e r e  i s  a 
r e g io n  o f  v i s c o u s  p lu m e  f l o w
( 3 . 5 . 1 3 )
w h e n  t Bν < t .  A l l  t h e  c o e f f i c i e n t s  f o r  s t a r t i n g  j e t s ,  i n e r t i a l
p lu m e s ,  a n d  v i s c o u s  p lu m e  f l o w s  a r e  f u n c t i o n s  o f  t h e  d e n s im e t r i c
F ro u d e  n u m b e r , a R e y n o ld s  n u m b e r ,  th e  a s p e c t  r a t i o  a n d  th e
r e l a t i v e  d e p th  o f  a m b ie n t  f l u i d .  T he  l i m i t i n g  v a lu e s  f o r  tw o
s t a r t i n g  p lu m e  c o e f f i c i e n t s  w e re  g iv e n  i n  S e c t io n s  3 . 2  a n d  3 .3
r e s p e c t i v e l y  a s  c01 a n d  b 0 1 1 . T he  t im e  s c a le  t Bν a n d  th e  
l e n g t h  s c a le  RBν a r e  p r o p o r t i o n a l  t o  t h e  v a lu e s  t 1  a n d  R1 g iv e n  
i n  T a b le  3 . 1 . 2 .
( 3 . 5 . 1 1 )
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3 . 5 . 2  S u r fa c e  a n d  S u b m e rg e d  H o r i z o n t a l  B u o y a n t  J e t s
T h e  d e r i v a t i o n s  o f  t h e  d im e n s io n le s s  p a r a m e te r  i n  
S u b s e c t io n  3 . 5 . 1  c a n  b e  e x te n d e d  t o  t h e  c a s e  o f  a  p la n e  s u r f a c e  
b u o y a n t  j e t  a n d  t o  p la n e  o r  r a d i a l  s u b m e rg e d  b u o y a n t  j e t s .  The  
l a t t e r  tw o  c a s e s  i n v o l v e  t h e  d i s c h a r g in g  o f  a f l u i d  i n t o  a 
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  a t  a n e u t r a l  d e n s i t y  
l e v e l .  I n  t h e s e  c a s e s  t h e  g e n e r a l  d e f i n i t i o n s  f o r  t h e  v o lu m e  
f l u x  Q , t h e  m om entum  f l u x  M , a n d  th e  b u o y a n c y  f l u x  B a r e  g iv e n  
i n  T a b le  3 . 5 . 2 .  T h e  g e n e r a l  fo r m  o f  E q . ( 3 . 5 . 2 )  c a n  b e  
w r i t t e n  as
( 3 . 5 . 1 5 )
a s t a r t i n g  i n e r t i a l  p lu m e  f l o w ,
( 3 . 5 . 1 4 )
I n  t h e  p la n e  j e t  c a s e  t h e r e  i s  o n e  le s s  in d e p e n d e n t  v a r i a b l e  r j , 
s in c e  t h e  c o o r d in a t e  s y s te m  c a n  b e  s h i f t e d  t o  e l i m i n a t e  t h e  
j e t  l e n g t h  r j .
J u s t  a s  fo u n d  i n  t h e  p r e v io u s  s e c t i o n ,  t h e r e  a r e  t h r e e  
p o s s i b le  s t a r t i n g  f l o w  r e g im e s  f o r  th e  i n i t i a t i o n  f l o w ,  v i z .  a 
s t a r t i n g  j e t  f l o w ,
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T a b le  3 . 5 . 2  D e f i n i t i o n s  o f  v o lu m e ,  m o m en tum , a n d  b u o y a n c y  f l u x e s  
f o r  a h o r i z o n t a l  s u r f a c e  o r  s u b m e rg e d  b u o y a n t  p la n e  
o r  r a d i a l  j e t .
1 9 6
( 3 . 5 . 1 6 )
a n d  a  s t a r t i n g  v i s c o u s  p lu m e  f l o w ,
( 3 . 5 . 1 7 )
Two t im e  s c a le s ,  t MB a n d  t B ν , a n d  tw o  l e n g t h  s c a le s ,  RM B  a n d  
RB ν , c a n  b e  d e r i v e d  f r o m  th e  a b o v e  t h r e e  e q u a t io n s  ( 3 . 5 . 1 5 ) ,
( 3 . 5 . 1 6 ) ,  a n d  ( 3 . 5 . 1 7 )  t o  d i s t i n g u i s h  th e  t h r e e  re g im e s  o f  s t a r t i n g  
f l o w  a n d  s te a d y  f l o w ,  a s  sh o w n  i n  F ig u r e  3 . 5 . 2 .
H o w e v e r ,  n o t  a l l  t h r e e  r e g im e s  n e c e s s a r i l y  e x i s t  i n  a 
s t a r t i n g  f l o w  o r  i n  a  s te a d y  b u o y a n t  j e t  f l o w .  F o r  e x a m p le ,  
w h e n  th e  r a t i o  o f  t B v / t MB i s  v e r y  s m a l l ,  t h e r e  i s  n o  s t a r t i n g  
i n e r t i a l  p lu m e  r e g im e .  S i m i l a r l y ,  t h e r e  i s  n o  i n e r t i a l  p lu m e  
r e g im e ,  w h e n  RB v /R MB i s  v e r y  s m a l l .
3 . 5 . 3  D y n a m ic  C o l la p s e
T h e  d y n a m ic  c o l l a p s e  o f  a h o m o g e n e o u s  m ass i n  a 
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) o r  f o r  th e  
s q u a t t i n g  o f  a  l i q u i d  c o lu m n  i n  a  u n i f o r m  e n v i r o n m e n t  ( i  =  0 ) 
m ay b e  s i m i l a r l y  d e s c r ib e d .  T h e re  a r e  t h r e e  f l o w  re g im e s  as  
sh o w n  i n  F ig u r e  3 . 5 . 3 .  T h e re  i s  a n  i n i t i a l  s t a g e ,  a  p r i n c i p a l  
f l o w  s t a g e ,  a n d  a  f i n a l  s p r e a d in g  s t a g e .  Two t im e  s c a le s ,
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F ig u r e  3 . 5 . 2  T h re e  re g im e s  o f  s t a r t i n g  s u r f a c e  o r  s u b m e rg e d  
b u o y a n t  j e t  f l o w .
1 9 8
F ig u r e  3 . 5 . 3  T h re e  s ta g e s  o f  d y n a m ic  c o l l a p s e  f l o w s .
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a n d  t B ν . a n d  tw o  l e n g t h  s c a le s  Ro a n d  RB ν , c a n  
b e  d e v e lo p e d  t o  d i s t i n g u i s h  t h e  t h r e e  re g im e s  a l t h o u g h  a s  b e f o r e ,
n o t  a l l  t h r e e  re g im e s  n e c e s s a r i l y  e x i s t .  F o r  e x a m p le ,
w h e n  th e  r a t i o  o f  RBν t o  Ro ( o r  t Bν t o i s
r a t h e r  s m a l l ,  t h e r e  i s  n o  p r i n c i p a l  s t a g e .
T h e  r e l a t i o n s h i p  o f  RBν a n d  t Bν t o  R1 a n d  t 1  w h ic h  w e re
g iv e n  i n  T a b le s  3 . 1 . 2  a n d  3 . 1 . 5 ,  a r e  g iv e n  i n  T a b le  3 . 5 . 3  f o r  
i  =  0 a n d  i n  T a b le  3 . 5 . 4  f o r  i  =  1. T h e  l i m i t i n g  v a lu e s  o f  tw o  
r a t i o s ,  RB v /R 1 a n d  t B ν / t 1 , f r o m  th e  lo n g  w a v e  s o l u t i o n s  a r e  
a l s o  g i v e n .
3 . 5 . 4  R a d ia l  S u r fa c e  B u o y a n t  J e t  i n  a C ro s s  C u r r e n t  
T h e  a b o v e  a n a l y s i s  c a n  b e  e x te n d e d  t o  d e s c r ib e  
s p r e a d in g  i n  a c r o s s f lo w .  I f  U i s  t h e  m a g n i tu d e  o f  h o r i z o n t a l  
c u r r e n t  v e l o c i t y ,  a n d  x  i s  t h e  d o w n s tre a m  d i s t a n c e  f r o m  th e  
s o u r c e  th e n  s u b s t i t u t i n g  t  f o r  x / U  i n  E q s . ( 3 . 5 . 1 1 )  a n d  ( 3 . 5 . 1 2 )  
g iv e s  t h e  w id t h  o f  ( i n e r t i a l )  s u r f a c e  w a s te w a te r  f i e l d ,  y ( x ) ,
( 3 . 5 . 1 8 )
and
( 3 . 5 . 1 9 )
T h e  l o c a t i o n  o f  t h e  u p s t r e a m  e d g e  f r o m  th e  c e n t e r  o f  a 
r a d i a l  b u o y a n t  j e t  x e , c a n  b e  d e r i v e d  f r o m  b a la n c in g  th e
2 0 0
T a b le  3 . 5 . 3  T h e  r a t i o  o f  RBν t o  R1 a n d  t Bν t o  t 1 w h e n  i  =  0 .
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T a b le  3 . 5 . 4  T h e  r a t i o  o f  RBν t o  R 1 a n d  t Bν t o  t 1 w h e n  i  =  1.
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s t a r t i n g  f l o w  v e l o c i t y  w i t h  t h e  a m b ie n t  c u r r e n t  v e l o c i t y ,  t o  g i v e
( 3 . 5 . 2 0 )
a n d
( 3 . 5 . 2 1 )
i n  w h ic h  d i s  t h e  s t a r t i n g  j e t  c o e f f i c i e n t  R ( t ) /M 1 / 4 t 1 / 2 i n  
E q . ( 3 . 5 . 1 1 )  a n d  c i s  t h e  i n e r t i a l  s t a r t i n g  p lu m e  c o e f f i c i e n t  
R ( t ) / B 1 / 4 t 3 / 4  i n  E q . ( 3 . 5 . 1 2 ) .
F ro m  E q s . ( 3 . 5 . 1 5 ) ,  ( 3 . 5 . 1 6 ) ,  a n d  ( 3 . 5 . 1 7 )  s i m i l a r  r e l a t i o n s  
c a n  a l s o  b e  d e r i v e d  f o r  t h e  i n t e r n a l  s p r e a d in g  o f  a s u b m e rg e d  
w a s te w a te r  f i e l d  ( i  =  1) .
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EXPERIMENTAL STUDIES AND APPARATUS)
4 . 0  I n t r o d u c t i o n
M any e x p e r im e n t a l  s t u d i e s  h a v e  b e e n  m ade o n  t h e  u n s te a d y  p h a s e  
o f  p la n e  g r a v i t a t i o n - d r i v e n  s p r e a d in g  f l o w s ,  a n d  a  s y s t e m a t i c  
r e v ie w  o f  p r e v io u s  s t u d i e s  o n  th e s e  s u b je c t s  w as  p r e s e n t e d  i n  
C h a p te r  2 .  T h e  t h e o r e t i c a l  r e s u l t s  d e v e lo p e d  i n  C h a p te r  3 
w i l l  b e  c o m p a re d  w i t h  th e s e  p r e v io u s  e x p e r im e n t a l  r e s u l t s  i n  
C h a p te r  6 .
I n  t h i s  c h a p t e r  e x p e r im e n ts  o n  r a d i a l  s u r f a c e  b u o y a n t  j e t s  
a r e  d e s c r ib e d .  A p p a r e n t l y  n o  p r e v io u s  e x p e r im e n ts  o f  t h i s  
t y p e  h a v e  b e e n  p e r f o r m e d ,  a t  l e a s t  n o n e  seem  t o  b e  d e s c r ib e d  
i n  t h e  r e s e a r c h  l i t e r a t u r e .  T h e  e x p e r im e n ts  t o  b e  d e s c r ib e d  
w e re  p e r fo r m e d  t o  d e te r m in e  th e  e f f e c t  o f  i n i t i a l  j e t  m om entum  
o n  t h e  j e t  m ix in g  b y  e v a l u a t i n g  t h e  d e n s i t y  d i s t r i b u t i o n s .  
C o n d u c t i v i t y  m e a s u re m e n ts  w i l l  b e  d e s c r ib e d  i n  w h ic h  a 
p e r i o d i c  r a d i a l  s p r e a d in g  m o t io n  d e v e lo p s ,  as  p r e d i c t e d  b y  th e  
a n a l y s i s  i n  C h a p te r  3 .  S u r fa c e  b u o y a n t  j e t  f l o w s  w e re  a ls o  
p e r fo r m e d  i n  w h ic h  t h e  b u o y a n t  s u r f a c e  f l o w  f i e l d  p r e v a i l i n g  
i n  a s te a d y  c r o s s  c u r r e n t  w as m e a s u re d .
4 . 1  S u r fa c e  B u o y a n t  J e t
4 . 1 . 1  E x p e r im e n t a l  S e t-U p
T h e  e x p e r im e n ts  w e re  c o n d u c te d  i n  a  s q u a r e  t a n k  
( 4 . 0  m e te r s  b y  4 . 0  m e t e r s )  o n e  m e te r  de e p  f i l l e d  w i t h  ta p
CHAPTER 4
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w a t e r  t o  a  d e p th  o f  75  c e n t im e t e r s .  A  h a l f - r a d i a l  b u o y a n t  j e t  
f l o w  w as  g e n e r a te d  b y  d i s c h a r g in g  b lu e - d y e d  b u o y a n t  w a t e r  f r o m  
a h a l f - c y l i n d r i c a l  c h a m b e r c o m b in in g  f l o w - s t r a i g h t e n i n g  r i n g s  
a  h a l f - c i r c u l a r  s l o t  9 .9 6 2  cm i n  r a d i u s  a n d  0 .3 1 7 5  cm w id e  
( s e e  F ig u r e  4 . 1 . 1  f o r  d e t a i l s ) .  A  c o n s t a n t  h e a d  t a n k  w as  u s e d  
t o  p r o v id e  t h e  p r e s s u r e  n e c e s s a r y  t o  d r i v e  t h e  r a d i a l  j e t  a n d  
a  c a l i b r a t e d  p r e c i s i o n  b o r e  f l o w  m e t e r  ( t u b e  n u m b e r B 6 - 2 7 - 1 0 /2 7  
m a n u fa c tu r e d  b y  F is c h e r  & P o r t e r  C o r p o r a t io n )  w as  u s e d  t o  
r e g u l a t e  t h e  f l o w  r a t e  w i t h  a n  a c c u r a c y  o f  1%. A n o th e r  f l o w  
m e te r  w as  c o n n e c te d  t o  a  d r a i n  pump a n d  w as  s e t  t o  a f l o w  r a t e  
e q u a l  t o  t h e  d is c h a r g e  s im u l t a n e o u s ly  i n  o r d e r  t o  k e e p  th e  
f r e e  s u r f a c e  a t  a c o n s t a n t  d e p th  d u r in g  t h e  e x p e r im e n t .  T he  
o v e r a l l  e x p e r im e n t a l  s e t - u p  i s  sh o w n  i n  F ig u r e  4 . 1 . 2 .
B e fo r e  r u n n in g  e a c h  e x p e r im e n t ,  t h e  e f f l u e n t  f l u i d  w as 
m ix e d  w e l l  a n d  c o o le d  t o  a  t e m p e r a tu r e  c lo s e  t o  t h a t  o f  t h e  
t a n k  w a t e r .  B o th  t e m p e r a tu r e s  o f  t h e  d i s c h a r g in g  f l u i d  a n d  
t a n k  w a t e r  w e re  c h e c k e d  w i t h  a th e r m o m e te r  ( g r a d u a t e d  i n  
0 .1 ° C  i n t e r v a l s  a n d  r e a d  t o  ± 0 . 0 2 ° C ) .
4 . 1 . 2  D e n s i t y  a n d  D i l u t i o n  M e a s u re m e n ts
T h e  d is c h a r g e d  f l u i d  w as  a m i x t u r e  o f  t a p  w a t e r ,  
m e t h a n o l ,  s o d iu m  c h l o r i d e  (F o o d  g r a d e  9 9 9  s a l t  s u p p l ie d  b y  
M o r to n  S a l t  C om pany) a n d  a  s m a l l  a m o u n t o f  b lu e  d y e  ( b lu e  
c o n c e n t r a t e  s u p p l ie d  b y  7 -K  C o lo r  C o rp )  f o r  f l o w  v i s u a l i z a t i o n .  
T he  s o d iu m  c h l o r i d e  w as t h e  t r a c e r .  T h e  c o n c e n t r a t i o n  c h a n g e  
d u e  t o  m ix in g  w as  m e a s u re d  b y  a c a l i b r a t e d  c o n d u c t i v i t y  p r o b e
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F ig u r e  4 . 1 . 1  C ro s s  s e c t i o n  o f  th e  h a l f - r a d i a l  d i s c h a r g in g  b o x .
F ig u r e  4 . 1 . 2  O v e r a l l  e x p e r im e n t a l  s e t - u p  f o r  th e  h a l f - r a d i a l  
s u r f a c e  b u o y a n t  j e t .
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(s h o w n  i n  F ig u r e  4 . 1 . 3 ) ,  f o r m in g  p a r t  o f  a  W h e a ts to n e  b r i d g e  
c i r c u i t .  T h e  re s p o n s e  o f  c o n c e n t r a t i o n  c h a n g e  w as  m e a s u re d  
a s  a c o n d u c t i v i t y  c h a n g e , w h ic h  w as r e c o r d e d  o n  a  s t r i p  c h a r t  
v i a  a S a n b o rn  a n a lo g  r e c o r d e r  (M o d e l 1 5 0 ) .
T he  c o n d u c t i v i t y  p r o b e  w as  m o u n te d  o n  a c a r r i a g e ,  a n d  
c o u ld  b e  m oved  v e r t i c a l l y  w i t h  a n  a c c u r a c y  t o  0 .0 1  cm a n d  
r a d i a l l y  t o  0 .1 0  cm . T he  p r o b e  e l e c t r o d e s  w e re  c le a n e d  
r e g u l a r l y  a n d  p l a t i n i z e d  u s in g  a  p l a t i n u m  c h l o r i d e  s o l u t i o n .
T he  p r o b e  w as im m e rs e d  i n  d i s t i l l e d  w a t e r  w h e n  n o t  i n  u s e .
B e fo r e  e x p e r im e n ts  w e re  p e r f o r m e d ,  th e  v a lu e s  o f  s p e c i f i c  
g r a v i t y  o f  b o th  th e  e f f l u e n t  a n d  t h e  t a n k  w a t e r  w e re  m e a s u re d  
b y  a s p e c i f i c  g r a v i t y  h y d r o m e te r  ( s p e c i f i e d  a s  ASTM 1 5 1 H ) i n  a 
g r a d u a te d  p l a s t i c  c y l i n d e r  (1 0 0 0  c . c . ) .  T h e  a c c u r a c y  o f  th e  
s p e c i f i c  g r a v i t y  m e a s u re d  b y  h y d r o m e te r  i s  w i t h i n  ± 0 .0 0 0 2 .
A c a l i b r a t i o n  c u r v e  w as  p l o t t e d  f o r  t h e  c o n d u c t i v i t y  p r o b e  b y  
d i l u t i n g  t h e  e f f l u e n t  f l u i d  w i t h  t h e  ta p  w a t e r  i n  t h e  t a n k  
( i n  a  s e r i e s  o f  p r o p o r t i o n  o f  1 / 2 ,  1 / 4 ,  1 / 8 ,  1 / 1 6 ,  1 / 3 2 . . . ) .
A t y p i c a l  c a l i b r a t i o n  c u r v e  f o r  t h e  c o n d u c t i v i t y  p r o b e  i s  
sh o w n  i n  F ig u r e  4 . 1 . 4 .
4 . 1 . 3  P h o t o g r a p h ic  E q u ip m e n t
S id e - v ie w  p h o to g r a p h s  o f  t h e  d is c h a r g e  f l o w  w e re  
ta k e n  w i t h  a  N ik o n  F c a m e ra  e q u ip p e d  w i t h  a 17 mm le n s  a n d  
m o u n te d  o n  a t r i p o d  i n  f r o n t  o f  g l a s s - s i d e  w a l l  o f  t a n k .  T he  
c a m e ra  w as  e q u ip p e d  w i t h  a m o to r  d r i v e  w h ic h  w as c o n n e c te d  v i a  
a c a b le  t o  t h e  t i m e r  o f  t h e  S a n b o rn  r e c o r d e r ,  so  t h a t  t h e  s t r i p
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F ig u r e  4 . 1 . 3  P h o to g r a p h  o f  a c o n d u c t i v i t y  p r o b e .
F ig u r e  4 . 1 . 4  T y p i c a l  c a l i b r a t i o n  c u r v e  o f  c o n d u c t i v i t y  p ro b e  
(R u n  N o . 1 0 / 2 7 / 7 7 ) .
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c h a r t  w as  m a rk e d  a s  e a c h  p h o to g r a p h  w a s  t a k e n .  T h e  p h o to g r a p h s  
w e re  s c a le s  f r o m  a  p r o j e c t e d  im a g e  o f  t h e  f i l m  n e g a t i v e  u s in g  
t h e  k n o w n  d im e n s io n s  o f  t h e  d i s c h a r g e  b o x .
4 . 2  R a d ia l  S u r fa c e  H e a te d  a n d  B u o y a n t  J e t s
4 . 2 . 1  G e n e r a l  E x p e r im e n t a l  S e t-U p
Two s e r i e s  o f  r a d i a l  j e t  e x p e r im e n ts  w e re  p e r fo r m e d  
i n  a r e c t a n g u la r  r e c i r c u l a t i n g  f l o w  b a s i n .  T h e  f i r s t  s e t  w as 
f o r  a h e a te d  r a d i a l  s u r f a c e  j e t  i n  a  s t a g n a n t  e n v i r o n m e n t .  T he  
s e c o n d  w as  s e t  f o r  a b u o y a n t  r a d i a l  s u r f a c e  j e t  i n  a u n i f o r m  
s te a d y  c u r r e n t .
T h e  t e s t  b a s in  (3 6  f e e t  l o n g ,  20  f e e t  w id e ,  a n d  a b o u t  16  in c h e s  
d e e p )  i s  d e s c r ib e d  i n  d e t a i l  i n  K oh  e t  a l .  ( 1 9 7 4 ) .  T h e  b o t t o m  
o f  t h e  b a s in  i s  a  u n i f o r m  w h i t e  s a n d  (m e d ia n  d ia m e t e r  0 . 8  mm) 
a n d  f o r  t h e  e x p e r im e n ts  i t  w a s  l e v e le d  t o  w i t h i n  ±1  mm o f  
h o r i z o n t a l  b y  u s e  o f  a  g r a d e r  r o l l i n g  o n  s t e e l  r a i l s  a t  e a c h  
s id e  o f  t h e  t a n k .  T h e  r e c i r c u l a t i o n  s y s te m  c o n s i s t s  o f  tw o  
pum ps w h ic h  a l l o w  t h e  s i m u l a t i o n  o f  a w id e  ra n g e  o f  c u r r e n t  
s p e e d s .  T h e  a v e ra g e  c u r r e n t  s p e e d  w as  m e a s u re d  b y  t i m i n g  
c r o s s - s h a p e d  l u c i t e  d ro g u e s  (1  i n c h  h ig h  a n d  2 in c h e s  lo n g )  
w h i l e  t r a v e l i n g  a kn o w n  d i s t a n c e  i n  t h e  t a n k .  F iv e  m a n i f o ld s  
i n  b o t h  e n d s  o f  b a s in  w e re  a d ju s t e d  t o  g u a r a n te e  t h e  h o r i z o n t a l  
u n i f o r m i t y  o f  th e  c r o s s  c u r r e n t .  Two s w im m in g  p o o l  s k im m e rs  
w e re  u s e d  t o  c le a n  t h e  f r e e  s u r f a c e  f i l m  f r o m  th e  w a t e r  i n  
t h e  b a s in .
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T h e  g e n e r a l  s e t - u p  f o r  t h e  r a d i a l  s u r f a c e  h e a te d  j e t  
e x p e r im e n ts  i s  s h o w n  i n  F ig u r e  4 . 2 . 1 .  T h e  f l o w  i n j e c t i o n  s y s te m  
i s  e s s e n t i a l l y  s i m i l a r  t o  t h a t  f o r  t h e  h a l f - r a d i a l  s u r f a c e  
b u o y a n t  j e t  e x p e r im e n ts  s h o w n  i n  F ig u r e  4 . 1 . 2 ,  e x c e p t  a n  
e l e c t r i c a l  h e a t e r  w as  in c lu d e d  t o  p r o v id e  h o t  w a t e r  a t  a 
c o n s t a n t  t e m p e r a t u r e  a t  t h e  c i r c u l a r  s l o t  j e t  ( 7 . 6 2  cm r a d i u s  
a n d  0 .3 1 7 5  cm t h i c k )  g e n e r a t in g  t h e  r a d i a l  f l o w .  Two p r e c i s i o n  
b o r e  f lo w m e t e r s  (T u b e  n u m b e r F P - 1 - 3 5 - G - 1 0 /2 7  m a n u f a c tu r e d  b y  
F is c h e r  & P o r t e r  C o r p . )  w e re  u s e d .  I n  t h e  o b s e r v a t io n s  o f  
a  r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a c r o s s  c u r r e n t  t h e  d i s c h a r g e  
w as a  m i x t u r e  o f  ta p  w a t e r  w i t h  m e th a n o l  a n d  a  s m a l l  a m o u n t o f  
b l u e  d y e  f o r  f l o w  v i s u a l i z a t i o n .  T h e  o v e r a l l  e x p e r im e n t a l  
s e t - u p  i s  s i m i l a r  t o  t h a t  s h o w n  i n  F ig u r e  4 . 1 . 2 .
4 . 2 . 2  T e m p e r a tu r e  M e a s u re m e n ts
S ix  f a s t - r e s p o n s e  t h e r m i s t o r s  w e re  u s e d  f o r  t e m p e r a tu r e  
m e a s u re m e n ts  i n  t h e  h e a te d  j e t  e x p e r im e n ts  a n d  t h e i r  c h a r a c t e r i s t i c s  
a r e  g i v e n  i n  T a b le  4 . 2 . 1 .  E a c h  t h e r m i s t o r  w as i n s u l a t e d  a n d
T y p e
Bead
D ia m e t e r
D i s s i p a t i o n  
C o n s t a n t - S t i l l  
W a te r  a t  25 °C
T im e
C o n s ta n t  i n  
M o v in g  W a te r
R e s is t a n c e  
a t  2 5 °C
S m a l l  h e a d  
V e c o
t h e r m i s t o r s  
t y p e  52A 26
0 .3 5  mm 0 .7 5  m w /°C
27 o r  45  
m i l l i s e c o n d s
~ 2 0 0  ΚΩ
T a b le  4 . 2 . 1  F a s t - r e s p o n s e  t h e r m i s t o r  c h a r a c t e r i s t i c s
F ig u r e  4 . 2 . 1  O v e r a l l  e x p e r im e n t a l  s e t - u p  f o r  r a d i a l  s u r f a c e  h e a te d  j e t .
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m o u n te d  i n  a  s t a i n l e s s  s t e e l  t u b e .  One t h e r m i s t o r  w as  i n s t a l l e d  
i n s i d e  t h e  d i s c h a r g in g  c h a m b e r t o  r e c o r d  t h e  i n i t i a l  t e m p e r a tu r e  
o f  t h e  j e t  f l u i d .  T h e  o t h e r  f i v e  fo r m e d  a n  e q u a l l y  s p a c e d  
v e r t i c a l  r a k e  a s  s h o w n  i n  F ig u r e  4 . 2 . 2 .  T h e  r a k e  w as  m o u n te d  o n  
a  c a r r i a g e  so  t h a t  i t  c o u ld  b e  m o ve d  i n  t h e  r a d i a l  d i r e c t i o n  
( a c c u r a t e  t o  ± 0 .1 0  cm) a n d  v e r t i c a l l y  p e r p e n d i c u la r  t o  t h e  f r e e  
s u r f a c e  ( a c c u r a t e  t o  ± 0 .0 1  c m ) .
T h e  t h e r m i s t o r  r e s p o n s e  t o  t e m p e r a t u r e  w a s  m e a s u re d  w i t h  a
b r i d g e  c i r c u i t  d e s ig n e d  b y  G a r t r e l l  ( 1 9 7 9 ) ,  a s  s h o w n  i n  F ig u r e  4 . 2 . 3 .  
A  d u a l  o p e r a t i o n a l  a m p l i f i e r  (T e x a s  I n s t r u m e n t s ,  S N 558 ) w a s  u s e d  
t o  b u f f e r ,  a m p l i f y  a n d  lo w - p a s s  f i l t e r  t h e  s i g n a l  f r o m  t h e  b r i d g e .
A l l  r e s i s t o r s  u s e d  i n  t h e  c i r c u i t  w e re  p r e c i s i o n  m e t a l - f i l m  o r  
w ir e - w o u n d  r e s i s t o r s .  T h e  e l e c t r i c a l  c u r r e n t  p a s s in g  t h r o u g h  
th e  t h e r m i s t o r  w as  a p p r o x im a t e ly  4 . 0  x  1 0 - 6  a m p e re s  so  t h a t  t h e  
o h m ic  d i s s i p a t i o n  o f  t h e  t h e r m i s t o r  w as  a p p r o x im a t e ly  2 x 1 0 - 6  
w a t t s .  H e n c e  t h e  s e l f - h e a t i n g  o f  t h e r m i s t o r  w as a b o u t  0 .0 0 3 ° C  
b y  u s in g  t h e  d i s s i p a t i o n  c o n s t a n t  g i v e n  i n  T a b le  4 . 2 . 1 .
T h e  a m p l i f i e d  s i g n a l  r e s p o n s e  w as  a b o u t  1 . 0  v o l t / ° C ,  a n d  
t h e  o u t p u t  o f  t h e  c i r c u i t  c o u ld  b e  o f f s e t  so  t h a t  t h e  z e r o - l e v e l  
o u t p u t  w o u ld  c o r r e s p o n d  t o  a  c o n v e n ie n t  t e m p e r a t u r e  l e v e l .  S ix  
b r i d g e  c i r c u i t s  w e re  c o n n e c te d  i n  p a r a l l e l  t o  a  DC p o w e r  s u p p ly  
(± 1 5  v o l t s )  a n d  w e re  h o u s e d  i n  a g ro u n d e d  a lu m in u m  b o x .  T h e  
d r i f t  o f  t h e  t h e r m i s t o r  c i r c u i t  w as  l e s s  th a n  10  mV o v e r  a n  
e x te n d e d  p e r i o d ,  g i v i n g  t h e  t h e r m i s t o r  a n  a c c u r a c y  o f  b e t t e r  t h a n
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F ig u r e  4 . 2 . 2  P h o to g r a p h  o f  a r a k e  o f  f i v e  f a s t - r e s p o n s e  t h e r m i s t o r s .
F ig u r e  4 . 2 . 3  F a s t - r e s p o n s e  t h e r m i s t o r  c i r c u i t  d e s ig n e d  b y  
G a r t r e l l  ( 1 9 7 9 ) .
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0 . 0 1 ° C . A b u f f e r  c i r c u i t  m ade f r o m  a n  i n t e g r a t e d  c i r c u i t  o p e r a t i o n a l  
a m p l i f i e d  (T e x a s  I n s t r u m e n t s  S N 7 4 1 ) , a s  sh o w n  i n  F ig u r e  4 . 2 . 4 ,  f o l l o w e d  
t h e  t h e r m i s t o r  c i r c u i t  a n d  w as  u s e d  t o  in c r e a s e  th e  i n p u t  im p e d a n c e  o f  
t h e  a n a l o g - t o - d i g i t a l  c o n v e r t e r  s y s te m  t o  a b o u t  1 m egohm .
E a c h  a n a lo g  o u t p u t  v o l t a g e  w as f e d  i n t o  o n e  c h a n n e l  o f  a n  
e i g h t  c h a n n e l  a n a l o g - t o - d i g i t a l  d a ta  a c q u i s i t i o n  s y s te m  ( m a n u fa c tu r e d  
b y  D i g i t a l  D a ta  S y s te m ) w h ic h  d i g i t i z e d  t h e  i n f o r m a t i o n  a n d  
p a c k e d  i t  on  m a g n e t ic  t a p e .  D a ta  w r i t t e n  o n  t h e  m a g n e t ic  t y p e  
w e re  r e t r i e v e d  a n d  p r o c e s s e d  a t  C a l t e c h 's  B o o th  C o m p u te r  C e n te r  
w i t h  t h e  IB M  3 7 0 /1 6 8  h ig h  s p e e d  d i g i t a l  c o m p u te r .  T h e  s a m p le  t im e  
o f  t h e  A /D  s y s te m  w as s e t  a t  1 5 0  s e c o n d s  a n d  th e  s a m p le  r a t e  a t  
1 0  s a m p le s  p e r  s e c o n d .  T h e  t o t a l  l e n g t h  o f  t h e  m e a s u re m e n t r e c o r d s  
w as 2 m in u te s  f o r  e a c h  l o c a t i o n .
E a c h  t h e r m i s t o r  w as  i n d i v i d u a l l y  c a l i b r a t e d  w i t h  t h e  sam e b r i d g e  
c i r c u i t  a n d  sam e c a b le  a s  i n  e x p e r im e n t .  A  t h i r d - o r d e r  p o ly n o m ia l  
w as  f i t t e d ,  i n  a  l e a s t - s q u a r e  s e n s e ,  t o  t h e  c a l i b r a t e d  d a t a  so  t h a t
( 4 . 2 . 1 )
w h e re  T i s  t h e  te m p e r a tu r e  i n  °C , V t h e  a n a lo g  o u t p u t  f r o m  th e  
b r i d g e  i n  v o l t s ,  a n d  a j , j  =  0 . 1 ,  2 ,  3 ,  a r e  r e g r e s s io n  c o e f f i c i e n t s .  
T y p i c a l  c a l i b r a t i o n  c u r v e s  a lo n g  w i t h  c a l i b r a t i o n  d a ta  a r e  show n  
i n  F ig u r e  4 . 2 . 5 .
F ig u r e  4 . 2 . 4  B u f f e r  c i r c u i t  f o r  A /D  c o n v e r t e r  f r o m  G a r t r e l l  ( 1 9 7 9 ) .
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F ig u r e  4 . 2 . 5  T y p i c a l  c a l i b r a t i o n  c u r v e  f o r  f a s t - r e s p o n s e  t h e r m i s t o r .
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4 . 2 . 3  O v e rh e a d  P h o to g r a p h s
O v e rh e a d  p h o to g r a p h s  o f  t h e  d y e d  b u o y a n t  s u r f a c e  f l o w  
f i e l d  w e re  t a k e n  w i t h  a N ik o n  F c a m e ra  e q u ip p e d  w i t h  a w id e  a n g le  
le n s  (1 7  m m ). T he  c a m e ra  w as e q u ip p e d  a l s o  w i t h  m o to r  d r i v e  so  
t h a t  i t  c o u ld  b e  t r i g g e r e d  r e m o t e l y .  T h e  s c a le  o f  f l o w  f i e l d  
w as  r e a d  f r o m  t h e  n e g a t i v e  im a g e  b y  c o m p a r in g  t h e  kn o w n  s p a c in g  
b e tw e e n  tw o  f i d u c i a l  m a rk s  o n  th e  s a n d  f l o o r  o f  t h e  b a s i n .  T h e  
u p s t r e a m  e d g e  p o s i t i o n  w as a l s o  c h e c k e d  w i t h  d i r e c t  m e a s u re m e n t 
w i t h  a  s t e e l  s c a le .  E la p s e d  t im e  p h o to g r a p h s  w e re  a l s o  ta k e n  
f o r  som e e x p e r im e n ts  i n v o l v i n g  i n i t i a t i o n  o f  f l o w  i n  a s te a d y  
c r o s s  c u r r e n t .
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CHAPTER 5
EXPERIMENTAL RESULTS
5 . 1  H a l f - R a d i a l  S u r fa c e  B u o y a n t  J e t
A  t o t a l  o f  t h i r t y  e x p e r im e n ts  w e re  p e r fo r m e d  u s in g  t h e  
a p p a r a t u s  d e s c r ib e d  i n  t h e  p r e v io u s  c h a p t e r .  T h e  r e l e v a n t  
d a t a  a r e  g iv e n  i n  T a b le  5 . 1 . 1 .  T h e s e  e x p e r im e n ts  c o v e r e d  th e  
ra n g e  o f  i n i t i a l  j e t  c o n d i t i o n s  as  sh o w n  i n  T a b le  5 . 1 . 2 .  T h e  
d e n s i m e t r i c  F ro u d e  n u m b e r F r  r a n g e d  f r o m  2 .8 0  t o  2 5 . 0 ,  t h e  j e t  
R e y n o ld s  n u m b e r Re = Rej  f r o m  5 0 4 0  t o  1 3 ,7 0 0 ,  a n d  th e  r a t i o  o f  
tw o  l e n g t h  s c a le s ,  R 1 / ℓ QM, f r o m  3 1 .6 4  t o  7 2 .2 8  ( o r  e q u i v a l e n t l y ,  
R e / F r 2 f r o m  2 9 .5  t o  6 4 5 . 6 ) .  T h e s e  d im e n s io n le s s  n u m b e rs  w e re  
d e f i n e d  i n  S e c t io n  3 .5  a s
( 5 . 1 . 1 )
( 5 . 1 . 2 )
( 5 . 1 . 3 )
( 5 . 1 . 4 )
r j = 9 .9 6 2  cm , h j = 0 .3 1 7 5  cm a n d  H = 7 5 .0  cm.
T a b le  5 . 1 . 1  Sum m ary o f  d a ta  f o r  s t a r t i n g  h a l f - r a d i a l  s u r f a c e  b u o y a n t  j e t  e x p e r im e n ts ,
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T a b le  5 . 1 . 2  Sum m ary o f  c a l c u la t e d  d a ta  f o r  s t a r t i n g  h a l f - r a d i a l  s u r f a c e  b u o y a n t  j e t  e x p e r im e n ts .
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i n  w h ic h  th e  k i n e m a t i c  v i s c o s i t y  o f  t h e  j e t  f l u i d ,  ν ,  i s  assu m e d  
a c o n s t a n t  a t  0 .0 1  cm2 / s e c  i n  a l l  o f  t h e  c a l c u l a t i o n s .
I n  th e s e  e x p e r im e n ts  t h e  a s p e c t  r a t i o  o f  j e t  d im e n s io n s ,
h j / r j , w as f i x e d  a t  0 .0 3 1 8 7  w h i l e  t h e  r e l a t i v e  d e p th  o f  a m b ie n t  
f l u i d ,  H /h j , w as a l s o  f i x e d  a t  v a lu e  o f  2 3 6 . 2 ,  c o r r e s p o n d in g  t o  
r e l a t i v e l y  d e e p  w a t e r .
5 . 1 . 1  S t a r t i n g  H a l f - R a d i a l  S u r fa c e  B u o y a n t  J e t
T y p i c a l  s i d e - v ie w  p h o to g r a p h s  o f  a  s t a r t i n g  h a l f - r a d i a l  
s u r f a c e  b u o y a n t  j e t  a r e  sh o w n  i n  F ig u r e  5 . 1 . 1 ( a ) ,  ( b ) , a n d  ( c ) . 
F ig u r e  5 . 1 . 1 ( a )  sh o w s  a  s t a r t i n g  b u o y a n t  j e t  a t  a n  i n i t i a l  
F ro u d e  n u m b e r , F r  = 5 . 2 5 .  F ig u r e  5 . 1 . 1 ( b )  sh o w s  t h a t  w i t h  a 
F ro u d e  n u m b e r F r  = 1 0 .0  a n d  F ig u r e  5 . 1 . 1 ( c )  i s  f o r  F r  = 1 5 . 0 .
T h e s e  p h o to g r a p h s  sh o w  th e  t y p i c a l  b e h a v io r  o f  s u c h  j e t s .  The  
j e t  i s  i n i t i a t e d  w i t h  a f r o n t a l  h e a d  t h a t  i s  t h i c k e r  w i t h  
l a r g e r  F ro u d e  n u m b e r . J u s t  b e h in d  t h e  f r o n t  t h e r e  i s  a v o r t e x  
g r o w in g  a n d  t r a v e l i n g  w i t h  t h e  f r o n t  u n t i l  a t  som e p o i n t  th e  
v o r t e x  c o l l a p s e s ,  a s  sh o w n  i n  F ig u r e  5 . 1 . 1 ( c ) .
T h e  g r o w th  h i s t o r i e s  o f  t h e  r a d i a l  f r o n t s ,  a s  d e te r m in e d  
b y  th e  p h o t o g r a p h ic  m e th o d s  d e s c r ib e d  i n  t h e  p r e v io u s  c h a p t e r  
a r e  sh o w n  i n  F ig u r e  5 . 1 . 2 .  T h is  g ra p h  i s  a l o g a r i t h m i c  p l o t  
o f  f r o n t  r a d i u s  R ( t )  a s  a f u n c t i o n  o f  t im e  f r o m  r e l e a s e .  I t  
i s  c l e a r  t h a t  t h e  d a ta  f a l l  i n t o  tw o  c a t e g o r ie s  c o r r e s p o n d in g  
t o  a s lo p e  o f  1 /2  o r  a  s lo p e  o f  3 / 4 .  H o w e v e r ,  som e o f  t h e  d a ta  
sh o w  a n  i n i t i a l  s lo p e  o f  1 /2  f o l l o w e d  b y  a s lo p e  o f  3 /4  l e a d in g
F ig u r e  5 . 1 . 1  C ro s s  s e c t i o n s  o f  h a l f - c i r c u l a r  f r o n t  a t  v a r i o u s  t im e  t  a f t e r  i n i t i a t i o n  
o f  d is c h a r g e  (a )  R un N o . 1 0 / 5 / 7 7 ,  F r  = 5 . 2 5 ,  Re = 7 1 0 0 .
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F ig u r e  5 . 1 . 1 ( b )  R un N o . 1 1 / 1 6 / 7 7 ,  F r  = 1 0 . 0 ,  Re = 8 8 4 0 .
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F ig u r e  5 . 1 . 1 ( c )  R un N o . 1 1 / 4 / 7 7 ,  F r  = 1 5 . 0 ,  Re = 8 8 4 0 .
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F ig u r e  5 . 1 . 2  G ro w th  h i s t o r y  o f  s t a r t i n g  r a d i a l  s u r f a c e  t u r b u l e n t  
b u o y a n t  j e t  f l o w .  C lo s e d  s y m b o ls  i n d i c a t e  t h e  
p h o to g r a p h s  a r e  sh o w n  i n  F ig u r e  5 . 1 . 1 .
F ig u r e  5 . 1 . 3  N o r m a l iz e d  g r o w th  h i s t o r y  o f  s t a r t i n g  r a d i a l
s u r f a c e  t u r b u l e n t  b u o y a n t  j e t  f l o w .  C lo s e d  s y m b o ls  
i n d i c a t e  t h e  p h o to g r a p h s  a r e  sh o w n  i n  F ig u r e  5 . 1 . 1 .
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t o  a  f u r t h e r  s lo p e  o f  1 / 2 .  A c c o r d in g  t o  t h e  d i s c u s s io n  i n  
C h a p te r  3 th e s e  c a n  b e  c a t e g o r i z e d ,  r e s p e c t i v e l y ,  a s t a r t i n g  
j e t ,  a  s t a r t i n g  i n e r t i a l  p lu m e ,  a n d  a s t a r t i n g  v is c o u s  p lu m e .
T h e  d a ta  i n  F ig u r e  5 . 1 . 2  a r e  r e p l o t t e d  i n  F ig u r e  5 . 1 . 3  
i n  a  n o r m a l iz e d  f o r m ,  w h e re  l e n g t h  s c a le s  h a v e  b e e n  m ade r e l a t i v e  
t o  ℓ MB a n d  th e  t im e  s c a le  b y  t M B. T h e s e  n o r m a l iz e d  d a ta  do 
n o t  sh o w  a  common c u r v e  f o r  a l l  t h r e e  s e g m e n ts ,  a s  i s  t o  b e  
e x p e c te d ,  s in c e  t h e  c o e f f i c i e n t s  i n  e a c h  r e l a t i o n  a r e  n o t  
n e c e s s a r i l y  c o n s t a n t .
F ro m  th e  d im e n s io n a l  a n a l y s i s  g iv e n  i n  E q . ( 3 . 5 . 1 1 )  th e  
c o e f f i c i e n t s  f o r  s t a r t i n g  t u r b u l e n t  s u r f a c e  j e t  f l o w s  a r e  a 
f u n c t i o n  o f  i n i t i a l  F ro u d e  n u m b e r a n d  R e y n o ld s  n u m b e r ,
( 5 . 1 . 5 )
T h e  r e l a t i o n s h i p  o f  th e  j e t  c o e f f i c i e n t  t o  R e y n o ld s  n u m b e r i s  
sh o w n  i n  F ig u r e  5 . 1 . 4 ( a )  a n d  t o  th e  d e n s im e t r i c  F ro u d e  n u m b e r 
i n  F ig u r e  5 . 1 . 4 ( b ) .  T h e  v a lu e  o f  s t a r t i n g  j e t  c o e f f i c i e n t  
d e c r e a s e s  w i t h  i n c r e a s in g  F ro u d e  n u m b e r a n d  i t  b e g in s  t o  a p p ro a c h  
t o  a n  a s y m p t o t i c  v a lu e  a ro u n d  1 .0 5  w h e n  th e  F ro u d e  n u m b e r i s  
g r e a t e r  th a n  1 0 . T h a t  m eans t h a t  t h e  b u o y a n c y  e n h a n c e s  th e  
i n i t i a t i o n  j e t  f l o w  w h e n  t h e  F ro u d e  n u m b e r i s  l e s s  th a n  1 0 .
A t  a F ro u d e  n u m b e r h i g h e r  t h a n  10 th e  b u o y a n c y  p la y s  a  l e s s  
im p o r t a n t  r o l e  i n  i n i t i a t i o n  o f  f l o w  so  t h a t  s t a r t i n g  t u r b u l e n t  
b u o y a n t  j e t  f l o w s  c a n  b e  d e s c r ib e d  b y  t h e  a s y m p t o t i c  f o r m u la ,
226
F ig u r e  5 . 1 . 4 ( a )  R e la t i o n  o f  s t a r t i n g  j e t  c o e f f i c i e n t  t o  j e t  
R e y n o ld s  n u m b e r .
F ig u r e  5 . 1 . 4 ( b )  R e la t i o n  o f  s t a r t i n g  j e t  c o e f f i c i e n t  t o  r a d i a l  
j e t  F ro u d e  n u m b e r .
( 5 . 1 . 6 )
F ro m  E q . ( 3 . 5 . 1 2 )  t h e  s t a r t i n g  r a d i a l  p lu m e  c o e f f i c i e n t  
w i l l  a l s o  b e  a f u n c t i o n  o f  i n i t i a l  F ro u d e  n u m b e r a n d  R e y n o ld s  
n u m b e r ,  i . e .
( 5 . 1 . 7 )
A s  sh o w n  i n  F ig u r e  5 . 1 . 5 ( a )  t h e r e  i s  n o  s y s t e m a t i c  d e p e n d e n c e
o f  t h e  s t a r t i n g  p lu m e  c o e f f i c i e n t  o n  R e y n o ld s  n u m b e r .  F ig u r e  5 . 1 . 5 ( b )
a n d  ( c )  sh o w n  th e  r e l a t i o n  o f  s t a r t i n g  p lu m e  c o e f f i c i e n t  t o
F ro u d e  n u m b e r a n d  R1 / ℓQM  = (R e 3 · F r 2 ) 1 / 8 .  A l l  t h e  v a lu e s  o f  th e
s t a r t i n g  p lu m e  c o e f f i c i e n t s  a r e  b e tw e e n  1 .0 4  a n d  0 . 7 0 ,  w h ic h  i s  
lo w e r  th a n  t h e o r e t i c a l  r e s u l t s  1 . 3 1 ,  g iv e n  i n  S u b s e c t io n  3 . 2 . 6 .  
M om entum  a n d  v i s c o s i t y  e f f e c t s  m ay b e  th e  p o s s i b le  r e a s o n s .
O n ly  t h r e e  v a lu e s  o f  v i s c o u s  s t a r t i n g  p lu m e  c o e f f i c i e n t  a r e  
f o u n d  ( 0 . 7 1 3 ,  0 . 7 2 5 ,  0 .7 7 7 )  as  l i s t e d  i n  t h e  f i n a l  c o lu m n  o f  
T a b le  5 . 1 . 2 .  T h e s e  v a lu e s  a r e  a b o u t  15% h i g h e r  t h a n  th e  t h e o r e t i c a l  
r e s u l t ,  0 .6 3  o b t a in e d  f r o m  v i s c o u s  lo n g  w a v e  s o l u t i o n .  T h e re  a r e  
i n s u f f i c i e n t  d a ta  t o  sh o w  th e  d e p e n d e n c e  o n  th e  i n i t i a l  F ro u d e  
a n d  R e y n o ld s  n u m b e rs ,  i . e .
( 5 . 1 . 8 )
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F ig u r e  5 . 1 . 5  R e la t i o n  o f  r a d i a l  s t a r t i n g  p lu m e  c o e f f i c i e n t  t o  
( a )  j e t  R e y n o ld s  n u m b e r ,  ( b )  F ro u d e  n u m b e r ,
( c )  R1 / ℓQ M ·
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W i t h o u t  a n y  i n i t i a l  e f f e c t s ,  s u c h  a s  m om entum  j e t  m i x in g ,  φ w i l l  
a p p ro a c h  t o  t h e  t h e o r e t i c a l  v a l u e ,  0 . 6 3 ,  a s  t h e  d im e n s io n le s s
r a t i o  R1 / ℓQM te n d s  t o  b e  s m a l l .
T h re e  s i m i l a r i t y  p r o f i l e s  f o r  v i s c o u s  s p r e a d in g  c u r r e n t s  
a r e  c o m p a re d  w i t h  v is c o u s  lo n g  w a v e  s o l u t i o n ,  a s  sh o w n  i n  
F ig u r e  5 . 1 . 6 .  T he  e x p e r im e n t a l  p r o f i l e s  a r e  a l l  t h i c k e r  t h a n  
t h e  t h e o r e t i c a l  p r o f i l e  a n d  t h e r e  i s  a  p r o m in e n t  h e a d  a t  th e  
f r o n t  a n d  som e i n t e r n a l  w a v e s  b e h in d  th e  f r o n t .  T h e  g r e a t e r  
p r o f i l e  t h i c k n e s s  m ay b e  d u e  t o  j e t  m ix in g  a n d  p o s s i b l y  some 
e r r o r  d u e  i n  t h e  k in e m a t i c  v i s c o s i t y  v a lu e .  T h e  s p r e a d in g  
c u r r e n t s  t h i c k n e s s  s c a le  T ( t )  i n  t h i s  c a s e  i s  in d e p e n d e n t  o f  
t im e  t ,  i . e . ,
( 5 . 1 . 9 )
i n  w h ic h  φ i s  t h e  v i s c o u s  s p r e a d in g  p lu m e  c o e f f i c i e n t  g iv e n  i n  
E q . ( 5 . 1 . 8 )  a n d  ν  i s  a ssu m e d  a s  0 .0 1  cm2 / s e c .  T h is  t h i c k n e s s  
s c a le  w as  a l s o  fo u n d  in d e p e n d e n t  o f  t im e  b y  t h e  f o r c e  s c a le  
a n a l y s i s  (s e e  E q . ( 3 . 1 . 1 1 ) ) .  A l t h o u g h  th e  t h i c k n e s s  s c a le  f o r  
t w o - la y e r e d  r a d i a l  s t r a t i f i e d  f l o w  i s  in d e p e n d e n t  o f  t im e ,  
i n  a n  i n f i n i t e  e x t e n t  o f  a m b ie n t  w a t e r ,  i t  d o e s  n o t  m ean t h a t  
t h e  t h i c k n e s s  o f  f l o w  i s  a l s o  u n i f o r m l y  d i s t r i b u t e d  i n  a l l  s p a c e  
(s e e  F ig u r e  5 . 1 . 6 ) .
F ig u r e  5 . 1 . 6  S i m i l a r i t y  p r o f i l e s  o f  v is c o u s  r a d i a l  s u r f a c e  s p r e a d in g  c u r r e n t s  a t  t im e  t
( 7 1 . 4  s e c o n d s  f o r  N o . 9 / 2 1 / 7 7 ,  1 0 1 .7  f o r  9 / 2 8 / 7 7 ,  a n d  9 6 .6  f o r  1 0 / 5 / 7 7 )  a f t e r
d is c h a r g e .
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5 . 1 . 2  D e n s i t y  M e a s u re m e n ts
F ig u r e  5 . 1 . 7 ( a )  sh o w s  a t w o - la y e r e d  r a d i a l  s t r a t i f i e d  
f l o w  b e in g  fo r m e d  f r o m  a  r a d i a l  s u r f a c e  b u o y a n t  j e t  d is c h a r g e  
a t  F r  = 5 . 2 5 .  T h e  f i r s t  p h o to g r a p h  ( t  = 2 0 0 .5  s e c o n d s )  i n  
F ig u r e  5 . 1 . 7 ( a )  w as ta k e n  w h e n  th e  c i r c u l a r  f r o n t  j u s t  to u c h e d  
tw o  s i d e - w a l l s  ( s e e  F ig u r e  5 . 1 . 1 ( a )  f o r  r e f e r e n c e ) .  T he  s u r f a c e  
j e t  t h i c k n e s s  becam e  c o n s t a n t  a t  a d i s t a n c e  w h ic h  w as a p p r o x im a t e ly  
t h e  l e n g t h  s c a le  ℓ MB a s  i n d i c a t e d .  I t  t h e n  c o l la p s e d  t o  p r o d u c e  
c i r c u l a r  i n t e r f a c i a l  w a v e s  w h ic h  w e re  dam ped o u t  q u i c k l y .  A f t e r  
t h e  c i r c u l a r  f r o n t  to u c h e d  a l l  t h e  w a l l s  o f  t h e  t a n k ,  t h e  s u r f a c e  
l a y e r  t h i c k n e s s  k e p t  i n c r e a s in g .  T h e  c i r c u l a r  s u r f a c e  j e t  z o n e  
t h e n  lo o k e d  l i k e  a c i r c u l a r  i n t e r n a l  h y d r a u l i c  ju m p  f o l l o w e d  b y  
a s e r i e s  o f  u n d u la r  i n t e r n a l  w a v e s  w i t h  a c i r c u l a r  p la n  fo r m .
F ig u r e  5 . 1 . 7 ( b )  sh o w s  th e  s u r f a c e  f l o w  f i e l d  p r o d u c e d  b y  
th e  h a l f - r a d i a l  s u r f a c e  b u o y a n t  j e t  w i t h  F r  = 1 0 .0  a n d  F ig u r e  5 . 1 . 7 ( c )  
w i t h  F r  = 1 5 . 0 .  I n  th o s e  tw o  c a s e s  th e  c i r c u l a r  j e t  m ix in g  a ls o  
b e g a n  t o  c o l l a p s e  a t  a d i s t a n c e  w h ic h  i s  r o u g h l y  e q u a l  t o  ℓM B . 
H o w e v e r ,  m o re  v i o l e n t  j e t  m ix in g  a n d  a p r o p a g a t in g  w a v y  i n t e r f a c e  
m ade i t  d i f f i c u l t  t o  l o c a t e  t h e  e x a c t  p o i n t  o f  t h e  j e t  c o l l a p s e .
T y p i c a l  r e c o r d s  o f  d e n s i t y  m e a s u re m e n ts  a s  r e c o r d e d  b y  
a c o n d u c t i v i t y  p r o b e  a r e  sh o w n  i n  F ig u r e  5 . 1 . 8 .  T he  t u r b u l e n t  
f l u c t u a t i o n  w as  fo u n d  t o  d e c r e a s e  a s  t h e  d e p th  o f  m e a s u re m e n t 
in c r e a s e d  a t  a n y  r a d i a l  d i s t a n c e .  M ean v a lu e s  o f  d e n s i t y  a t  a 
g iv e n  r a d iu s  w e re  o b t a in e d  b y  d i v i d i n g  th e s e  d e p t h - d e n s i t y  c u r v e s  
i n t o  tw o  r e g io n s  h a v in g  e q u a l  a r e a .  T he  d i s t r i b u t i o n  o f  f l u i d
F ig u r e  5 . 1 . 7  R a d ia l  s t r a t i f i e d  f l o w  d u e  t o  a h a l f - r a d i a l  s u r f a c e  b u o y a n t  j e t  d is c h a r g e
( a )  R un N o . 1 0 / 5 / 7 7 .
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F ig u r e  5 . 1 . 7 ( b )  R un  N o . 1 1 /1 6 / 7 7
233
F ig u r e  5 . 1 . 7 ( c )  R un N o . 1 1 /4 / 7 7
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F ig u r e  5 . 1 . 8  D e n s i t y  m e a s u re m e n ts  o f  a h a l f - r a d i a l  s u r f a c e  b u o y a n t  
j e t  (R u n  N o . 1 0 / 2 7 / 7 7 )  w i t h  F r  = 1 0 .0 0  a t  a  r a d i a l  
d i s t a n c e  r  = 3 2 .3 9  cm ( o r  r / ℓMB = 0 . 7 2 6 ) .
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d e n s i t y  d i f f e r e n c e  o n  d e p th  a t  t h r e e  r a d i a l  l o c a t i o n s  a r e  sh o w n
i n  F ig u r e  5 . 1 . 9 ,  i n  w h ic h  c i r c l e s  d e n o te  t h e  m ean d e n s i t y  d i f f e r e n c e
a n d  a  b a r  d e n o te s  t h e  m axim um  a n d  th e  m in im u m  v a lu e s .
I n  F ig u r e  5 . 1 . 1 0  t h e  r e l a t i v e  m ean d e n s i t y  d i f f e r e n c e ,
A ( r ,  z ) /Δ m ( r )  p l o t t e d  a g a in s t  n o r m a l iz e d  d e p th  z / z 1 / 2 ( r ) , i s
c o m p a re d  w i t h  t h e  s i m i l a r i t y  t r a c e r  d i s t r i b u t i o n  g iv e n  b y  t h e
r a d i a l  s u r f a c e  j e t  s o l u t i o n  i n  S e c t io n  3 . 4 .  T h e  h a l f - t h i c k n e s s
z 1 / 2 ( r )  i s d e f in e d  as  t h e  t h i c k n e s s  w h e re  t h e  r e l a t i v e  d e n s i t y
d i f f e r e n c e  i s  h a l f  o f  t h e  m ax im um  v a lu e  Δm ( r )  a t  t h e  f r e e  s u r f a c e .
I n  t h i s  c a s e  th e  d is c h a r g e  F ro u d e  n u m b e r i s  F r  = 1 0 . 0 .  The
m axim um  v a lu e s  o f  m ean d e n s i t y  d i f f e r e n c e ,  Δm ( r ) , a r e  f o u n d  t o
a g r e e  f a i r l y  w e l l  w i t h  th e  r a d i a l  j e t  s o l u t i o n ,  i . e .  t h e  d e n s i t y
d e f i c i e n c y  d e c a y s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  r a d i a l  d i s t a n c e  r ,
as  sh o w n  i n  F ig u r e  5 . 1 . 1 1 .  H o w e v e r ,  t h e  h a l f - t h i c k n e s s  z 1 / 2 ( r )  i s
a l i n e a r  f u n c t i o n  o f  r a d i a l  d i s t a n c e  r  f o r  t h e  r e g io n  w h e re  th e
b u o y a n c y  e f f e c t s  do  n o t  b ecom e  i m p o r t a n t ,  i . e . ,  w h e re  r / ℓ M B  <  1 ,
a s  sh ow n  i n  F ig u r e  5 . 1 . 1 2 .
S i m i l a r  r e s u l t s  a r e  s h o w n  i n  F ig u r e s  5 . 1 . 1 3 ,  5 . 1 . 1 4 ,  a n d  
5 . 1 . 1 5  f o r  a  r a d i a l  s u r f a c e  b u o y a n t  j e t  w i t h  a l o w e r  d e n s im e t r i c  
F ro u d e  n u m b e r , F r  = 5 . 2 6 .  I n  t h i s  c a s e  i t  i s  h a r d  t o  f i n d  a 
l i n e a r  g r o w th  f u n c t i o n  o f  h a l f - t h i c k n e s s  z 1 / 2 ( r ) . I t  a p p ro a c h e s  
t o  a c o n s t a n t  t h i c k n e s s  w i t h o u t  a n y  s h a r p  c o l l a p s e  f r o m  th e  
j e t  r e g im e .
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F ig u r e  5 . 1 . 9  D i s t r i b u t i o n s  o f  r e l a t i v e  d e n s i t y  d i f f e r e n c e
r e s p e c t i v e l y  a t  a  d i s t a n c e  r  = 1 7 . 1 5 ,  3 2 . 3 9 ,  a n d  
6 7 .9 5  cm ( o r  r / ℓM B = 0 .3 8 4 ,  0 .7 2 6 ,  a n d  1 .5 2 3 )  
f o r  a r a d i a l  s u r f a c e  f l o w  f i e l d  (R u n  N o . 1 0 / 2 7 / 7 7 ) .
238
F ig u r e  5 . 1 . 1 0  S e l f - s i m i l a r  d i s t r i b u t i o n  o f  r e l a t i v e  d e n s i t y
d e f i c i e n c y .  D o t t e d  l i n e  d e n o te s  P r a n d t l - T o l l m i e n ' s 
s o l u t i o n .
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F ig u r e  5 . 1 . 1 1  R e la t i o n  o f  t h e  m ax im um  v a lu e  o f  r e l a t i v e  d e n s i t y  
d e f i c i e n c y  t o  t h e  r a d i a l  d i s t a n c e .  S y m b o ls  a r e  
d e f i n e d  i n  F ig u r e  5 . 1 . 1 0 .
r (cm)
F ig u r e  5 . 1 . 1 2  R e la t i o n  o f  t h e  h a l f - t h i c k n e s s  t o  t h e  r a d i a l
d i s t a n c e .  S y m b o ls  a r e  d e f in e d  i n  F ig u r e  5 . 1 . 1 0 .
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F ig u r e  5 . 1 . 1 3  S e l f - s i m i l a r  d i s t r i b u t i o n  o f  r e l a t i v e  d e n s i t y  
d e f i c i e n c y  (R u n  N o . 1 0 / 1 0 / 7 7 ,  F r  = 5 . 2 6 ) .
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F ig u r e  5 . 1 . 1 4  R e la t i o n  o f  t h e  m axim um  v a lu e  o f  r e l a t i v e  d e n s i t y  
d e f i e n c y  t o  t h e  r a d i a l  d i s t a n c e .  S y m b o ls  a r e  
d e f i n e d  i n  F ig u r e  5 . 1 . 1 3 .
F ig u r e  5 . 1 . 1 5  R e la t i o n  o f  t h e  h a l f - t h i c k n e s s  t o  t h e  r a d i a l  d i s t a n c e .  
S y m b o ls  a r e  d e f i n e d  i n  F ig u r e  5 . 1 . 1 3 .
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5 . 1 . 3  P e r i o d i c  F e a tu r e
T he  a n a l y s i s  i n  C h a p te r  3 p r e d i c t e d  t h e  e x i s t e n c e  o f  
a  p e r i o d i c  w a v e  f e a t u r e  i n  t h e  b u o y a n c y - i n e r t i a l  r e g im e  o f  f l o w .  
H o w e v e r ,  o n l y  a w e a k ly  p e r i o d i c  r a d i a l  s u r f a c e  p lu m e  w as  o b s e r v e d  
i n  t h e s e  e x p e r im e n t s .  S in c e  t h e r e  i s  i n t e n s i v e  s u r f a c e  j e t  
m ix in g  i n  t h e  u p s t r e a m  a n d  s t r o n g  v i s c o u s  e f f e c t s  i n  t h e  d o w n s tre a m , 
m o s t o f  t h e  p e r i o d i c  f e a t u r e  c a n  o n l y  b e  o b s e r v e d  i n  t h e  p o s i t i o n  
c lo s e  t o  t h e  i n t e r f a c e .  T h e  p e r i o d  r e c o r d  a s  sh o w n  i n  t h e  l a s t  
r e c o r d  o f  F ig u r e  5 . 1 . 8  r e s u l t s  f r o m  b r e a k in g  i n t e r n a l  w a v e s  
w h ic h  fo r m  t r a v e l l i n g  m ix in g  b i l l o w s .  T h e  b i l l o w s  th e n  c o l l a p s e  
i n t o  a s e r i e s  o f  c i r c u l a r  i n t e r n a l  w a v e s .
I n  F ig u r e  5 . 1 . 1 6  a l l  t h e  o b s e r v e d  p e r i o d s  T ob a r e  c o m p a re d  
r e a s o n a b ly  w e l l  w i t h  t h e  p r e d i c t e d  v a lu e  T a s  g iv e n  b y  E q . ( 3 . 2 . 8 7 ) .  
T h e  d e t a i l s  o f  t h e  m e a s u re m e n ts  a r e  p r e s e n t e d  i n  T a b le  5 . 1 . 3 .
5 .2  R a d ia l  H e a te d  S u r fa c e  J e t
F o u r  r a d i a l  h e a te d  s u r f a c e  j e t  e x p e r im e n ts  w e re  p e r fo r m e d  
as  l i s t e d  i n  T a b le  5 . 2 . 1 .  I n  th e s e  e x p e r im e n ts  t h e  d e n s i t y  
v a r i a t i o n s  a r e  p r o d u c e d  b y  t h e  t e m p e r a tu r e  v a r i a t i o n s  s p e c i f i e d  
b y  t h e  e q u a t io n ,
( 5 . 2 . 1 )
w h e re  ρ (T )  i s  t h e  f l u i d  d e n s i t y  a t  t e m p e r a tu r e  T ° C , α ( T )  i s  t h e  
t h e r m a l  e x p a n s io n  c o e f f i c i e n t  ( 1 / ° C )  a t  te m p e r a tu r e  T °C .
F ig u r e  5 . 1 . 1 6  C o m p a r is o n  o f  th e  o b s e rv e d  p e r i o d  w i t h  th e  p r e d i c t e d  v a lu e  T g iv e n  b y  E q . ( 3 . 2 . 8 7 ) .
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T a b le  5 . 1 . 3  S um m ary  o f  o b s e r v e d  a n d  p r e d i c t e d  p e r i o d s .
R un
N o .
B
(c m 4 / s e c 3 )
L o c a t i o n  o f  M e a s u re m e n t
To b  
( s e c )
T
( s e c )
r
(c m )
r / ℓ MB
z
(cm )
8 / 2 6 / 7 7 1 2 7 2 2 9 .2 1 0 .7 3 2 2 .3 0 5 . 8 5 .8 0
8 / 2 8 / 7 7 2 7 6 .6 4 4 .4 5 0 .5 2 0 5 .4 6 1 3 .5 1 6 .9 0
" " 2 9 .2 1 0 .3 4 0 1 .9 6 8 . 0 9 .6 5
9 / 1 / 7 7 1 0 0 .7 3 9 .3 7 0 .5 8 8 3 .9 6 1 1 .8 2 0 .1 0
9 / 6 / 7 7 6 0 5 .9 2 9 .2 1 0 .9 3 4 2 .4 0 9 . 0 7 .4 0
" " 5 9 .6 9 1 .9 0 9 3 .9 0 1 7 .0 1 9 .3 0
1 0 / 1 0 / 7 7 6 5 1 .5 4 1 .9 1 1 .7 8 9 2 .5 0 1 0 .6 1 1 .7 0
1 0 / 1 4 / 7 7 3 4 1 .2 1 7 .7 8 0 .5 4 9 2 .1 1 7 . 2 4 . 6 4
" " 2 2 .8 6 0 .7 0 6 2 .5 0 9 . 1 6 .4 9
" " 3 8 .1 0 1 .1 7 7 2 . 5 0 1 3 .8 1 2 .8 0
" " 5 3 .3 4 1 .6 4 8 4 . 0 0 1 4 .4 2 0 .1 0
1 0 /1 7 / 7 7 3 4 1 .2 2 7 .9 4 0 .8 6 3 2 .5 0 8 . 0 8 .4 8
" " 4 3 .1 8 1 .3 3 4 3 .5 0 1 3 .2 1 5 .2 0
" " 6 8 .5 8 2 .1 1 9 3 . 5 0 2 5 .6 2 8 .1 0
1 0 / 2 2 / 7 7 4 5 9 .9 1 7 .1 5 1 .4 5 3 1 .2 0 4 . 0 4 .0 0
" " 2 2 .2 3 1 .8 8 3 2 .2 0 7 . 0 5 .6 6
" " 6 2 .8 7 5 .3 2 8 2 .7 0 1 6 .4 2 2 .6 0
1 0 / 2 4 / 7 7 5 9 9 .2 6 6 .0 4 1 .8 5 0 2 .0 0 4 . 3 5 .1 8
" " 5 2 .7 1 1 .4 7 7 4 .0 0 1 4 .0 1 6 .4 0
1 0 / 2 7 / 7 7 4 7 0 .2 3 2 .3 9 0 .7 2 6 3 .5 0 7 .9 9 .2 8
1 0 / 2 9 / 7 7 2 3 8 .9 5 2 .7 1 1 .1 8 1 4 .3 7 2 2 .7 2 2 .3 0
1 1 / 1 6 / 7 7 3 4 7 .5 1 3 4 .6 2 3 .0 2 0 4 .6 8 5 3 .5 6 8 .6 0
1 1 / 2 0 / 7 7 3 4 7 .7 1 1 4 .3 0 2 .5 6 0 6 .0 5 4 5 . 0 5 5 .1 0
" " 9 3 .9 8 2 .1 1 0 5 .0 5 3 5 .5 3 4 2 .5 0
1 1 / 2 9 / 7 7 7 9 4 .4 9 3 .9 8 4 .0 2 0 3 .4 3 3 5 .5 0 3 2 .3 0
1 2 / 1 2 / 7 7 6 0 5 .6 6 9 .8 5 2 .9 7 9 2 .6 6 2 3 .4 0 2 3 .8 0
" " 8 3 .8 2 3 .5 7 4 2 .6 6 3 1 .2 0 3 0 .3 0
Table 5 .2 .1  Summary o f experiments on ra d ia l surface heated j e t  in  a stagnant environment.
Note: r j  = 3 in .  (7.62 cm), hj  = 1/8 in .  (0.3175 cm), = √2π r jh j  = 3.899 cm
Q = 320 cm3/sec 
u j = Q /2π rjh j = 21.05 cm/sec 
M = Quj = 6736.3 cm4/ s e c 3
α(T j) = (-0.773 + 0.19 -  0.0027 T j2 + 0.000021 Tj 3) x 10- 4
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F o r  p u r e  w a t e r  a n  a l g e b r a i c  e x p r e s s io n  f o r  t h e  t h e r m a l  e x p a n s io n  
i s  g iv e n  b y  B a t c h e lo r  (1 9 7 0 )  as
w h ic h  i s  f r o m  th e  d a ta  a l s o  g iv e n  b y  B a t c h e lo r  ( 1 9 7 0 ) .
I n  th e s e  e x p e r im e n ts  t h e  a m b ie n t  w a t e r  d e p th  H w as k e p t  
a t  1 7 .7 8  cm (7  i n c h e s ) .  T h e  r e l a t i v e  d e p th  o f  a m b ie n t  w a t e r ,  
H /h j , w as th e n  f i x e d  a t  56  a n d  th e  a s p e c t  r a t i o  o f  th e  j e t ,  
h j / r j , w as f i x e d  a t  1 / 2 4 .  T h e  m axim um  v a lu e  o f  th e  te m p e r a tu r e  
e x c e s s  a t  r a d i a l  d i s t a n c e  r ,  d e f i n e d  b y
w as fo u n d  t o  d e c a y  p r o p o r t i o n a l l y  w i t h  th e  in v e r s e  o f  r ,  a s  
sh o w n  b y  t h e  d a ta  p l o t t e d  i n  F ig u r e s  5 . 2 . 3  a n d  5 . 2 . 4 .  H o w e v e r ,
( 5 . 2 . 2 )
w h ic h  i s  p l o t t e d  i n  F ig u r e  5 . 2 . 1  a s  a  s o l i d  c u r v e .  T h e  v a lu e s  
o f  k in e m a t i c  v i s c o s i t y  o f  t h e  h o t  w a t e r  d is c h a r g e d  a r e  g i v e n  i n  
F ig u r e  5 . 2 . 2 ,
( 5 . 2 . 3 )
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F ig u r e  5 . 2 . 1  T h e rm a l e x p a n s io n  c o e f f i c i e n t  o f  w a t e r  a s  a f u n c t i o n  
o f  te m p e r a tu r e  a f t e r  K o t s o v in o s  ( 1 9 7 5 ) .
F ig u r e  5 . 2 . 2  K in e m a t ic  v i s c o s i t y  o f  w a t e r  a s  a f u n c t i o n  o f  
t e m p e r a t u r e .
248
F ig u r e  5 . 2 . 3  R e la t i o n  o f  th e  m axim um  v a lu e  o f  r e l a t i v e  m ean
te m p e r a tu r e  e x c e s s  t o  t h e  r e l a t i v e  r a d i a l  d i s t a n c e  
r / r j .
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F ig u r e  5 . 2 . 5  R e la t i o n  o f  t h e  n o r m a l iz e d  h a l f - t h i c k n e s s  t o  th e  
n o r m a l iz e d  r a d i a l  d i s t a n c e .  S y m b o ls  a r e  d e f in e d  
i n  F ig u r e  5 . 2 . 4 .
F ig u r e  5 . 2 . 4  R e la t i o n  o f  t h e  m axim um  v a lu e  o f  r e l a t i v e  m ean
t e m p e r a tu r e  e x c e s s  t o  t h e  n o r m a l iz e d  r a d i a l  d i s t a n c e
r / ℓM B .
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w h i l e  t h e  d e c a y  e x p o n e n t  o f  - 1  i s  c l e a r l y  in d e p e n d e n t  o f  F ro u d e  
n u m b e r t h e  c o e f f i c i e n t  o f  p r o p o r t i o n a l i t y  i s  n o t .
T he  h a l f - t h i c k n e s s  z 1 / 2 ( r )  o f  t h e  t im e  a v e ra g e d  m ean 
te m p e r a tu r e  e x c e s s  a b o v e  t h e  a m b ie n t  t e m p e r a tu r e  i s  n o t  a  l i n e a r  
f u n c t i o n  o f  t h e  r a d i a l  d i s t a n c e  r .  I n  F ig u r e  5 . 2 . 5 ,  i t  i s  c l e a r  
t h a t  th e  r e l a t i v e  h a l f - t h i c k n e s s ,  z 1 / 2 ( r ) / h j  i s  a  c o n c a v e  u p w a rd s  
c u r v e  a n d  i s  d e f l e c t e d  a n d  t h e  d e f l e c t i o n  i s  m o re  r a p i d  f o r  a 
lo w e r  F ro u d e  n u m b e r w h ic h  i m p l i e s  i t  i s  d u e  t o  a  b u o y a n c y  e f f e c t .
T h e  t im e  a v e ra g e d  m ean te m p e r a tu r e  e x c e s s  i s  fo u n d  t o  h a v e
a s e l f - s i m i l a r  d i s t r i b u t i o n ,  a s  sh o w n  i n  F ig u r e  3 . 2 . 6 ( a ) ,  ( b ) ,
( c ) , a n d  ( d ) . I t  i s  v e r y  c lo s e  t o  t h e  P r a n d t l - T o l l m e i n ' s
s o l u t i o n  o b t a in e d  w h e n  th e  tw o  c o e f f i c i e n t s ,  Ku a n d  Kc , a r e
e q u a l  a s  d is c u s s e d  i n  C h a p te r  3 .
One p r o f i l e  o f  t h e  i n t e n s i t y  o f  t u r b u l e n t  t e m p e r a tu r e  
f l u c t u a t i o n s  i s  sh o w n  i n  F ig u r e  5 . 2 . 7 .  T h e  m axim um  v a lu e  o f  
t u r b u l e n t  i n t e n s i t y , seem s t o  in c r e a s e  w i t h  i n c r e a s in g  
r a d i a l  d i s t a n c e  r / r j  a n d  t h e  l o c a t i o n  o f  t h e  m axim um  t u r b u l e n t  
i n t e n s i t y  d e e p e n s  w i t h  i n c r e a s in g  r a d i a l  d i s t a n c e .
5 .3  R a d ia l  S u r fa c e  B u o y a n t  J e t  i n  a C ro s s  C u r r e n t
E x p e r im e n ts  w e re  p e r fo r m e d  t o  e v a lu a t e  t h e  p e r fo r m a n c e  o f  a 
b u o y a n t  r a d i a l  s u r f a c e  j e t  i n  a  c r o s s  c u r r e n t .  T h e  p r im a r y  
p u rp o s e  o f  t h e  e x p e r im e n ts  w as t o  d e te r m in e  th e  r e l a t i v e  im p o r t a n c e  
o f  t h e  j e t  m om entum  a n d  b u o y a n c y  f l u x e s .
F ig u r e  5 . 2 . 6  S e l f - s i m i l a r  r e l a t i v e  m ean te m p e r a tu r e  e x c e s s  a b o v e  th e  a m b ie n t  t e m p e r a tu r e .
S o l i d  l i n e  d e n o te s  th e  P r a n d t l - T o l lm i e n  s o l u t i o n  g iv e n  i n  C h a p te r  3 .
( a )  R un N o . 1 0 / 1 9 / 7 8 ,  F r  = 6 . 3 6 .  ( b )  R un N o . 1 0 / 2 0 / 7 8 ,  F r  = 6 . 2 8 .
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( c )  R un N o . 1 0 / 1 8 / 7 8 ,  F r  = 1 0 .1 0 ( d )  R un N o . 1 0 / 1 7 / 7 8 ,  F r  = 9 .2 8
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F ig u r e  5 . 2 . 7  P r o f i l e s  o f  t h e  i n t e n s i t y  o f  t u r b u l e n t  te m p e r a tu r e  
f l u c t u a t i o n s  f o r  r a d i a l  s u r f a c e  h e a te d  j e t  (R u n  N o . 
1 0 / 1 7 / 7 8 )  v e r s u s  d e p th  a n d  r e l a t i v e  r a d i a l  d i s t a n c e .
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As l i s t e d  i n  T a b le  5 . 3 . 1  s e v e n te e n  e x p e r im e n ts  w e re  p e r fo r m e d  
and  i n  a l l  t h e  t e s t s  t h e  a m b ie n t  w a te r  d e p th  w as m a in t a in e d  a t  
H = 1 9 .8 1  cm w i t h  a c i r c u l a r  s l o t  j e t  t h i c k n e s s  o f  h j = 0 .3 1 7 5  cm 
( 1 / 8  i n c h ) . T h e  r e l a t i v e  d e p th  o f  w a te r  w as t h e r e f o r e  c o n s t a n t  a t  
H /h j  = 6 2 .4  f o r  a l l  e x p e r im e n ts .
A  t y p i c a l  d e v e lo p m e n t  o f  i n i t i a t i o n  f l o w  p a t t e r n  t o  a w e l l -  
d e v e lo p e d  f l o w  f i e l d  d u e  t o  a r a d i a l  s u r f a c e  b u o y a n t  j e t  d is c h a r g e  i n  
a c r o s s  c u r r e n t  i s  sh o w n  i n  F ig u r e  5 . 3 . 1 .  T h e  d o w n s tre a m  e d g e  p o s i t i o n  
x d  i n  th e  c u r r e n t  d i r e c t i o n  c a n  b e  s im p ly  p r e d i c t e d  b y  t h e  s u p e r p o s i t i o n  
o f  a r a d i a l  s u r f a c e  b u o y a n t  j e t  f r o n t  a n d  a u n i f o r m  c u r r e n t .  T h e r e f o r e ,  
th e  d o w n s tre a m  e d g e  g ro w s  a s  a s t a r t i n g  j e t  f l o w  f o l l o w e d  b y  a 
s t a r t i n g  p lu m e  f l o w ,  b u t  w i t h  t h e  v e l o c i t y  r e l a t i v e  t o  t h e  f r e e  s t r e a m ,  
i . e .
( 5 . 3 . 1 )
w h e re  U i s  th e  c u r r e n t  s p e e d .
When th e  d o w n s tre a m  d is p la c e m e n t  i s  p l o t t e d  a g a in s t  t im e  a s  i n  
F ig u r e  5 . 3 . 2  i t  i s  c l e a r l y  s e e n  t h a t  tw o  d i f f e r e n t  s p r e a d in g  re g im e s  
a r e  d i s t i n g u i s h a b l e .  One i s  th e  s t a r t i n g  j e t  f l o w  w h ic h  s p e c i f i e s  
a j e t  c o e f f i c i e n t  d e f in e d  b y
( 5 . 3 . 2 )
I n  th e  f o u r  t e s t s  w h e re  t h i s  i s  a p p r o p r i a t e  th e  c o e f f i c i e n t  v a r i e s  
f r o m  1 .2 2  t o  1 .4 5 .  T he  o t h e r  r e g im e  i s  th e  i n e r t i a l  s t a r t i n g
T a b le  5 . 3 . 1  Sum m ary o f  e x p e r im e n t a l  d a ta  f o r  a r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a 
c r o s s  c u r r e n t .
Run No. U
(cm/sec)
ρa
(gm/cm3)
ρj
(gm/cm3)
Δ
( 10-4)
Q
(cm3/sec)
uj
(cm/sec)
M
(cm4 /sec2)
B
(cm4/ sec3)
Fr Re
2/23/78 0.920 0.9991 0.9987 4.005 328.0 21.58 7080 128.7 17.4 8400
2/27/78 " 0.9997 0.9985 12.018 " " " 386.3 10.1 "
3/02/78 0.962 1.000 0.9985 15.020 " " " 482.9 9.0 "
3/05/78 " 0.9997 0.9988 9.011 325.3 21.40 6970 287.3 11.5 8340
3/06/78 " 1.000 0.9990 10.010 328.0 21.58 7080 321.8 11.0 8400
3/06/78a " 0.9995 0.9988 7. 008 " " " 225.3 13.2 "
3/07/78 0.926 0.9998 0.9989 7.010 202.7 13.33 2700 179.0 7.2 5200
3/07/78a 0.949 0.9999 0.9985 14. 523 328.0 21.58 7080 466.8 9.2 8400
3/08/78 0.933 0.9999 0.9989 10.011 202.7 13.33 2700 198.8 6.8 5200
3/09/78 0.933 1.000 0.9993 7.005 328.0 21.58 7080 225.2 13.2 8400
3/21/78 1.00 0.9996 0.9995 1.001 315.4 20.75 6540 30.9 33.5 8090
3/22/78 " 0.9995 0.9991 4.004 " " " 123.8 16.8 "
3/22/78a " " 0.9990 5.005 " " " 154.7 15.0 "
3/27/78 " 0.9997 0.9995 2.001 320 21.05 6740 62.8 24.1 8200
3/28/78 " 0.9994 0.9992 1.501 376 24.73 9300 55.3 32.7 9640
3/29/78 " 0.9997 0.9973 24.568 320 21.05 6740 770.4 6.9 8200
4/10/78 " 1.000 0.9992 8.006 376 24.73 9300 295.0 14.1 9640
255
256
F ig u r e s  5 . 3 . 1 ( a ,  b )  P h o to g r a p h s  o f  t h e  d e v e lo p m e n t  o f  a s u r f a c e  f l o w
d u e  t o  a r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a c r o s s  
c u r r e n t  (R u n  N o . 4 / 1 0 / 7 7 ) .  ( a )  t  = 3 5 ,  ( b )  t  = 80
s e c o n d s  a f t e r  i n i t i a t i o n  o f  d i s c h a r g e .
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F ig u r e s  5 . 3 . 1 ( c ,  d )  P h o to g r a p h s  o f  t h e  d e v e lo p m e n t  o f  a s u r f a c e  f l o w
d u e  t o  a r a d i a l  s u r f a c e  b u o y a n t  j e t  i n  a c r o s s  
c u r r e n t  (R u n  N o . 4 / 1 0 / 7 7 ) .  ( c )  t  = 1 1 0 ,
( d )  t  = 4 8 5  s e c o n d s  a f t e r  i n i t i a t i o n  o f  d i s c h a r g e .
F ig u r e  5 . 3 . 2  G ro w th  h i s t o r i e s  o f  t h e  d o w n s tre a m  e d g e  o f  a n  i n i t i a t i n g  s u r f a c e  f i e l d .
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p lu m e  ( s lo p e  3 / 4 )  f o r  w h ic h  t h e  s t a r t i n g  p lu m e  c o e f f i c i e n t s ,  
d e f in e d  b y
( 5 . 3 . 4 )
W h e re  M a n d  B a r e  s p e c i f i c  o r  k in e m a t i c  f l u x e s  o f  m om entum  a n d  
b u o y a n c y .  I t  w as  sh o w n  i n  S e c t io n  3 . 5 . 4  t h a t  t h e  a s y m p t o t i c  
s o l u t i o n s  c o r r e s p o n d in g  t o  a  r a d i a l  m om entum  j e t  i s
a n d
( 5 . 3 . 5 )
( 5 . 3 . 6 )
f o r  a r a d i a l  s u r f a c e  p lu m e .  d a n d  c a r e  r e s p e c t i v e l y  t h e  c o e f f i c i e n t s  
o f  s p r e a d in g  d e f i n e d  b y  j e t s  a n d  p lu m e s  i n  t h e  a b s e n c e  o f  a c r o s s -  
f l o w  t h a t
( 5 . 3 . 7 )
( 5 . 3 . 3 )
v a r y  f r o m  1 .2 4  t o  1 . 4 4 .
I n  g e n e r a l ,  t h e  l o c a t i o n  o f  t h e  u p s t r e a m  e d g e  o f  r a d i a l  
b u o y a n t  j e t  i n  a c r o s s f lo w  i s  s p e c i f i e d  b y
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a n d
( 5 . 3 . 8 )
F ig u r e  5 . 3 . 3  i s  a p l o t  o f  t h e  u p s t r e a m  p o s i t i o n  x e n o r m a l iz e d  
b y  B /U 3 a n d  i t  sh o w s  how  th e  u p s t r e a m  p o s i t i o n  v a r i e s  f r o m  a  j e t  
f l o w  t o  a p lu m e  f l o w .  T he  u p s t r e a m  d is p la c e m e n t  w as  a c t u a l l y  
fo u n d  t o  f l u c t u a t e  b e tw e e n  a m axim um  a n d  a  m in im u m  v a lu e  w h ic h  
i s  d e n o te d  b y  b a r s  o n  t h e  f i g u r e .  T h e  s t r a i g h t  l i n e s  a r e  sh o w n  
f o r  d = 1 .0 5  a n d  c = 0 . 7 5 .
F ig u r e  5 . 3 . 4  i s  a l o g a r i t h m i c  p l o t  o f  th e  s u r f a c e  h a l f - w i d t h  
p ro d u c e d  b y  a r a d i a l  b u o y a n t  j e t .  T h e  s u r f a c e  f i e l d  a l s o  show s 
th e  t r a n s i t i o n  f r o m  a j e t  f l o w  t o  a p lu m e  f l o w .  F o r  R un  N o . 
3 / 2 2 / 7 8 a ,  t h e  a p p r o p r i a t e  d im e n s io n le s s  n u m b e rs  f o r  e a c h  r a n g e  
o f  h a l f - w i d t h  o f  t h e  s u r f a c e  f i e l d  a r e  fo u n d  t o  b e
( 5 . 3 . 1 0 )
a n d
( 5 . 3 . 1 0 )
T h e  v a lu e  o f  k i n e m a t i c  v i s c o s i t y  ν  w as a ssu m e d  t o  b e  0 .0 1  cm2 / s e c .
( 5 . 3 . 9 )
F ig u r e  5 . 3 . 3  U p s tre a m  e d g e  p o s i t i o n  o f  s u r f a c e  b u o y a n t  f i e l d .  S y m b o ls  a r e  d e f in e d  
i n  T a b le  5 . 3 . 2 .
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T a b le  5 . 3 . 2  C a l c u l a t i o n  o f  u p s t r e a m  e d g e  p o s i t i o n .
F ig u r e  5 . 3 . 4  G ro w th  o f  a s u r f a c e  b u o y a n t  f i e l d  m e a s u re d  f r o m  u p s t r e a m  e d g e .
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CHAPTER 6
COM PARISONS W ITH PREVIOUS STUDIES
I n  t h i s  c h a p t e r  t h e o r e t i c a l  s o l u t i o n s  d e r i v e d  i n  C h a p te r  3 
w i l l  b e  c o m p a re d  w i t h  t h e  r e s u l t s  o f  p r e v io u s  e x p e r im e n t a l  s t u d i e s .  
T h e  f i r s t  s e c t i o n  d is c u s s e s  s p r e a d in g  c u r r e n t s  i n  a  h o m o g e n e o u s  
e n v i r o n m e n t  ( i  =  0 )  a n d  i n  t h e  s e c o n d  s e c t i o n  t h o s e  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( i  = 1 ) .
6 .1  S p r e a d in g  C u r r e n t s  i n  H o m o g e n e o u s  E n v ir o n m e n t
6 . 1 . 1  P la n e  C u r r e n t  f r o m  a F i n i t e  V o lu m e  R e le a s e
F ro m  t h e  t h e o r e t i c a l  r e s u l t s  p r e v i o u s l y  d e v e lo p e d  
f o r  t h i s  c a s e  a  p la n e  c u r r e n t  ( a f t e r  a b r i e f  i n i t i a l  p e r i o d )  
w i l l  a d v a n c e  a s y m p t o t i c a l l y  a c c o r d in g  t o  th e  r e g im e  d e s c r ib e d  b y
( 6 . 1 . 1 )
f o r  a n  i n e r t i a l - b u o y a n c y  b a la n c e d  f l o w  a n d  a c c o r d in g  t o
( 6 . 1 . 2 )
f o r  a  v is c o u s - b u o y a n c y  b a la n c e d  f l o w  w i t h o u t  a n y  m ass d i f f u s i o n .
T a b le  6 . 1 . 1  l i s t s  t w e n t y  e x p e r im e n ts  p e r fo r m e d  b y  A lm q u is t  
( 1 9 7 3 ) .  I n  t h e s e  e x p e r im e n ts  a  t i l t i n g  p a r t i t i o n  p l a t e  s e p a r a t e d
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T a b le  6 . 1 . 1  Sum m ary o f  e x p e r im e n ts  p e r fo r m e d  b y  A lm q u is t  (1 9 7 3 )  
o n  t h e  p la n e  s u r f a c e  c u r r e n t s  d u e  t o  a  f i n i t e  v o lu m e  
r e le a s e .
N o te :  I n i t i a l  a s p e c t  r a t i o  h o /R o = 2 . 0 0 .
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a r i g h t - t r i a n g u l a r  s e c t i o n  o f  v o lu m e  V p e r  u n i t  w id t h  f r o m  th e
a m b ie n t  f l u i d .  T h e  t r i a n g u l a r  s e c t i o n  h a d  a n  i n i t i a l  h o r i z o n t a l
l e n g t h  R o n  o n e  s id e  a n d  a n  i n i t i a l  v e r t i c a l  t h i c k n e s s  h o on  
th e  o t h e r  s i d e .  T h e  p l a t e  w as re m o v e d  a n d  th e  t im e  w h e n  th e  
d y e d  f r o n t  p a s s e d  th r o u g h  s e v e r a l  f i x e d  l o c a t i o n s  w as  r e c o r d e d .
T h e  g r o w th  h i s t o r i e s  o f  t w e n t y  f r o n t s  a r e  p l o t t e d  i n  F ig u r e  6 . 1 . 1 .  
Two s lo p e s  a r e  a p p a r e n t :  o n e  i s  2 / 3 ,  w h ic h  i s  a p p r o p r i a t e  f o r  
i n e r t i a l - b u o y a n c y  s p r e a d in g ,  a n d  th e  o t h e r  i s  1 /5  w h ic h  i s  
a p p r o p r i a t e  f o r  th e  v i s c o u s - b u o y a n c y  s p r e a d in g .  A  n o r m a l iz e d  
p l o t  o f  t h e  t w e n t y  e x p e r im e n ts  i s  sh o w n  i n  F ig u r e  6 . 1 . 2 ,  h o w e v e r ,  
a l l  o f  t h e  e x p e r im e n t a l  p o i n t s  do  n o t  c o l l a p s e  i n t o  a  s i n g l e  
c u r v e .  E q u a t io n  ( 6 . 1 . 1 )  i s  fo u n d  t o  b e  a n  u p p e r  l i m i t  f o r  
i n e r t i a l - b u o y a n c y  s p r e a d in g .  E q u a t io n  ( 6 . 1 . 2 )  g iv e s  a  lo w  
e s t im a t e  f o r  t h e  v i s c o u s - b u o y a n c y  s p r e a d in g .  (T h e  v a lu e  o f  th e  
k i n e m a t i c  v i s c o s i t y  o f  s p r e a d in g  f l u i d  w as a ssu m e d  t o  b e  
ν  =  0 .0 1  cm2 / s e c  f o r  a l l  c a l c u l a t i o n s ) .
A n  u n d e r s t a n d in g  o f  t h e  v a r i a t i o n s  o f  t h e  c o e f f i c i e n t s  i n  
E q s . ( 6 . 1 . 1 )  a n d  ( 6 . 1 . 2 )  i s  a p p a r e n t  f r o m  a d im e n s io n a l  a n a l y s i s .  
T he  g r o w th  h i s t o r i e s  o f  a  f r o n t a l  t r a j e c t o r y  c a n  b e  d e s c r ib e d  b y
( 6 . 1 . 3 )
i n  w h ic h  t h e  t im e  a n d  t h e  l e n g t h  s c a le s
a r e  a s  l i s t e d  i n  T a b le  3 . 1 . 2 .  T h e  s e c o n d
a n d
F ig u r e  6 . 1 . 1  G ro w th  h i s t o r i e s  f o r  p la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  d u e  t o  a f i n i t e  
v o lu m e  r e le a s e .  E x p e r im e n t a l  d a ta  a r e  f r o m  A lm q u is t  ( 1 9 7 3 ) .  S y m b o ls  
a r e  d e f in e d  i n  T a b le  6 . 1 . 1 .
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F ig u r e  6 . 1 . 2  N o r m a l iz e d  g r o w th  h i s t o r i e s  o f  p la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  d u e  t o  a 
f i n i t e  v o lu m e  r e le a s e .  S y m b o ls  a r e  d e f in e d  i n  T a b le  6 . 1 . 1 .
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d im e n s io n le s s  n u m b e r ,  R1 /R o , r e p r e s e n t s  t h e  v i s c o s i t y  e f f e c t  i n  
te r m s  o f  r a t i o  o f  t h e  tw o  l e n g t h  s c a le s ,  R1 a n d  Ro . T he  
r a t i o  i s
( 6 . 1 . 4 )
w h ic h  c o n t a in s  a R e y n o ld s  n u m b e r √g Δh o h o / v  a n d  a n  a s p e c t  r a t i o  
o f  t h e  i n i t i a l  g e o m e t r y  h o /R o . T h e  a s p e c t  r a t i o  h o /R o i n  th e s e  
e x p e r im e n ts  w as k e p t  a t  2 . 0 .  T h e r e f o r e ,  w h e n  th e  l e n g t h  s c a le  
r a t i o  R1 /R o →  ∞ ,  a n  i n v i s c i d  b u o y a n t  s p r e a d in g  c u r r e n t  w i l l  r e s u l t .  
I n  t h i s  c a s e  t h e  c o e f f i c i e n t s  w h ic h  h a v e  th e  f o l l o w i n g  fo r m
( 6 . 1 . 5 )
w i l l  a p p ro a c h  t h e  l i m i t i n g  v a lu e  c o o o a s  sh o w n  i n  F ig u r e  6 . 1 . 3
a n d  a s  g iv e n  i n  E q . ( 6 . 1 . 1 ) .  S i m i l a r l y ,  w h e n  th e  l e n g t h  s c a le
r a t i o  R 1 /R o →  0 ,  t h e  f l o w  w i l l  b e g in  w i t h  a v i s c o u s  c u r r e n t .
T h e  c o e f f i c i e n t  f o r  a v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t ,
( 6 . 1 . 6 )
2 7 0
F ig u r e  6 . 1 . 3  C o e f f i c i e n t s  o f  i n e r t i a l - b u o y a n c y  s p r e a d in g  c u r r e n t s
e x p r e s s e d  a s  a f u n c t i o n  o f  R e y n o ld s  n u m b e r √g Δh o h o / v .
F ig u r e  6 . 1 . 4  C o e f f i c i e n t s  o f  v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t s
e x p r e s s e d  a s  a f u n c t i o n  o f  R e y n o ld s  n u m b e r √ g Δ h o  h o /v .
2 7 1
w i l l  a p p r o a c h  t o  t h e  l i m i t i n g  v a lu e  b 0 0 0  g iv e n  i n  E q . ( 6 . 1 . 2 ) .
T h e  f a c t  t h a t  th e  d a t a  i n  F ig u r e  6 . 1 . 4  l i e  a b o v e  t h e  d a ta  
s p e c i f i e d  b y  E q . ( 6 . 1 . 6 )  m ay b e  d u e  t o  t h e  e r r o r  o f  a s s u m in g  a 
c o n s t a n t  v a lu e  o f  k i n e m a t i c  v i s c o s i t y  o f  s p r e a d in g  f l u i d  
ν  =  0 .0 1  cm2 / s e c  f o r  a l l  c o m p u t a t io n s ,  a l t h o u g h  t h i s  i s  u n l i k e l y
b e c a u s e  o f  t h e  f a c t  t h a t  th e  e x p e r im e n t a l  d a ta  a r e  a l l  v e r y
c o n s i s t e n t .
A s i m i l a r  s e t  o f  e x p e r im e n ts  w e re  p e r fo r m e d  b y  K e u le g a n  (1 9 5 7 )  
a l t h o u g h  t h e  d e t a i l s  o f  t h e  i n i t i a l  f l o w  a r e  s o m e w h a t d i f f e r e n t .
H is  e x p e r im e n ts  i n v o lv e d  t h e  d e n s i t y  f r o n t  p r o d u c e d  b y  a f i n i t e  
l e n g t h  l o c k  e x c h a n g in g  f l u i d  w i t h  a  s e m i - i n f i n i t e  c h a n n e l .  T h is  
f l o w  e v e n t u a l l y  p r o d u c e s  a r a p i d l y  d e c e l e r a t i n g  v e l o c i t y  d u e  
b o t h  t o  t h e  v i s c o u s  e f f e c t s  a n d  th e  f a c t  t h a t  t h e r e  i s  a f i n i t e  
v o lu m e  o f  f l u i d  s p r e a d in g .  K e u le g a n  m ade o b s e r v a t io n s  o f  th e  
f r o n t a l  v e l o c i t y  a t  d i f f e r e n t  l o c a t i o n s  r a t h e r  th a n  o b s e r v in g  th e
f r o n t a l  t r a v e l  a s  a  f u n c t i o n  o f  t im e .  I n  t h i s  c a s e  i t  i s
b e s t  t o  r e w r i t e  E q . ( 6 . 1 . 2 )  i n  t h e  f o r m  (s e e  a l s o  E q . ( 3 . 1 . 1 5 )  w i t h  
n  = m = 0 )  .
w h ic h  m ay b e  u s e d  t o  d e s c r ib e  t h e  d e c e l e r a t i n g  f l o w .  E q u a t io n  
( 6 . 1 . 7 )  r e w r i t t e n  i n  te r m s  o f  l o c k  v a r i a b l e s ,  a s  d e f i n e d  i n  
F ig u r e  2 . 3 . 2 ,  i s
( 6 . 1 . 7 )
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i n  w h ic h  R ( t )  = L ( t )  +  L o a n d  H i s  t h e  i n i t i a l  l o c k  f l u i d  d e p th .
F ig u r e  6 . 1 . 5  sh o w s  t h a t  t h e  f r o n t a l  v e l o c i t y  d e c a y s  w i t h  
t r a v e l  d i s t a n c e  a s  t h e  d i s t a n c e  t o  t h e  - 4  p o w e r  a n t i c i p a t e d  b y  
E q s . ( 6 . 1 . 7 )  a n d  ( 6 . 1 . 7 a ) .  E q u a t io n  ( 6 . 1 . 7 a )  c o m p a re s  v e r y  w e l l  
w i t h  o n e  s e t  o f  e x p e r im e n ts  ( d e n o te d  b y  c i r c l e s ) . T h e  i n i t i a l  
R e y n o ld s  n u m b e r √ g Δ H  H /v  i s  a p p r o x im a t e ly  e q u a l  t o  t h a t  g iv e n  
b y  K e u le g a n  ( 1 9 5 7 ) ,  √ g Δ H  H /v m , w h e re  ν m i s  t h e  m ean  v a lu e  o f  
k i n e m a t i c  v i s c o s i t y  o f  b o t h  a m b ie n t  a n d  s a l i n e  f l u i d s  a n d  th e  
d im e n s io n le s s  d i s t a n c e  R /H  i s  a p p r o x im a t e ly  e q u a l  t o  L /H  
w h e n  R ( t )  >> L o .
M id d le t o n  (1 9 6 6 )  p e r fo r m e d  s i m i l a r  e x p e r im e n ts  u s in g  
t u r b i d i t y  c u r r e n t s ,  h o w e v e r ,  E q . ( 6 . 1 . 7 a )  o v e r e s t im a t e s  th e  
v e l o c i t y  o f  th e  c u r r e n t s  p r o d u c e d .  T h e  t h e o r e t i c a l  v a l u e ,  
U ( R ) / √gΔ H , ( d e n o te d  b y  d o t t e d  l i n e  i n  F ig u r e  6 . 1 . 6 )  i s  a b o u t  
t e n  t im e s  t h e  v a lu e  a c t u a l l y  o b s e r v e d  a t  t h e  same l o c a t i o n  L /H .  
T h e  s i m p le s t  e x p la n a t io n  f o r  t h e  d is c r e p a n c y  i s  t h e  r a p i d  
s e t t l i n g  o f  s u s p e n s io n  w h ic h  re d u c e s  th e  r e l a t i v e  d e n s i t y  
d i f f e r e n c e  t o  a v a lu e  a b o u t  1% o f  th e  i n i t i a l  v a lu e .
F ro m  S u b s e c t io n  3 . 2 . 4  we k n o w  t h a t  E q . ( 6 . 1 . 1 )  i s  v a l i d  
o n l y  w h e n  th e  i n i t i a l  r e l a t i v e  d e n s i t y  d i f f e r e n c e  i s  m u ch  s m a l le r  
th a n  t h e  o r d e r  o f  0 . 1 .  O t h e r w is e ,  t h e  c o e f f i c i e n t  i n  E q . ( 6 . 1 . 1 )
( 6 . 1 . 7 a )
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F ig u r e  6 . 1 . 5  F r o n t a l  v e l o c i t y  d e c a y  o f  d e n s i t y  c u r r e n t s  f r o m  a
f i n i t e - l e n g t h  l o c k  e x c h a n g e  f l o w ,  e x p e r im e n t a l  d a ta
f r o m  F ig u r e  3 o f  K e u le g a n  ( 1 9 5 7 ) .  H  =  5 . 8  cm ,
L o =  4 1 .7  cm , a n d  w id t h  o f  c h a n n e l  = 2 .5 4  cm. 
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F ig u r e  6 . 1 . 6  F r o n t a l  v e l o c i t y  d e c a y  o f  t u r b i d i t y  c u r r e n t s  f r o m  a 
f i n i t e - l e n g t h  l o c k  e x c h a n g e  f l o w ,  e x p e r im e n t a l  d a ta  
f r o m  F ig u r e  10 o f  M id d le t o n  ( 1 9 6 6 ) .  H  =  2 0 .3  cm ,
L o = 2 8 .3  cm , w id t h  o f  c h a n n e l  = 1 3 .8 3  cm , a n d  a v e r a g e  
s e t t l i n g  v e l o c i t y  o f  s u s p e n s io n  = 0 .9  c m /s e c .
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n e e d s  c o r r e c t i n g  t o  t h e  fo r m
( 6 . 1 . 8 )
F o r  e x a m p le ,  i n  t h e  c a s e  o f  a  s p r e a d in g  o i l  s l i c k  t h e  r e l a t i v e  
d e n s i t y  d i f f e r e n c e  i s  Δ  = 0 .1 3 6  f o r  a n  e x p e r im e n t  b y  L ia n g  ( 1 9 7 1 ) .  
I n  t h i s  c a s e  E q . ( 6 . 1 . 8 )  w i l l  b e  c o r r e c t e d  t o
H o w e v e r ,  a s  sh o w n  i n  F ig u r e  6 . 1 . 7 ( a )  t h e  t h e o r e t i c a l  v a lu e  g iv e n  
b y  E q . ( 6 . 1 . 9 )  i s  s t i l l  s l i g h t l y  h i g h e r  t h a n  e x p e r im e n t a l  o b s e r v a t io n .  
T h e  r e a s o n ,  f o r  t h i s  i s  n o t  c l e a r .  M e a s u re m e n ts  o f  t h e  s p r e a d in g  
l a y e r  t h i c k n e s s  h ( r ,  t )  a r e  o f  tw o  t y p e s .  One i s  a  " w a v e - g a g e - t y p e "  
m e a s u re m e n t b y  f i x i n g  t h e  m e a s u re m e n t l o c a t i o n  a n d  v a r y i n g  
o b s e r v a t io n  t im e .  T he  o t h e r  i s  a " p h o t o g r a p h ic  t y p e "  m e a s u re m e n t 
p e r fo r m e d  b y  f i x i n g  t h e  t im e  a n d  o b s e r v in g  t h e  s p a t i a l  l o c a t i o n  
o f  t h e  f r o n t .  R e s u l t s  f o r  p la n e  c u r r e n t s  o b t a in e d  b y  u s in g  t h e  
f i r s t  t e c h n iq u e  w i l l  b e  d is c u s s e d  h e r e .  R e s u l t s  f o r  t h e  r a d i a l  
c u r r e n t  c a s e  o b t a in e d  w i t h  t h e  s e c o n d  m e th o d  w i l l  b e  d is c u s s e d  
i n  t h e  n e x t  s u b s e c t io n ,  6 . 1 . 2 .
T he  s i m i l a r i t y  p r o f i l e  o f  i n e r t i a l  b u o y a n c y  s p r e a d in g  l a y e r  
t h i c k n e s s  d u e  t o  a f i n i t e  v o lu m e  r e le a s e  w as d e r i v e d  i n  S e c t io n  3 . 2 . 5  
as
( 6 . 1 . 9 )
( 6 . 1 . 1 0 )
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F ig u r e  6 . 1 . 7 ( a )  F r o n t a l  t r a j e c t o r y  f o r  a n  i n e r t i a l - b u o y a n c y  o i l
s l i c k  s p r e a d in g  i n  a  c h a n n e l ,  d a ta  f r o m  R un N o . 1 
o f  L ia n g  ( 1 9 7 1 ) .  V  = 1 3 1 .2  cm2 , Δ  = 0 .1 3 6 .
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f o r  w h ic h  t h e  f r o n t a l  d is p la c e m e n t  f u n c t i o n  R ( t )  i s  i n  E q . ( 6 . 1 . 8 ) .  
F o r  a  s p r e a d in g  o i l  s l i c k  t h e  i n e r t i a l  l a y e r  t h i c k n e s s  m e a s u re d  
b y  p h o t o c e l l  e q u ip m e n t  l o c a t e d  a t  i s  a c t u a l l y  t h e  t o t a l  
t h i c k n e s s  h  +  δ = (1  +  Δ ) h  so  t h a t  t h e  t h i c k n e s s  as  m e a s u re d  b y  
L ia n g  (1 9 7 1 )  i s  o f  t h e  fo r m
( 6 . 1 . 1 1 )
T h e  v a lu e  c c a n  b e  c o m p u te d  f r o m  c = R ( t ) / ( gΔ V) 1 / 3 t 2 / 3 .
T h u s ,  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  a t  o n e  f i x e d  l o c a t i o n ,  r s , 
w i l l  d e c a y  p r o p o r t i o n a l l y  t o  t 2 / 3 . F ig u r e  6 . 1 . 7 ( b )  sh o w s  t h a t  
t h e  a g re e m e n t o f  t h e  s i m i l a r i t y  s o l u t i o n  ( 6 . 1 . 1 1 )  w i t h  t h r e e  
e x p e r im e n t a l  o b s e r v a t io n s  b y  L ia n g  (1 9 7 1 )  i s  f a i r l y  g o o d  e x c e p t  
f o r  a d a m p in g  i n t e r n a l  w a v e  t r a i n  b e h in d  th e  s te e p  f r o n t .
T he  c o l l a p s e  o f  a m ix e d  r e g io n  a t  a  s t a b l y  s t r a t i f i e d  
i n t e r f a c e  c a n  b e  v ie w e d  a s  a c o m b in a t io n  o f  tw o  s u r f a c e  s p r e a d in g  
c u r r e n t s .  A s  sh o w n  i n  F ig u r e  6 . 1 . 8  t h e  n u m e r ic a l  c a l c u l a t i o n  
p e r fo r m e d  b y  M eng a n d  T hom son  (1 9 7 8 )  s u p p o r t s  t h i s  a s s u m p t io n .
T he  d e n s i t y  f r o n t  d is p la c e m e n t  g ro w s  p r o p o r t i o n a l l y  t o  t 2 / 3 
r a t h e r  a s  a l i n e a r  t im e  f u n c t i o n .
6 . 1 . 2  R a d ia l  C u r r e n t  f r o m  a  F i n i t e  V o lu m e  R e le a s e
A f t e r  a n  i n i t i a l  s ta g e  th e  r a d i a l  s p r e a d in g  c u r r e n t  
p ro d u c e d  b y  a f i n i t e  v o lu m e  r e le a s e  g ro w s  a s y m p t o t i c a l l y  a c c o r d in g  t o
( 6 . 1 . 1 2 )
278
F ig u r e  6 . 1 . 7 ( b )  "W ave  g a g e "  m e a s u re m e n ts  ( i n  s o l i d  c u r v e )  o f
i n e r t i a l  o i l  s l i c k  s p r e a d in g  t h i c k n e s s  b y  p h o t o c e l l  
e q u ip m e n t  l o c a t e d  a t  t h r e e  l o c a t i o n s  ( 6 0 ,  8 5 ,1 1 0  cm 
f r o m  e n d  w a l l  o f  c h a n n e l  f o r  S t a t i o n  n o .  1 , 2 , 3 ) .  
D o t t e d  c u r v e s  i n d i c a t e  p r e d i c t i o n  b y  s i m i l a r i t y  
s o l u t i o n s ,  d a ta  f r o m  L ia n g  ( 1 9 7 1 ) .
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F ig u r e  6 . 1 . 8  D y n a m ic  c o l l a p s e  o f  a h o m o g e n e o u s  r e g io n  a t  a  s t a b l y  
s t r a t i f i e d  i n t e r f a c e .  N u m e r ic a l  c a l c u l a t i o n  d a ta  
f r o m  F ig u r e  7 o f  M eng a n d  T h om son  ( 1 9 7 8 ) .
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f o r  t h e  i n e r t i a l - b u o y a n c y  s ta g e  a n d  th e n  a c c o r d in g  t o
( 6 . 1 . 1 3 )
f o r  t h e  v is c o u s - b u o y a n c y  s t a g e .  E x p e r im e n t a l  r e s u l t s  b y  C hen 
and  L i s t  (1 9 7 6 )  sh o w e d  t h a t  tw o  s u c h  r e g io n s  o f  f l o w  do e x i s t  
b u t  t h e y  fo u n d  h i g h e r  c o e f f i c i e n t s  i n  b o t h  e q u a t io n s  w h ic h  
c a n  b e  a s c r ib e d  t o  m ix in g .
A s  p r e v i o u s l y  d is c u s s e d  f o r  a n  o i l  s l i c k ,  s p r e a d in g  i n  
i n e r t i a l  s t a g e ,  E q . ( 6 . 1 . 1 2 )  n e e d s  a n  a d ju s t e d  c o e f f i c i e n t  t o  g i v e
F o r  t h e  e x p e r im e n ts  b y  A b b o t t  (1 9 6 1 )  sh o w n  i n  F ig u r e  6 . 1 . 9 ( a ) ,  
Δ = 0 .2 5 0  a n d  E q . ( 6 . 1 . 1 4 )  b e co m e s
F ig u r e  6 . 1 . 9 ( b )  sh o w s  t h a t  t h e  a g re e m e n t o f  E q . ( 6 . 1 . 1 5 )  w i t h  
t h e  o b s e r v a t io n s  m ade b y  A b b o t t  (1 9 6 1 )  i s  v e r y  g o o d . F ig u r e  6 . 1 . 9 ( c )  
sh o w s  th e  c o m p a r is o n  o f  s i m i l a r i t y  p r o f i l e s  d e v e lo p e d  i n  
S u b s e c t io n  3 . 2 . 5  w i t h  o b s e r v a t io n s  g iv e n  i n  F ig u r e  6 . 1 . 9 ( a ) .
T h e  s i m i l a r i t y  p r o f i l e  f o r  t h i c k n e s s  o f  a r a d i a l  s p r e a d in g  
l a y e r  w as c o m p u te d  a s
( 6 . 1 . 1 4 )
( 6 . 1 . 1 5 )
2 8 1
F ig u r e  6 . 1 . 9 ( a )  O i l  s p r e a d in g  s e c t i o n s  a t  f o u r  t im e s  a f t e r  r e le a s e  
o f  1 5 0 0  c u b ic  m e te r s  o f  o i l  (1 2 0 0  t o n s ) . D a ta  
f r o m  A b b o t t  ( 1 9 6 1 ) .
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F ig u r e  6 . 1 . 9 ( b )  G ro w th  h i s t o r y  o f  i n e r t i a l - b u o y a n c y  r a d i a l  o i l  
s p r e a d in g  f r o n t .  D a ta  f r o m  F ig u r e  6 . 1 . 9 ( a ) .
F ig u r e  6 . 1 . 9 ( c )  C o m p a r is o n  o f  o i l  s p r e a d in g  l a y e r  t h i c k n e s s
g iv e n  i n  F ig u r e  6 . 1 . 9 ( a )  w i t h  s i m i l a r i t y  p r o f i l e s  
( n  = 0 d e n o te s  p la n e  c a s e ,  E q . ( 6 . 1 . 1 0 )  a n d  n  =  1 
d e n o te s  r a d i a l  c a s e ,  E q . ( 6 . 1 . 1 7 ) ) .
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( 6 . 1 . 1 6 )
f o r  e a c h  t im e  t .  I n  d im e n s io n le s s  f o r m ,  t h i s  m ay b e  w r i t t e n  as
i n  w h ic h  t h e  t o t a l  b u o y a n t  f o r c e  p e r  u n i t  m ass  B = gΔV a n d  
c = R ( t ) / B 1/4  t 1/ 2 f o r  e a c h  i n s t a n t  t im e  t  a f t e r  r e l e a s e .  T he  
s u p e r e le v a t i o n  6 ( r ,  t )  o v e r  f r e e  s u r f a c e  i s  e q u a l  t o  Δ h ( r ,  t ) .
A l t h o u g h  th e  f r o n t a l  R ic h a r d s o n  n u m b e r , g Δ h ( R ,  t ) / R 2 ( t )  i s  
fo u n d  t o  a g re e  w i t h  t h e  t h e o r e t i c a l  v a lu e  o f  0 . 5 ,  t h e  s p r e a d in g  
l a y e r  t h i c k n e s s  f o l l o w s  th e  p la n e  f r o n t  s o l u t i o n  ( n  = 0 i n  
F ig u r e  6 . 1 . 9 ( c ) )  r a t h e r  t h a n  th e  r a d i a l  s o l u t i o n  ( n  = 1 )  g iv e n  
b y  E q . ( 6 . 1 . 1 6 ) .  I t  i s  n o t  c l e a r  how  t h i s  r e s u l t  com es a b o u t .
I n  o r d e r  t o  c o n s id e r  t h e  r e s u l t s  o f  M a r t i n  a n d  M o y c e  (1 9 5 2 )  
f o r  t h e  r a d i a l  s p r e a d in g  p r o b le m ,  E q s . ( 6 . 1 . 1 2 )  a n d  ( 6 . 1 . 1 3 )  a r e  
r e w r i t t e n  as
a n d
( 6 . 1 . 1 8 )
( 6 . 1 . 1 9 )
( 6 . 1 . 1 7 )
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i n  w h ic h  Ro a n d  h o a r e  t h e  i n i t i a l  r a d i i  a n d  th e  i n i t i a l  h e i g h t  
o f  c i r c u l a r  c o lu m n  b e f o r e  s p r e a d in g .  T h e  R e y n o ld s  n u m b e r 
Re = √ g Δ h o  h o /v  a n d  A r  i s  th e  a s p e c t  r a t i o  h o /R o , ν  i s  t h e  
k i n e m a t i c  v i s c o s i t y  o f  t h e  s p r e a d in g  f l u i d  a n d  i s  a ssu m e d  t o  b e  
0 .0 1  cm2 / s e c  i n  t h e  c a l c u l a t i o n s .  F ig u r e s  6 . 1 . 1 0 ( a )  a n d  ( b )  
sh o w  t h a t  E q . ( 6 . 1 . 1 8 )  i s  a n  u p p e r  l i m i t  f o r  i n e r t i a l  s p r e a d in g  
a n d  E q . ( 6 . 1 . 1 9 )  i s  a  l o w e r  l i m i t  f o r  v i s c o u s  s p r e a d in g .  S i m i l a r  
e x p e r im e n ts  w e re  a l s o  p e r fo r m e d  b y  H oge a n d  B ro o k s  ( 1 9 5 1 ) ,  
h o w e v e r ,  t h e r e  i s  i n s u f f i c i e n t  i n f o r m a t i o n  o n  t h e  e x p e r im e n ts  t o  
p e r f o r m  a c o m p a r is o n .
F o r  t h e  v is c o u s  s p r e a d in g  f r o n t ,  a s  d e s c r ib e d  b y  E q . ( 6 . 1 . 1 3 ) ,  
t h e  f r o n t a l  v e l o c i t y  d e c e le r a t e s  p r o p o r t i o n a l l y  t o  t - 7 / 8 , w h ic h  
a g re e s  w i t h  a s i m i l a r i t y  s o l u t i o n  fo u n d  b y  S m ith  ( 1 9 6 9 b ) . One 
e x p e r im e n t  p e r fo r m e d  u s in g  s y r u p  o n  a f l a t  a lu m in u m  s u r f a c e  a p p e a rs  
t o  c o n f i r m  t h i s  b a s i c  r e s u l t ,  a s  sh o w n  i n  F ig u r e  6 . 1 . 1 1 .
6 . 1 . 3  P la n e  C u r r e n t  f r o m  C o n t in u o u s  S te a d y  D is c h a r g e  
I n  t h i s  c a s e  th e  d e n s i t y  f r o n t  a d v a n c e s  a t  a n  
a s y m p t o t i c a l l y  c o n s t a n t  v e l o c i t y  a c c o r d in g  t o
( 6 . 1 . 2 0 )
i n  th e  i n e r t i a l - b u o y a n c y  s ta g e  a n d  a c c o r d in g  t o
( 6 . 1 . 2 1 )
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F ig u r e  6 . 1 . 1 0 ( a )  R a d ia l  g r a v i t y  c u r r e n t s  p ro d u c e d  f r o m  c i r c u l a r  
l o c k  e x c h a n g e  f l o w .  T he  a s p e c t  r a t i o  A r  = 2 a n d  
t h e  i n i t i a l  r a d i u s  R = 3 . 4 5  cm , d a t a  f r o m  T a b le  1 
o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  P a r t  V ) .
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F ig u r e  6 . 1 . 1 0 ( b )  R a d ia l  g r a v i t y  c u r r e n t s  p r o d u c e d  f r o m  c i r c u l a r
l o c k  e x c h a n g e  f l o w .  T h e  i n i t i a l  r e l a t i v e  d e n s i t y  
d i f f e r e n c e  Δ = 0 . 4 2 8 ,  d a ta  f r o m  T a b le  2 o f  M a r t i n  
a n d  M o yce  ( 1 9 5 2 ,  P a r t  V ) .
F ig u r e  6 . 1 . 1 1  G ro w th  h i s t o r y  o f  a v o lu m e  o f  s y r u p  s p r e a d in g  o n  th e  s h i n in g  f a c e  o f  
a lu m in u m  f o i l .
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i n  t h e  v is c o u s - b u o y a n c y  s t a g e .  T h e s e  r e s u l t s  a p p ly  a f t e r  a 
s h o r t  p e r i o d  i n  a s t a r t i n g  j e t  r e g im e .
F ig u r e  6 . 1 . 1 2 ( a )  sh o w s  t h e  a g re e m e n t o f  th e s e  r e s u l t s  
w i t h  e x p e r im e n t a l  r e s u l t s  b y  B a r r  (1 9 5 9 )  ( E x p e r im e n t a l  a p p a r a tu s  
w a s  sh o w n  i n  F ig u r e  2 . 3 . 5 ) .  T h e re  a p p e a rs  t o  b e  some i n i t i a l  
s t a r t i n g  j e t  f l o w s  b e f o r e  a p p r o a c h in g  t h e  p lu m e  f l o w s .  F ig u r e  
6 . 1 . 1 2 ( b )  a l s o  sh o w s  a g re e m e n t w i t h  a n o th e r  s e t  o f  e x p e r im e n t a l  
r e s u l t s  b y  A lm q u is t  (1 9 7 3 )  w ho u s e d  a d i f f e r e n t  d is c h a r g e  
a p p a r a tu s  f r o m  B a r r ' s  (1 9 5 9 )  ( s e e  K oh  ( 1 9 7 6 ) ) .  F ig u r e  6 . 1 . 1 3  
a l s o  sh o w s  th e  a g re e m e n t w i t h  E q s . ( 6 . 1 . 2 0 )  a n d  ( 6 . 1 . 2 1 )  o f  p la n e  
d e n s i t y  c u r r e n t s  p r o p a g a t in g  o n  a f l a t  b o t t o m  a s  m e a s u re d  b y  
Wood (1 9 6 5 )  a n d  W i lk i n s o n  ( 1 9 7 0 ) .  T h e re  i s  i n s u f f i c i e n t  
i n f o r m a t i o n  g i v e n  b y  a b o v e  t h r e e  i n v e s t i g a t o r s  t o  d e te r m in e  th e  
d e p e n d e n c y  o f  t h e  c o e f f i c i e n t s  o n  t h e  d is c h a r g e  F ro u d e  n u m b e r 
a n d  R e y n o ld s  n u m b e r a s  d is c u s s e d  p r e v i o u s l y .
( 6 . 1 . 2 2 )
w h e re  F r  = u j / √gΔh j , Re = u j h j / v  a n d  R1 / ℓQM, = R1 / h i = F r 2 / 3.  R e .
P la n e  s u r f a c e  c u r r e n t s ,  w h ic h  w e re  p r o d u c e d  b y  a 
h o r i z o n t a l  b u o y a n t  s u r f a c e  d is c h a r g e  f r o m  a c i r c u l a r  p ip e  i n t o  a 
c h a n n e l  o f  m o t io n le s s  a m b ie n t  w a t e r  a s  i l l u s t r a t e d  i n  F ig u r e  2 . 1 . 5  w e re  
o b s e r v e d  b y  S h a rp  ( 1 9 7 1 ) .  F o u r  d im e n s io n le s s  n u m b e rs ,
F ig u r e  6 . 1 . 1 2 ( a )  P la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  f r o m  a c o n t in u o u s  s te a d y  d i s c h a r g e ,  
d a ta  f r o m  B a r r  ( 1 9 5 9 ) .
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2 9 0
F ig u r e  6 . 1 . 1 2 ( b )  P la n e  s u r f a c e  s p r e a d in g  c u r r e n t s  f r o m  a c o n t in u o u s
s te a d y  d i s c h a r g e ,  d a ta  f r o m  A lm q u is t  ( 1 9 7 3 ) .
F ig u r e  6 . 1 . 1 3  P la n e  b o t to m  s p r e a d in g  c u r r e n t s  f r o m  a s te a d y  c o n t in u o u s  d is c h a r g e .
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( 6 . 1 . 2 3 )
w e re  u s e d  t o  d e s c r ib e d  th e s e  c u r r e n t s ,  i n  w h ic h  t h e  d e f i n i t i o n  o f  
e a c h  v a r i a b l e  i s  g iv e n  i n  E q . ( 2 . 1 . 2 ) .  Sh a r p  (1 9 7 1 )  u s e d  a t  
l e a s t  tw o  f i g u r e s  t o  i l l u s t r a t e  E q . ( 6 . 1 . 2 3 ) .  H o w e v e r ,  b y  u s in g  
t h e  f o l l o w i n g  t r a n s f o r m a t i o n s ,
( 6 . 1 . 2 4 )
( 6 . 1 . 2 5 )
i t  i s  s e e n  t h a t  t h e  d im e n s io n le s s  l e n g t h  a n d  t im e  s c a le s  R /R 1 
a n d  t / t 1 a r e  c o n t a in e d  w i t h i n  E q . 6 . 1 . 2 3 .  U s in g  th e s e  v a r i a b l e s ,  
a l l  t h e  e x p e r im e n t a l  d a ta  g i v e n  b y  S h a rp  (1 9 7 1 )  c a n  b e  p l o t t e d  
i n  o n e  f i g u r e  as  sh o w n  i n  F ig u r e  6 . 1 . 1 4 .  Two s lo p e s ,  1 a n d  4 / 5 ,  
c a n  a l s o  b e  s e e n  t o  i n d i c a t e  t h e  i n e r t i a l  a n d  th e  v is c o u s  
s t a r t i n g  p lu m e s .
F ig u r e  6 . 1 . 14  U n s te a d y  s u r f a c e  s p r e a d in g  c u r r e n t s  i n  a c h a n n e l d u e  t o  a b u o y a n t  p ip e  
f l o w  d is c h a r g e ,  d a ta  f r o m  S h a rp  ( 1 9 7 1 ) .
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F ro m  E q . ( 6 . 1 . 2 0 )  we k n o w  t h a t  i n e r t i a l - b u o y a n c y  s p r e a d in g  
c u r r e n t s  w i l l  p r o p a g a t e  a t  a  c o n s t a n t  v e l o c i t y  w h ic h  i s  
p r o p o r t i o n a l  t o  t h e  c u b ic  r o o t  o f  k in e m a t i c  b u o y a n c y  f l u x ,  i . e .
( 6 . 1 . 2 6 )
S u ch  c o n s t a n t  h o r i z o n t a l  s u r f a c e  s p r e a d in g  v e l o c i t i e s  w e re  o b s e r v e d  
b y  B ü h le r  (1 9 7 4 )  a n d  R o b e r ts  (1 9 7 7 )  w h e n  a s u b m e rg e d  l i n e  p lu m e  
r e a c h e d  t h e  b o t t o m  o r  a f r e e  s u r f a c e .  F ro m  E q . ( 6 . 1 . 2 6 )  th e  
t h e o r e t i c a l  v a lu e  o f  R / ( 2 g Δj Qj ) 1 / 3 ( s i n c e  t h e  s u b m e rg e d  b u o y a n c y  
f l u x  i s  tw o  t im e s  t h a t  o f  a o n e - s id e d  s p r e a d in g  p lu m e )  w i l l  b e
, ( 6 . 1 . 2 7 )
w h e n  th e  b u o y a n c y  f l u x  i s  a ssu m e d  c o n s e r v e d .  T he  a v e r a g e  v a lu e  
o f  e x p e r im e n t a l  r e s u l t s  i s  0 .6 6  f r o m  B ü h le r  (1 9 7 4 )  a n d  0 .6 8  f r o m  
R o b e r ts  ( 1 9 7 7 ) .  I t  i s  n o t  c l e a r  w h y  th e s e  v a lu e s  a r e  lo w e r  t h a n  
p r e d i c t e d .
F o r  t h e  v is c o u s  s p r e a d in g  r e g im e ,  E q . ( 6 . 1 . 2 1 )  c a n  b e  
r e w r i t t e n  a s
( 6 . 1 . 2 8 )
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F ro m  R o b e r ts  (1 9 7 7 )  t h e  e x p e r im e n t a l  r a n g e  o f  ( Q j / ( 2 g Δ j Q j ) 1 / 3  Η ) 2 / 5 
v a r i e s  f r o m  0 .0 9 7 2  t o  0 .2 2 9 .  T h u s ,  E q . ( 6 . 1 . 2 8 )  b e co m e s
( 6 . 1 . 2 9 )
w h e n  th e  b u o y a n c y  f l u x  i s  assu m e d  c o n s e r v e d ,  i . e .  g ΔQ = gΔ j Qj . 
T he  e x p e r im e n t a l  r e s u l t s  f o r  v i s c o u s  s p r e a d in g  r e p o r t e d  b y  
R o b e r ts  (1 9 7 7 )  g i v e
T h e  d i f f e r e n c e  i s  b e l i e v e d  m a in ly  d u e  t o  t h e  m ix in g  o c c u r r in g  
b e f o r e  t h e  p lu m e  re a c h e s  t h e  f r e e  s u r f a c e ,  s o  t h a t  Q /Q j  i s  
s i g n i f i c a n t l y  g r e a t e r  th a n  1 .
N u m e r ic a l  c a l c u l a t i o n s  o f  p la n e  o v e r f l o w in g  a n d  u n d e r f lo w in g  
c u r r e n t s  i n  a f i n i t e  d e p th  o f  a m b ie n t  f l u i d  w e re  p e r fo r m e d  b y  
Kao e t  a l .  ( 1 9 7 7 ,1 9 7 8 )  u s in g  t h e  f u l l  N a v ie r - S t o k e s  a n d  d i f f u s i o n  
e q u a t io n s .  T h e  ra n g e  o f  c a l c u l a t i o n s  f o r  s u r f a c e  c u r r e n t s  
v a r i e d  f r o m  a s t a r t i n g  j e t  f l o w  t o  a s t a r t i n g  p lu m e  f l o w .  T he  
l o c a l  R ic h a r d s o n  n u m b e r R i ( r ,  t )  = gΔh ( r ,  t ) / u 2 ( r ,  t )  f o r  th e  
s u r f a c e  f l o w s  w as fo u n d  t o  b e  r o u g h l y  c o n s t a n t  a t  1 . 0 0 .  H o w e v e r ,  
no  f u r t h e r  i n f o r m a t i o n  i s  a v a i l a b l e  f o r  c o m p a r is o n  w i t h  
t h e  s i m i l a r i t y  s o l u t i o n s  g iv e n  a b o v e .
6 . 1 . 4  R a d ia l  C u r r e n t  f r o m  C o n t in u o u s  S te a d y  D is c h a r g e
I n  t h i s  c a s e  t h e  s p r e a d in g  f r o n t  a d v a n c e s  a s y m p t o t i c a l l y
a c c o r d in g  t o
( 6 . 1 . 3 0 )
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( 6 . 1 . 3 1 )
f o r  t h e  i n e r t i a l - b u o y a n c y  s ta g e  a n d  a c c o r d in g  t o
( 6 . 1 . 3 2 )
f o r  t h e  v is c o u s - b u o y a n c y  s t a g e .
T h e s e  tw o  s ta g e s  o f  f l o w  f o r  s u r f a c e  c u r r e n t s  w e re  i n v e s t i g a t e d  
b y  C hen  a n d  L i s t  ( 1 9 7 6 ) .  T h e  s p r e a d in g  c u r r e n t s  w e re  p r o d u c e d  b y  
a  s u b m e rg e d  b u o y a n t  r o u n d  j e t  d i s c h a r g in g  v e r t i c a l l y  i n t o  a  u n i f o r m  
s t a g n a n t  e n v i r o n m e n t .  T y p i c a l  f l o w  p a t t e r n s  p r o d u c e d  b y  
r a d i a l  s u r f a c e  s p r e a d in g  c u r r e n t s  a r e  sh o w n  i n  F ig u r e s  6 . 1 . 1 5 ( a ) ,
( b ) , a n d  ( c ) . F ig u r e  6 . 1 . 1 5 ( a )  sh o w s  th e  r a d i a l  t w o - la y e r e d  
s t r a t i f i e d  f l o w  fo r m e d  b e h in d  a  c i r c u l a r  f r o n t .  F ig u r e  6 . 1 . 1 5 ( b )  
sh o w s  a b a n d  o f  r a d i a l  s t r a t i f i e d  f l o w  fo r m e d  b e h in d  t h e  c i r c u l a r  
f r o n t  a n d  c o n n e c te d  t o  a r a d i a l  s u r f a c e  j e t  z o n e  ( a l s o  n o t e  t h a t  
t h e  c i r c u l a r  s u r f a c e  w a v e  fo r m e d  b y  th e  im p in g e m e n t  o f  s u b m e rg e d  
j e t  o n  t h e  f r e e  s u r f a c e ) .  F ig u r e  6 . 1 . 1 5 ( c )  sh o w s  th e  f o r m a t i o n  
o f  a  s e r i e s  o f  t r a v e l l i n g  c i r c u l a r  r i n g s  b e h in d  th e  o u t e r  f r o n t .
T h e  r i n g s  a r e  s m o o th e d  o u t  g r a d u a l l y  b y  v is c o u s  e f f e c t s  t o  f r o m  
a s t r a t i f i e d  r a d i a l  s u r f a c e  f l o w .  T h e  r a t i o  o f  r a d i i  o f  tw o  
s e q u e n t i a l  d a r k  s t r e a k s  i s  fo u n d  t o  b e  f r o m  0 .7 0  t o  0 . 7 7 ,  w h ic h  
i s  c lo s e  t o  th e  t h e o r e t i c a l  v a lu e  0 .7 5 3  fo u n d  i n  S u b s e c t io n  3 . 2 . 5 . 3 .
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F ig u r e  6 . 1 . 1 5 ( a )  R a d ia l  s u r f a c e  s t r a t i f i e d  f l o w  fo r m e d  a f t e r  th e
d i l u t e d  e f f l u e n t  r e a c h e d  th e  f r e e  s u r f a c e  ( 7 7 . 9  
a n d  1 5 5 .5  s e c o n d s  l a t e r ) .  D ue  t o  a s u b m e rg e d  
b u o y a n t  r o u n d  j e t  ( d j  = 0 .5 8 6  cm , Δ = 0 .0 1 7 0 ,
Qj  = 4 0 .8  cm 3 / s e c )  d is c h a r g e d  v e r t i c a l l y  i n t o  a 
u n i f o r m  s t a g n a n t  e n v i r o n m e n t  (H  = 1 1 .7 2  c m ) .
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F ig u r e  6 . 1 . 1 5 ( b )  A b a n d  o f  r a d i a l  s u r f a c e  s t r a t i f i e d  f l o w  fo r m e d
a f t e r  t h e  d i l u t e d  e f f l u e n t  r e a c h e d  th e  f r e e  
s u r f a c e  ( 7 0 . 5  a n d  1 6 6 .5  s e c o n d s  l a t e r ) .  D ue  t o  
a s u b m e rg e d  b u o y a n t  r o u n d  j e t  ( d j  =  0 .5 8 6  cm ,
Δ = 0 .0 1 4 2 ,  Qj  = 1 8 .9  cm 3 / s e c )  d is c h a r g e d  v e r t i c a l l y  
i n t o  a  u n i f o r m  s t a g n a n t  e n v i r o n m e n t  (H  = 6 .1 9  c m ) .
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F ig u r e  6 . 1 . 1 5 ( c )  A s e r i e s  o f  o u tw a r d  t r a v e l l i n g  c i r c u l a r  i n t e r n a l
w a v e s  fo r m e d  a f t e r  t h e  d i l u t e d  e f f l u e n t  r e a c h e d  
th e  f r e e  s u r f a c e  ( 7 9 . 1  a n d  1 2 1 .6  s e c o n d s  l a t e r ) .
D ue  t o  a  s u b m e rg e d  b u o y a n t  r o u n d  j e t  ( d j  = 0 .5 8 6  cm , 
Δ = 0 .1 0 9 2 ,  Qj  = 4 .5  cm 3 / s e c )  d i s c h a r g e d  v e r t i c a l l y  
i n t o  a  u n i f o r m  s t a g n a n t  e n v i r o n m e n t  (H  = 2 3 .4 1  c m ) .
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T he  s p r e a d in g  s ta g e  o f  e a c h  p h o to g r a p h  p r e s e n t e d  i n  F ig u r e  6 . 1 . 1 5  
i s  sh o w n  i n  F ig u r e  6 . 1 . 1 6  b y  s o l i d  s y m b o ls .
B r i t t e r  (1 9 7 9 )  p e r fo r m e d  e x p e r im e n ts  o n  b o t t o m  s p r e a d in g  
r a d i a l  g r a v i t y  c u r r e n t s  a n d  E q s . ( 6 . 1 . 3 1 )  a n d  ( 6 . 1 . 3 2 )  r e w r i t t e n  a s
( 6 . 1 . 3 4 )
f o r  t h e  v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t s  a g r e e  w e l l  w i t h  h i s  
e x p e r im e n t a l  d a t a  f o r  t h e  v i s c o u s  r e g i o n  a s  sh o w n  i n  F ig u r e  6 . 1 . 1 7 .  
H o w e v e r ,  t h e  t h e o r e t i c a l  v a lu e  o f  t h e  c o n s t a n t  i n  t h e  i n e r t i a l  
s p r e a d in g  s ta g e  i s  g r e a t e r  th a n  t h a t  o b s e r v e d .
M any e x p e r im e n t a l  d a ta  d e s c r i b i n g  r a d i a l  s u r f a c e  a n d  b o t to m  
d e n s i t y  c u r r e n t s  h a v e  b e e n  a n a ly z e d  b y  S h a rp  ( 1 9 6 9 a ,  b ) , u s in g  th e  
f o l l o w i n g  d im e n s io n le s s  f o r m  ( p r e v i o u s l y  g i v e n  i n  E q . ( 2 . 1 . 1 ) ) ,
( 6 . 1 . 3 5 )
i n  w h ic h  Qi  i s  t h e  c a l c u la t e d  v o lu m e  f l u x  a t  t h e  s u r f a c e  o r i g i n  
o f  s p r e a d in g .  U s in g  th e  f o l l o w i n g  t r a n s f o r m a t i o n s ,
( 6 . 1 . 3 3 )
f o r  t h e  i n e r t i a l - b u o y a n c y  s p r e a d in g  c u r r e n t s ,  a n d  as
F ig u r e  6 . 1 .1 6  G ro w th  h i s t o r i e s  o f  r a d i a l  s u r f a c e  s p r e a d in g  f r o n t s  show n  i n  
F ig u r e s  6 . 1 . 1 5 ( a ) ,  ( b ) , a n d  ( c ) .
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F ig u r e  6 . 1 . 1 7  G ro w th  h i s t o r i e s  o f  b o t to m  r a d i a l  g r a v i t y  c u r r e n t s ,  d a ta  f r o m  B r i t t e r  ( 1 9 7 9 ) .
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( 6 . 1 . 3 6 )
a n d
( 6 . 1 . 3 7 )
a l l  o f  S h a r p ' s d a t a  c a n  b e  r e p l o t t e d  a s  i n  F ig u r e  6 . 1 . 1 8  
f o r  t h e  s u r f a c e  c u r r e n t s ,  a n d  a s  i n  F ig u r e  6 . 1 . 1 9  f o r  th e  
b o t t o m  c u r r e n t s .  S in c e  t h e  e x p e r im e n t a l  f r o n t a l  p o s i t i o n  L ( t )  
i s  n o t  e x a c t l y  t h e  same v a lu e  a s  R ( t ) , t h e r e  a r e  some d e v i a t i o n s ,  
h o w e v e r ,  t h e  a g re e m e n t w i t h  E q s . ( 6 . 1 . 3 3 )  a n d  ( 6 . 1 . 3 4 )  i s  
g e n e r a l l y  f a i r l y  g o o d . I t  i s  c l e a r  t h a t  m o s t o f  S h a r p 's  
e x p e r im e n ts  w e re  p e r fo r m e d  i n  t h e  t r a n s i t i o n  r e g i o n .
M c M in n  a n d  G o ld e n  (1 9 7 3 )  s t u d ie d  th e  s p r e a d in g  o f  c r u d e  o i l  on  
i c e ,  a s  sh o w n  i n  F ig u r e  6 . 1 . 2 0 .  E q u a t io n  ( 6 . 1 . 3 2 )  a l s o  p r e d i c t s  
r a d i a l  s p r e a d in g  o f  c r u d e  o i l  r e a s o n a b ly  w e l l .  A  s u r f a c e  b u o y a n t  
d is c h a r g e d  f r o m  a b o u n d a r y  c a n  b e  v ie w e d  a s  a n  i n e r t i a l  p la n e  
c u r r e n t  i n  t h e  n e a r  f i e l d  a n d  a s  a r a d i a l  v i s c o u s  c u r r e n t  i n  
t h e  f a r  f i e l d .  T h e  s p r e a d in g  f r o n t  t h e r e f o r e  w i l l  e v e n t u a l l y  
in c r e a s e  i t s  d i s t a n c e  f r o m  th e  b o u n d a r y  i n  p r o p o r t i o n  t o  t 1 / 2 .
A s  sh o w n  i n  F ig u r e  6 . 1 . 2 1  t h e  e x p e r im e n t a l  d a ta  f r o m  B a r r  (1 9 5 9 )  
a n d  H a y a s h i  a n d  S h u to  (1 9 6 7 )  f o r  s u c h  a b o u n d a r y  d is c h a r g e  sh o w  
t h i s  t o  b e  t h e  c a s e .
F ig u r e  6 . 1 . 1 8  G ro w th  h i s t o r y  o f  r a d i a l  s u r f a c e  s p r e a d in g  f r o n t s  d u e  t o  a s u b m e rg e d  
b u o y a n t  r o u n d  j e t  d i s c h a r g in g  h o r i z o n t a l l y  i n t o  a u n i f o r m  s ta g n a n t  
e n v i r o n m e n t ,  d a ta  f r o m  Sh a r p  ( 1 9 6 9 a ) .
304
F ig u r e  6 . 1 . 1 9  G ro w th  h i s t o r y  o f  r a d i a l  b o t t o m  g r a v i t y  c u r r e n t s  d u e  t o  a 
s u b m e rg e d  b u o y a n t  r o u n d  j e t  d is c h a r g e  h o r i z o n t a l l y  i n t o  a 
u n i f o r m  s ta g n e n t  e n v i r o n m e n t ,  d a ta  f r o m  S h a rp  ( 1 9 6 9 b ) .
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3 0 6
F ig u r e  6 . 1 . 2 0  R a d ia l  s p r e a d in g  r a t e  o f  c r u d e  o i l  o n  i c e .  T he  
k in e m a t i c  v i s c o s i t y  ν  o f  c r u d e  o i l  i s  a ssu m e d  as  
60 cm2 / s e c  f o r  o p e n  s y m b o ls  a n d  a s  2 3 .1  cm2 /s e c  
f o r  s o l i d  s y m b o ls .  D a ta  a r e  f r o m  M c M in n  a n d  G o ld e n  
( 1 9 7 3 ) .
F ig u r e  6 . 1 . 2 1  G ro w th  h i s t o r y  o f  s u r f a c e  s p r e a d in g  f r o n t  a t  c e n t e r l i n e  o f  b o u n d a ry  
b u o y a n t  s u r f a c e  d i s c h a r g e ,  d a ta  f r o m  B a r r  (1 9 5 9 )  a n d  H a y a s h i  a n d  
S h u to  ( 1 9 6 7 ) .
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6 . 1 . 5  I n i t i a l  S ta g e  o f  F i n i t e  V o lu m e  R e le a s e
T h e  i n i t i a l  c o l l a p s e  o f  a  l i q u i d  c o lu m n  i n  a h o m o g e n e o u s  
e n v i r o n m e n t  w as  fo u n d  t o  h a v e  a  s e l f - s i m i l a r  t h i c k n e s s  p r o f i l e ,  
p r e v i o u s l y  d e r i v e d  f r o m  th e  s h a l lo w - w a t e r  w a ve  e q u a t io n s ,  g i v e n  b y
( 6 . 1 . 3 8 )
w h e re  n  =  0 f o r  p la n e  c u r r e n t s  a n d  n  =  1 f o r  r a d i a l  c u r r e n t s .  T h e  
t h i c k n e s s  s c a le  h 1 i s  d e p e n d e n t  o n  t h e  i n i t i a l  s h a p e  o f  l i q u i d  
c o lu m n  a n d  e x a m p le s  a r e  l i s t e d  f o r  r e f e r e n c e  i n  T a b le  3 . 2 . 1 .
T h e  r e l a t i v e  f r o n t a l  p o s i t i o n  η = R ( t ) / R o , g ro w s  as
( 6 . 1 . 3 9 )
f o r  t h e  p la n e  c u r r e n t s  a n d  as
( 6 . 1 . 4 0 )
f o r  t h e  r a d i a l  c u r r e n t s  ( s e e  S e c t io n  3 . 2 . 7 ) .
A s  f o r  p la n e - s y m m e t r i c  f l o w s  th e  t h i c k n e s s  s c a le  h1=3/2o
f o r  a r e c t a n g u la r  s e c t i o n  a n d  h 1 = 3π/8 h o f o r  a s e m i - c i r c u l a r  
s e c t i o n .
M a r t i n  a n d  M o y c e  ( 1 9 5 2 ,  p a r t  I V )  m ade m a n y  l a b o r a t o r y  
o b s e r v a t io n s  o f  t h e  c o l l a p s e  o f  a  l i q u i d  c o lu m n  i n  a i r  (Δ  = 1 ) .
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F ig u r e  6 . 1 . 2 2 ( a )  sh o w s  a s k e t c h  o f  t h r e e  t y p i c a l  p h o t o g r a p h ic
s e c t i o n s  t a k e n  d u r in g  c o l l a p s e  o f  a  l i q u i d  c o lu m n  w i t h  a n
i n i t i a l l y  r e c t a n g u la r  s e c t i o n .  F ig u r e  6 . 1 . 2 2 ( b )  sh o w s  th e
c o m p a r is o n  o f  th e  s e l f - s i m i l a r  p r o f i l e  g i v e n  b y  E q . ( 6 . 1 . 3 8 )
( w i t h  n  =  0 )  w i t h  th e s e  t h r e e  o b s e r v a t io n s .  T h e  g r o w th  h i s t o r y
o f  a p la n e  f r o n t  fo rm e d  d u r i n g  c o l l a p s e  o f  a r e c t a n g u la r  c o lu m n
i s  sh o w n  i n  F ig u r e  6 . 1 . 2 3 .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  th e
t h e o r e t i c a l  c u r v e  o v e r e s t im a t e s  t h e  d is p la c e m e n t .  T h e  s m a l le r
t h e  a s p e c t  r a t i o  h o /R o o f  th e  i n i t i a l  r e c t a n g u la r  s e c t i o n  i s ,  t h e
c l o s e r  a r e  t h e  e x p e r im e n t a l  d a t a  p o i n t s  t o  th e  t h e o r e t i c a l
c u r v e .  Two c a s e s  w i t h  i n i t i a l  a s p e c t  r a t i o  h o /R o = 1 b e g in  t o
sh o w  d e c e l e r a t i o n  w i t h  a  c h a n g e  i n  s lo p e  o f  t h e  d is p la c e m e n t
c u r v e  t o  2 /3  ( i . e .  R ( t )  ~  t 2 / 3 ) a r o u n d  t √gh o/R o =  6 . I n  t h e
o n e  c a s e  w i t h  a n  a s p e c t  r a t i o  h o /R o = 4 t h e  p la n e  f r o n t  sh o w s  a 
c o n s t a n t  v e l o c i t y  u p  t o  t √gho /R o = 2 0 .  F ig u r e  6 . 1 . 2 4  a l s o  show s 
th e  t h e o r y  o v e r e s t im a t e s  t h e  d is p la c e m e n t  f o r  t h e  c o l l a p s e  
o f  a  s e m i - c i r c u l a r  c o lu m n  s e c t i o n .  T he  r e a s o n  m ay b e  d u e  to  
a n  i n s u f f i c i e n t  d e s c r i p t i o n  b y  t h e  s h a l lo w - w a t e r  w a v e  e q u a t io n s  
o f  t h e  i n i t i a l  s ta g e  o f  t h e  c o l l a p s e  s in c e  t h e  v e r t i c a l  a c c e l e r a t i o n  
i s  n o t  s m a l l  i n  t h i s  s ta g e  o f  th e  f l o w .
T h e  r a d i a l  f r o n t  d is p la c e m e n t  p r o d u c e d  b y  t h e  c o l l a p s e  o f  
a v e r t i c a l  c y l i n d r i c a l  c o lu m n  i s  p l o t t e d  i n  F ig u r e  6 . 1 . 2 5 .  T h e  
t h e o r y  a l s o  o v e r e s t im a t e s  t h e  o b s e r v e d  d is p la c e m e n t .  T h e  d i s p la c e ­
m e n t a ls o  a p p e a rs  t o  b e  d e p e n d e n t o n  t h e  i n i t i a l  a s p e c t  r a t i o  
a s  show n  i n  F ig u r e  6 . 1 . 2 5 .
F ig u r e  6 . 1 . 2 2 ( a )  I n i t i a l  c o l la p s e  o f  a 
r e c t a n g u la r  s h a p e  c o lu m n , l i n e  
s k e tc h  o f  a  p h o to g r a p h  f r o m  M a r t i n  
a n d  M o yce  (1 9 5 2 ,  P a r t  I V ) .
F ig u r e  6 . 1 . 2 2 ( b )  C a lc u la t e d  s e l f - s i m i l a r  
p r o f i l e s  o f  i n i t i a l  c o l la p s e  show s 
i n  F ig u r e  6 . 1 . 2 2 ( a ) .
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F ig u r e  6 . 1 . 2 3  G ro w th  h i s t o r y  o f  p la n e  f r o n t  d u r in g  i n i t i a l  c o l l a p s e  o f  a l i q u i d
c o lu m n  w i t h  r e c t a n g u la r  s e c t i o n  ( h1  -  3 h o / 2  i n  E q . ( 6 . 1 . 3 9 ) ) .  D a ta  
f r o m  T a b le s  1 ,  2 ,  and  3 o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  p a r t  I V ) .
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F ig u r e  6 . 1 . 2 4  G ro w th  h i s t o r y  o f  p la n e  f r o n t  d u r in g  i n i t i a l  c o l la p s e  o f  a l i q u id  c o lu m n
w i t h  s e m i - c i r c u l a r  s e c t i o n  ( h 1  =  3π/8 h o i n  E q . ( 6 . 1 . 3 9 ) )  (R o = 2 i n c h e s ) ,  d a ta  
f r o m  T a b le  4 o f  M a r t i n  a n d  M oyce  ( 1 9 5 2 ,  p a r t  I V ) .
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F ig u r e  6 . 1 . 2 5  G ro w th  h i s t o r y  o f  r a d i a l  f r o n t  d u r in g  i n i t i a l  c o l l a p s e  o f  a l i q u i d  c o lu m n
w i t h  v e r t i c a l  c i r c u l a r  c y l i n d e r  (h1  = 2 h o i n  E q . ( 6 . 1 . 4 0 ) ) ,  d a ta  f r o m
T a b le  5 o f  M a r t i n  a n d  M o yce  ( 1 9 5 2 ,  p a r t  I V ) .
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( 6 . 2 . 1 )
A l t h o u g h  t h e  t h e o r e t i c a l  f r o n t a l  t r a j e c t o r y  d is p la c e m e n t  
f u n c t i o n s  E q s . ( 6 . 1 . 3 9 )  a n d  ( 6 . 1 . 4 0 )  a r e  o n l y  a s y m p t o t i c  l i m i t s  
v a l i d  w h e n  th e  i n i t i a l  a s p e c t  r a t i o  i s  s m a l l ,  t h e  s e l f - s i m i l a r  
t h i c k n e s s  p r o f i l e  c o m p a re s  v e r y  w e l l  w i t h  t h e  r e s u l t s  o f  n u m e r ic a l  
c a l c u l a t i o n s  w i t h  f i n i t e  d i f f e r e n c e  m e th o d  a n d  th e  m e th o d  o f  
c h a r a c t e r i s t i c s  a s  sh o w n  i n  F ig u r e s  6 . 1 . 2 6 ,  6 . 1 . 2 7 ,  a n d  6 . 1 . 2 8 .
6 .2  S p r e a d in g  C u r r e n t s  i n  L i n e a r l y  S t r a t i f i e d  E n v ir o n m e n t
I n  t h e  f i r s t  s u b s e c t io n  th e  r e s u l t s  o f  e x p e r im e n t a l  s t u d i e s  
a n d  n u m e r ic a l  c a l c u l a t i o n s  f o r  a p la n e  m ix e d  r e g io n  c o l l a p s i n g  
i n  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  w i l l  b e  c o m p a re d  
w i t h  t h e  t h e o r e t i c a l  s o l u t i o n s  t h a t  w e re  d e v e lo p e d  i n  C h a p te r  3 .  
O th e r  e x p e r im e n t a l  r e s u l t s  f o r  a p la n e  s t a r t i n g  i n t r u s i o n  l a y e r  
d u e  t o  a  h o r i z o n t a l  s l o t  d is c h a r g e  i n t o  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  w i l l  b e  e x a m in e d  i n  S u b s e c t io n  6 . 2 . 2 .
T h e re  a r e  n o  e x p e r im e n t a l  r e s u l t s  a v a i l a b l e  f o r  t h e  r a d i a l  s u b m e rg e d  
s p r e a d in g  c a s e .
6 . 2 . 1  P la n e  S ubm erged C u r r e n t  f r o m  a  F i n i t e  V o lu m e  R e le a s e  
I n  Se c t i o n s  3 . 2  a n d  3 .3  a  t h r e e - s t a g e  d e s c r i p t i o n  
w as d e v e lo p e d  f o r  a  f r o n t  a d v a n c in g  a t  i t s  ow n d e n s i t y  l e v e l  i n  
a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  I t  i s  g iv e n  b y  th e  
c a s e  i  =  1,  n  = m  =  0. I n  p a r t i c u l a r  t h e  f r o n t  d u e  t o  c o l l a p s e  o f  
a f i n i t e  v o lu m e  o f  h o m o g e n e o u s  f l u i d  i s  d e s c r ib e d  b y :
( I )  I n i t i a l  S ta g e
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F ig u r e  6 . 1 . 2 6  C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l  
c a l c u l a t i o n  r e s u l t s  b y  H a r lo w  a n d  W e lc h  (1 9 6 5 )  a n d  
F o x  a n d  G o o d w in  (1 9 5 2 )  f o r  th e  c o l l a p s e  o f  a p la n e  
s y m m e t r i c a l  c o lu m n  i n  v a c u o ,  i n i t i a l l y  r e c t a n g u la r  
a t  r e s t ,  a t  v a r i o u s  r e l a t i v e  d i s t a n c e  η = R ( t ) / R o .
3 1 6
F ig u r e  6 . 1 . 2 7  C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l
c a l c u l a t i o n  r e s u l t s  b y  t h e  m e th o d  o f  c h a r a c t e r i s t i c s  
b y  P e n n e y  a n d  T h o r n h i l l  ( 1 9 5 2 )  f o r  t h e  c o l l a p s e  o f  
a n  i n i t i a l l y  s e m i - c y l i n d r i c a l  s e c t i o n  c o lu m n  a t
r e s t  a t  s p e c i f i c  t im e o r  η = R ( t ) / R o =  1 .7 8 .  
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F ig u r e  6 . 1 . 2 8  C o m p a r is o n  o f  s e l f - s i m i l a r  p r o f i l e  w i t h  n u m e r ic a l
c a l c u l a t i o n  r e s u l t s  b y  th e  m e th o d  o f  c h a r a c t e r i s t i c s  
b y  P e n n e y  a n d  T h o r n h i l l  (1 9 5 2 )  f o r  t h e  c o l l a p s e  o f  
a n  i n i t i a l l y  s e m i - e l l i p t i c  c o lu m n  a t  r e s t  a t  v a r i o u s
t im e 0 . 5 ,  1 . 0 ,  1 . 5 ,  a n d  2 . 0  o r  v a r i o u s
r e l a t i v e  d i s t a n c e  η = R ( t ) / R o = 1 . 4 4 ,  2 . 0 8 ,  2 . 7 5 ,  
a n d  3 . 5 0 .  
3 1 8
( I I )  I n e r t i a l - B u o y a n c y  B a la n c e  R e g io n
( 6 . 2 . 2 )
( 6 . 2 . 3 )
w h e re  Ro a n d  h o a r e  t h e  i n i t i a l  h o r i z o n t a l  a n d  v e r t i c a l  l e n g t h  
s c a l e ,  V i s  t h e  i n i t i a l  h a l f - v o lu m e  o f  h o m o g e n e o u s  f l u i d ,  R ( t )
i s  th e  h o r i z o n t a l  e x t e n t  a t  t im e  t ,  ν s t h e  k i n e m a t i c  v i s c o s i t y
o f  th e  s p r e a d in g  f l u i d .  T h e  t h i c k n e s s  s c a le  h1 i s  d e p e n d e n t  on  
t h e  i n i t i a l  s h a p e  o f  s p r e a d in g  f l u i d  a n d  i s  l i s t e d  i n  T a b le  3 . 2 . 2 .  
F o r  a n  i n i t i a l l y  s e m i - c i r c u l a r  c r o s s - s e c t i o n ,  t h e  v a lu e  o f  i s  
e q u a l  t o  h o . I n  t h i s  c a s e ,  t h e  h o r i z o n t a l  l e n g t h  s c a le  Ro a n d  
th e  v e r t i c a l  l e n g t h  s c a le  h o a r e  b o t h  e q u a l  t o  t h e  i n i t i a l  r a d iu s
o f  t h e  s e m i - c i r c u l a r  s e c t i o n .  T h e  v o lu m e  p e r  u n i t  w id t h  o f
t h e  s e m i - c i r c u l a r  s e c t i o n  i s  e q u a l  t o  V = πRo2/2 . F o rm u la e  f o r  
t h e  t h r e e  s ta g e s  o f  s p r e a d in g  f l o w  w i l l ,  i n  t h i s  c a s e  be  
s i m p l i f i e d  t o :
( 6 . 2 . 4 )
( I I I )  V is c o u s - B u o y a n c y  B a la n c e  R e g io n
( 6 . 2 . 5 )
( 6 . 2 . 6 )
3 1 9
o n  t h e  r i g h t - h a n d  s id e
o f  E q . ( 6 . 2 . 6 )  i s  a  R e y n o ld s  n u m b e r ReN .
T h e  t h r e e  s ta g e s  o f  s u b m e rg e d  s p r e a d in g  f l o w s  a r e  i l l u s t r a t e d  
c l e a r l y  i n  F ig u r e  6 . 2 . 1 .  F o r  a v o lu m e  o f  s e m i - c i r c u l a r  c r o s s -  
s e c t i o n  f l u i d  w i t h  a  R e y n o ld s  n u m b e r ReN g r e a t e r  th a n  5 0 0 ,  
t h e  i n t e r f l o w i n g  f r o n t  w i l l  h a v e  t h r e e  c o m p le te  s ta g e s  o f  f l o w s  
w h ic h  h a v e  b e e n  p r e v i o u s l y  d e s c r ib e d  b y  Wu (1 9 6 5 )  a s :  t h e  i n i t i a l  
c o l l a p s e  s t a g e ,  th e  p r i n c i p a l  c o l l a p s e  s t a g e ,  a n d  th e  f i n a l  
c o l l a p s e  s t a g e .  W i th  a n  i n i t i a l  R e y n o ld s  n u m b e r b e tw e e n  5 0 0  a n d  5 ,  
o n l y  tw o  s ta g e s  w i l l  e x i s t  f o r  t h e  f l o w  ( t h e  p r i n c i p a l  s ta g e  i s  
e x c l u d e d ) . F o r  a n  i n i t i a l  R e y n o ld s  n u m b e r l e s s  th a n  5 t h e r e  i s  
o n l y  o n e  f i n a l  c o l l a p s e  s t a g e .
T he  d im e n s io n le s s  t r a n s i t i o n  t im e  f r o m  th e  i n i t i a l  s ta g e  t o  
t h e  p r i n c i p a l  s ta g e  i s  a b o u t  N t  = 2 .8  a n d  th e  d im e n s io n le s s  
t r a n s i t i o n  l e n g t h  i s  a b o u t  R ( t ) / R o = 3 . 0 .  H o w e v e r ,  t h e  d im e n s io n le s s  
t r a n s i t i o n  t im e  a n d  l e n g t h  f r o m  th e  p r i n c i p a l  s ta g e  t o  t h e  f i n a l  
s ta g e  a r e  d e p e n d e n t o n  th e  i n i t i a l  R e y n o ld s  n u m b e r ReN . T h e  
l a r g e r  t h e  R e y n o ld s  n u m b e r i s ,  t h e  lo n g e r  t h e  t r a n s i t i o n  t im e  and  
th e  t r a n s i t i o n  l e n g t h  a r e .
F o r  a n  i n i t i a l l y  r e c t a n g u la r  s h a p e  o f  p la n e  m ix e d  r e g i o n ,  
t h r e e  s ta g e s  o f  c o l l a p s e  c a n  b e  e x p r e s s e d :
( I )  I n i t i a l  S ta g e
( 6 . 2 . 7 )
i n  w h ic h  t h e  d im e n s io n le s s  p a r a m e te r
F ig u r e  6 . 2 . 1  T h re e  s p r e a d in g  s ta g e s  o f  a p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
3
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( I I )  P r i n c i p a l  S ta g e  ( I n e r t i a l - B u o y a n c y  B a la n c e )
( 6 . 2 . 8 )
( I I I )  F i n a l  S ta g e  ( V is c o u s - B u o y a n c y  B a la n c e )
,  ( 6 . 2 . 9 )
i n  w h ic h  Ro a n d  h o a r e  now  r e s p e c t i v e l y  t h e  o n e - h a l f  l e n g t h  o f  th e  
h o r i z o n t a l  a n d  th e  v e r t i c a l  s i d e s  o f  th e  r e c t a n g u l a r  s e c t i o n .  T he  
r a t i o  o f  th e s e  tw o  l e n g t h  s c a le s ,  h o /R o , i s  t h e  a s p e c t  r a t i o  o f  
t h e  i n i t i a l  s h a p e  a n d  t h e  i n i t i a l  R e y n o ld s  n u m b e r now  i s  d e f i n e d  
a s
( 6 . 2 . 1 0 )
( 6 . 2 . 1 1 )
( 6 . 2 . 1 2 )
w h e re  t h e  v e l o c i t y  s c a le  i s  N ho a n d  th e  l e n g t h
s c a le  i s  h o .
F o r  t h e  s p e c i a l  c a s e  w h e n  th e  a s p e c t  r a t i o  h o /R o i s  u n i t y ,  
i . e .  t h e  i n i t i a l  s h a p e  i s  s q u a r e ,  a n d  th e  t h r e e  c o l l a p s e  s ta g e s  
a r e  d e s c r ib e d  b y :
a s  l i s t e d  i n  T a b le  3 . 1 . 5  T h e n  th e  i n t e r c e p t  o f  
tw o  o b l i q u e  l i n e s  g i v e n  b y  E q s . ( 6 . 2 . 2 )  a n d  ( 6 . 2 . 3 )  w i l l  b e  a t  
t h e  p o i n t  w h e re  t h e  v e r t i c a l  o r d i n a t e  i s  R /R 1  = 0 .4 8 1  a n d  th e  
h o r i z o n t a l  a b s c is s a  i s  t / t 1  = 0 .4 8 7  a s  l i s t e d  i n  T a b le  3 . 5 . 4 .
Two s e t s  o f  e x p e r im e n t a l  d a ta  a r e  a v a i l a b l e  f o r  c o m p a r is o n :
Wu ( 1 9 6 5 ,1 9 6 9 )  a n d  v a n  d e  W a te r in g  ( 1 9 6 6 ) .  B o th  e x p e r im e n ts  
w e re  o r i g i n a l l y  p e r fo r m e d  t o  s t u d y  t h e  c o l l a p s e  o f  a  t u r b u l e n t  w a ke  i n  a 
d e n s i t y - s t r a t i f i e d  f l u i d .  A s e m i - c i r c u l a r  o r  c i r c u l a r  h o m o g e n e o u s  
m ix e d  r e g i o n  w as  p r e p a r e d  t o  s im u la t e  a u n i f o r m  p a r c e l  o f  
t u r b u l e n t  w a k e . S e q u e n t ia l  p i c t u r e s  w e re  t a k e n  a s  s o o n  a s  th e  m ix e d  
r e g i o n  b e g a n  t o  c o l l a p s e .  T h u s ,  a  h i s t o r y  o f  h o r i z o n t a l  s p re a d  
w as  o b t a in e d  b y  m e a s u r in g  th e  h o r i z o n t a l  s p r e a d in g  l e n g t h  a s  a 
f u n c t i o n  o f  t im e .
A  c o m p a r is o n  b y  M e i (1 9 6 9 )  o f  t h e  t h e o r e t i c a l  s o l u t i o n  f o r  
t h e  i n i t i a l  c o l l a p s e  s ta g e  o f  a  c i r c u l a r  m ix e d  r e g io n  w i t h  t h e  
e x p e r im e n t a l  r e s u l t s  b y  Wu (1 9 6 5 )  w as  fo u n d  t o  b e  f a i r l y  g o o d  
f o r  d im e n s io n le s s  t im e  N t  b e tw e e n  0 a n d  1 .  T h e  t h e o r e t i c a l  
c u r v e  sh o w n  i n  F ig u r e  2 o f  M e i (1 9 6 9 )  a c t u a l l y  i s  t h e  same c u r v e  
g iv e n  b y  E q . ( 6 . 2 . 4 ) .  W hen th e  d im e n s io n le s s  t im e  N t  i s  g r e a t e r  
th a n  1 ,  t h e  t h e o r e t i c a l  s o l u t i o n  o v e r e s t im a t e s  t h e  e x p e r im e n t a l  
r e s u l t s .  T h e  r e a s o n  w h y  t h e  e r r o r  i s  i n t r o d u c e d  i s  t h a t  th e
d a t a  p r o b a b ly  l i e  i n  th e  s o - c a l l e d  p r i n c i p a l  c o l l a p s e  s t a g e .
C o n s id e r  o n l y  t h e  i n e r t i a l - b u o y a n c y  a n d  th e  v is c o u s - b u o y a n c y  
r e g i o n s .  A  m o re  g e n e r a l  w a y  t o  n o r m a l i z e  t h e  e x p e r im e n t a l  d a ta  
i s  b y  u s in g  t h e  l e n g t h  s c a le a n d  th e  t im e  s c a le
323
I n  F ig u r e  6 . 2 . 2 ,  t h e  c o m p a r is o n  o f  tw o  t h e o r e t i c a l  s o l u t i o n s  
w i t h  t h e  e x p e r im e n t a l  r e s u l t s  i s  p r e s e n t e d  f o r  th e  t r a n s i t i o n  
b e h a v io r  f r o m  t h e  i n i t i a l  c o l l a p s e  s ta g e  t o  t h e  f i n a l  c o l l a p s e  
s t a g e .  A l l  t h e  e x p e r im e n t a l  d a ta  a r e  f r o m  F ig u r e  16  o f  v a n  de 
W a te r in g  ( 1 9 6 6 ) .  T h e  R e y n o ld s  n u m b e r ReN f o r  e a c h  r u n  i s  c a l c u la t e d  
t o  c h e c k  i t s  e f f e c t  o n  s u b m e rg e d  d e n s i t y  s p r e a d .  S in c e  th e  
k i n e m a t i c  v i s c o s i t y  o f  t h e  s p r e a d in g  f l u i d  w as  n o t  g i v e n ,  i t  i s  
a ssu m e d  t o  b e  t h e  same a s  t h a t  o f  p u r e  w a t e r ,  0 .0 1  cm2 / s e c .  A 
l o g - l o g  p l o t t i n g  o f  t h e  d a ta  sh o w s  t h a t  t h e  e x p e r im e n t a l  r e s u l t s  
f o l l o w  t h e  t h e o r e t i c a l  p r e d i c t i o n  i n  t h e  i n i t i a l  s ta g e  v e r y  w e l l .
F o r  t h e  f i n a l  s t a g e ,  o r  t h e  v i s c o u s - b u o y a n c y  b a la n c e d  s p r e a d ,  a 
s lo w e r  g r o w th  r a t e  o f  h o r i z o n t a l  s p r e a d  i s  fo u n d  a c c o r d in g  t o  
th e  1 / 6  p o w e r  o f  t  a s  s h o w n . M o s t  o f  t h e  e x p e r im e n t a l  r e s u l t s  b y  
v a n  de W a te r in g  (1 9 6 6 )  a r e  i n  t h e  lo w e r  R e y n o ld s  n u m b e r ReN r a n g e .  
T h e r e f o r e ,  f r o m  t h e  t h e o r e t i c a l  s o l u t i o n  sh o w n  i n  F ig u r e  6 . 2 . 1  
i t  i s  k n o w n  t h a t  th e  h o r i z o n t a l  f r o n t  m o ve s  a s  s u c h  a r a t e  t h a t  
i t  d o e s  n o t  p a s s  t h r o u g h  th e  p r i n c i p a l  c o l l a p s e  s t a g e .  T h is  i s  
p r o b a b ly  t h e  r e a s o n  w h y  a f a l s e  c o n c lu s io n  ( s e e  E q . ( 2 . 1 . 6 ) )  
w as d ra w n  b y  v a n  de  W a te r in g  (1 9 6 6 )  i n  h i s  d e s c r i p t i o n  o f  t h e  
p r i n c i p a l  c o l l a p s e  s t a g e .
F ig u r e  6 . 2 . 3  show s th e  t r a n s i t i o n  f r o m  th e  p r i n c i p a l  c o l l a p s e  
s ta g e  t o  t h e  f i n a l  c o l l a p s e  s ta g e  f o r  e le v e n  e x p e r im e n ts  b y  
Wu ( 1 9 6 5 ) .  T h e  tw o  d i f f e r e n t  s ta g e s  a r e  n o te d  b y  t h e  s h a r p  
c h a n g e  o f  s lo p e  f r o m  1 /2  t o  1 /6  i n  t h e  l o g - l o g  p l o t  o f  g r o w th  
h i s t o r y  f o r  a h o r i z o n t a l l y  s p r e a d in g  f r o n t .  A l l  t h e  d a ta  a r e  f r o m
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F ig u r e  6 . 2 . 2  C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  ( t h e  i n i t i a l  a n d  th e  f i n a l  c o l la p s e  
s ta g e s )  f o r  s u b m e rg e d  d e n s i t y  s p r e a d in g  f r o n t  w i t h  e x p e r im e n t a l  r e s u l t s  
b y  v a n  de W a te r in g  (1 9 6 6 )  o n  a p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  
d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
F ig u r e  6 . 2 . 3  E le v e n  c a s e s  o f  g r o w th  h i s t o r y  f o r  s u b m e rg e d  d e n s i t y  s p re a d  f r o n t  d u e  t o
a p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  
D a ta  a r e  ta k e n  f r o m  F ig u r e s  1 0 ,  1 1 ,  a n d  12 o f  Wu ( 1 9 6 5 ) .  D e t a i l s  o f  
e x p e r im e n t a l  p a r a m e te r s  f o r  e a c h  c a s e  a r e  show n  i n  T a b le  6 . 2 . 1 .
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F ig u r e s  1 0 ,  1 1 ,  a n d  12 o f  Wu ( 1 9 6 5 ) .  D e t a i l s  o f  e x p e r im e n t a l  
p a r a m e te r s  f o r  e a c h  r u n  a r e  g i v e n  i n  T a b le  6 . 2 . 1 .
T h e  d a t a  sh o w n  i n  F ig u r e  6 . 2 . 3  a r e  n o r m a l iz e d  i n  tw o  w a y s .
One i s  sh o w n  i n  F ig u r e  6 . 2 . 4  a lo n g  w i t h  E q s . ( 6 . 2 . 5 )  a n d  ( 6 . 2 . 6 ) .  
T h e  o t h e r  i s  sh o w n  i n  F ig u r e  6 . 2 . 5  w i t h  E q s . ( 6 . 2 . 2 )  a n d  ( 6 . 2 . 3 ) .  
A l t h o u g h  th e  t h e o r e t i c a l  s o l u t i o n s  p r e d i c t  v e r y  w e l l  t h e  p o w e r  
la w s  o f  g r o w th  f o r  t h e  s u b m e rg e d  s p r e a d in g  r a t e  f o r  b o t h  i n i t i a l  
a n d  f i n a l  c o l l a p s e  s t a g e s ,  t h e r e  i s  som e d is c r e p a n c y  i n  th e  
m a g n i tu d e  o f  c o e f f i c i e n t s  i n  t h e  tw o  e q u a t io n s  ( 6 . 2 . 2 )  a n d  ( 6 . 2 . 3 ) .  
T h e  v a r i a t i o n s  i n  t h e  c o e f f i c i e n t  a r e  fo u n d  t o  d e p e n d  o n  th e  
i n i t i a l  s i z e  o f  t h e  m ix e d  r e g io n  a n d  t h e  R e y n o ld s  n u m b e r ReN
( f o r  d a ta  p r e s e n t a t i o n  t h e  k in e m a t i c  v i s c o s i t y  o f  t h e  s p r e a d in g  
f l u i d  i s  a ssu m e d  t o  b e  0 .0 1  cm2 / s e c  f o r  a l l  t h e  e le v e n  c a s e s ) .
A s  sh o w n  i n  F ig u r e  6 . 2 . 6  t h e  t h e o r e t i c a l  v a lu e  o f  t h e  c o e f f i c i e n t  
(√ 2 ) f o r  i n e r t i a l - b u o y a n c y  s p r e a d in g  i s  a n  u p p e r  l i m i t  f o r  th e  
e le v e n  e x p e r im e n t a l  r e s u l t s .  F o r  e a c h  i n i t i a l  s i z e  o f  h o m o g e n e o u s  
m ix e d  r e g io n  t h e  c o e f f i c i e n t  f o r  i n e r t i a l  s p r e a d in g  fo r m s  a 
c u r v e  w h ic h  i s  a s y m p t o t i c  t o  t h e  u p p e r  l i m i t  a t  t h e  lo w e r  
R e y n o ld s  n u m b e r ReN . A l t h o u g h  t h e r e  a r e  n o t  e n o u g h  d a ta  a v a i l a b l e  
t o  sh o w  th e  v a lu e  o f  R e y n o ld s  n u m b e r w h e re  t h e  i n t e r c e p t  t o  th e  
u p p e r  l i m i t  o c c u r s ,  som e id e a  c a n  b e  g a in e d  f r o m  F ig u r e  6 . 2 . 6 .
T h e  l a r g e r  t h e  i n i t i a l  s i z e ,  t h e  l a r g e r  t h e  i n t e r c e p t  R e y n o ld s  
n u m b e r w i l l  b e .  S i m i l a r  r e s u l t s  a r e  a l s o  s e e n  i n  F ig u r e  6 . 2 . 7  
f o r  t h e  c o e f f i c i e n t  f o r  t h e  f i n a l  c o l l a p s e  s t a g e .  T h e  o n l y  
d i f f e r e n c e  i s  t h a t  t h e  t h e o r e t i c a l  v a lu e  f o r  t h e  v is c o u s - b u o y a n c y
T a b le  6 . 2 . 1  E x p e r im e n t a l  p a r a m e te r s  r e l a t e d  t o  F ig u r e s  6 . 2 . 3 ,  6 . 2 . 4 ,  6 . 2 . 5 ,  6 . 2 . 6 ,  a n d  6 . 2 . 7 ,
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F ig u r e  6 . 2 . 4  A p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  ( t h e  p r i n c i p a l  a n d  th e  f i n a l  c o l la p s e  
s ta g e s )  f o r  s u b m e rg e d  d e n s i t y  s p r e a d in g  f r o n t  w i t h  e x p e r im e n t a l  r e s u l t s  b y  
Wu ( 1 9 6 5 ) .
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F ig u r e  6 . 2 . 5  A p la n e  m ix e d  r e g io n  c o l l a p s i n g  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  f o r  s u b m e rg e d  d e n s i t y  s p r e a d in g  f r o n t  ( t h e  
i n e r t i a l - b u o y a n c y  a n d  th e  v is c o u s - b u o y a n c y  r e g io n s )  w i t h  e x p e r im e n t a l  r e s u l t s  
b y  Wu ( 1 9 6 5 ) .
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F ig u r e  6 . 2 . 6  C o e f f i c i e n t  o f  th e  p r i n c i p a l  c o l l a p s e  s ta g e  ( t h e  i n e r t i a l - b u o y a n c y  s u b m e rg e d  
s p r e a d )  a s  a f u n c t i o n  o f  R e y n o ld s  n u m b e r ReN a n d  th e  i n i t i a l  r a d iu s  o f  
s e m i - c i r c u l a r  o r  c i r c u l a r  m ix e d  r e g io n .
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F ig u r e  6 . 2 . 7  C o e f f i c i e n t  o f  th e  f i n a l  c o l l a p s e  s ta g e  ( t h e  v is c o u s - b u o y a n c y  s u b m e rg e d  
s p r e a d )  as  a f u n c t i o n  o f  R e y n o ld s  n u m b e r ReN a n d  th e  i n i t i a l  s i z e  o f  
s e m i - c i r c u l a r  o r  c i r c u l a r  m ix e d  r e g io n .
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s p r e a d in g  c o e f f i c i e n t  i s  a lm o s t  a t  t h e  m id d le  v a lu e  o f  t h e  
e x p e r im e n t a l  r e s u l t s .
O th e r  e x p e r im e n t a l  d a ta  f o r  c o m p a r is o n  w i t h  t h e  t h e o r e t i c a l  
s o l u t i o n s  f o r  t h e  f i n a l  c o l l a p s e  s ta g e  a r e  ta k e n  f r o m  T a b le s  1 and  
2 o f  Wu ( 1 9 6 5 ) .  T h e  v a lu e  o f  u p p e r  t a n g e n t  p o i n t s  o f  t h e  p r i n c i p a l  
c o l l a p s e  s ta g e  a r e  r e - c a l c u l a t e d  a n d  p l o t t e d  i n  F ig u r e  6 . 2 . 8 .  
( D e t a i l s  o f  t h e  r e - c a l c u l a t i o n  a r e  g iv e n  i n  T a b le  6 . 2 . 2 . )
E q u a t io n  ( 6 . 2 . 6 )  o b v i o u s l y  i s  a n  u p p e r  l i m i t  f o r  a l l  26 e x p e r im e n t a l  
p o i n t s .
S e v e r a l  n u m e r ic a l  c a l c u l a t i o n s  w e re  p e r fo r m e d  u s in g  v a r i o u s  
m e th o d s  b y  C e r a s o l i  ( 1 9 7 8 ) ,  D u g a n  e t  a l .  ( 1 9 7 6 ) ,  M eng ( 1 9 7 8 ) ,  
P a d m a n a b h a n  e t  a l .  ( 1 9 7 0 ) ,  W e s s e l ( 1 9 6 9 ) ,  a n d  Y o u n g  a n d  H i r t  ( 1 9 7 2 ) .  
A l l  i n v e s t i g a t o r s  c l a im  t h a t  t h e i r  n u m e r ic a l  r e s u l t s  a r e  
i n  a g re e m e n t w i t h  t h e  e x p e r im e n t a l  r e s u l t s  b y  Wu ( 1 9 6 5 , 1 9 6 9 ) ,  
a l t h o u g h  o n l y  Y o u n g  a n d  H i r t  (1 9 7 2 )  g i v e  a l l  t h e  d e t a i l s  o f  t h e  
n u m e r ic a l  p a r a m e te r s  a s  sh o w n  i n  T a b le  6 . 2 . 3 .  M o s t  r e s u l t s  o f  
t h e  n u m e r ic a l  s t u d i e s  p r e d i c t  v a lu e s  lo w e r  th a n  th e  t h e o r e t i c a l  
s o l u t i o n  i n  t h e  i n e r t i a l - b u o y a n c y  s p r e a d  r e g i o n ,  w i t h  t h e  e x c e p t io n  
o f  t h e  s t u d y  b y  P a d m a n a b h a n  e t  a l .  ( 1 9 7 0 ) ,  a s  sh o w n  i n  F ig u r e  6 . 2 . 9 .  
T h e re  i s  n o  w a y  t o  c o m p a re  t h e  n u m e r ic a l  r e s u l t s  w i t h  t h e  
e x p e r im e n t a l  r e s u l t s  o b t a in e d  b y  Wu ( 1 9 6 5 ,1 9 6 9 )  f o r  t h e  p r i n c i p a l  
o r  t h e  f i n a l  c o l l a p s e  s t a g e ,  s in c e  i n f o r m a t i o n  s u c h  a s  t h e  
i n i t i a l  s i z e  a n d  t h e  R e y n o ld s  n u m b e r ReN a r e  n o t  g i v e n .  T he  
i n e r t i a l - b u o y a n c y  s p r e a d  c o e f f i c i e n t  c a l c u la t e d  b y  Y o u n g  a n d  H i r t  
(1 9 7 2 )  i s  a ro u n d  0 .9 8  f o r  t h e  R e y n o ld s  n u m b e r ReN = 3 0 1  a n d  th e
F ig u r e  6 . 2 . 8  P la n e  m ix e d  r e g io n  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t :  c o m p a r is o n  
o f  t h e o r e t i c a l  s o l u t i o n  w i t h  e x p e r im e n t a l  r e s u l t s  b y  Wu ( 1 9 6 5 ) ,  f o r  an  
i n t e r f l o w i n g  f r o n t  i n  th e  f i n a l  c o l l a p s e  s t a g e .  D e t a i l  o f  r e - c a l c u l a t i o n  
i s  show n  i n  F ig u r e  6 . 2 . 2 .
333
334
T a b le  6 . 2 . 2  R e - c a l c u l a t i o n  o f  e x p e r im e n t a l  d a t a  f o r  t h e  f i n a l  c o l l a p s e  
s ta g e  o f  a  p la n e  m ix e d  r e g i o n  i n  a  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t .  D a ta  a r e  t a k e n  f r o m  t h e  u p p e r  
t a n g e n t  p o i n t s  o f  p r i n c i p a l  c o l l a p s e  s ta g e  i n  T a b le s  1 
a n d  2 o f  Wu ( 1 9 6 5 ) .
T a b le  6 . 2 . 3  P a ra m e te rs  o f  n u m e r ic a l  c a l c u l a t i o n s  r e l a t e d  t o  F ig u r e  6 . 2 . 9 .
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F ig u r e  6 . 2 . 9  C o m p a r is o n  o f  t h e o r e t i c a l  s o l u t i o n s  w i t h  p r e v io u s  n u m e r ic a l  c a l c u l a t i o n s  
b y  s e v e r a l  i n v e s t i g a t o r s  as  show n  i n  T a b le  6 . 2 . 3 .
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i n i t i a l  r a d iu s  o f  c i r c u l a r  s e c t i o n  Ro =  1 5 .6  cm . I t  c a n  b e  s e e n
t h a t  i t  i s  a  l i t t l e  lo w e r  t h a n  th e  e x p e r im e n t a l  r e s u l t s  b y  Wu 
g iv e n  i n  F ig u r e  6 . 2 . 6 .  T h re e  c a s e s  o f  t r a n s i t i o n  f r o m  th e  
p r i n c i p a l  c o l l a p s e  s ta g e  t o  t h e  f i n a l  c o l l a p s e  s ta g e  w e re  
g iv e n  b y  P a d m a n a b h a n  e t  a l .  (1 9 7 0 )  a n d  D u g a n  e t  a l .  ( 1 9 7 6 ) .  
U n f o r t u n a t e l y ,  n o  c o m p a r is o n  b e tw e e n  t h e o r e t i c a l  a n d  e x p e r im e n t a l  
r e s u l t s  i n  t h e  f i n a l  c o l l a p s e  s ta g e  i s  p o s s i b l e ,  s in c e  th e  
v a lu e  o f  i n i t i a l  s i z e  o f  m ix e d  r e g io n  w as n o t  g i v e n .  S i m i l a r l y ,  
t h e r e  i s  i n s u f f i c i e n t  i n f o r m a t i o n  a v a i l a b l e  a b o u t  t h e  e x p e r im e n ts  
r e p o r t e d  b y  Amen a n d  M a x w o r th y  (1 9 8 0 )  t o  c o m p a re  t h e i r  r e s u l t s  
w i t h  t h e  p r e s e n t  t h e o r i e s .
6 . 2 . 2  P la n e  S u b m e rg e d  C u r r e n t  f r o m  C o n t in u o u s  S te a d y  D is c h a r g e  
F ro m  t h e  t h e o r e t i c a l  r e s u l t s  a n d  d im e n s io n a l  a rg u m e n ts  
o f  C h a p te r  3 ,  i t  i s  k n o w n  t h a t  i n  t h e  a b s e n c e  o f  a n y  d i f f u s i o n  
e f f e c t s  t h e r e  a r e  t h r e e  p o s s i b le  s u c c e s s iv e  g r o w th  r a t e s  f o r  a 
s u b m e rg e d  i n t r u s i o n  f r o n t  d u e  t o  a h o r i z o n t a l  s l o t  b u o y a n t  j e t  
d i s c h a r g in g  i n t o  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
T h e s e  t h r e e  s ta g e s  a r e :
( I )  S t a r t i n g  J e t
( 6 . 2 . 1 4 )
( 6 . 2 . 1 3 )
( I I )  I n e r t i a l  S t a r t i n g  P lu m e  ( o r  I n e r t i a l - B u o y a n c y  B a la n c e d  
S p r e a d ) , B1  = NQ,
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( I I I )  V i s c o u s  S t a r t i n g  P lu m e  ( o r  V is c o u s - B u o y a n c y  B a la n c e d  
S p re a d )
( 6 . 2 . 1 5 )
I t  s h o u ld  b e  n o te d  t h a t  n o t  a l l  t h r e e  s ta g e s  o f  s p r e a d in g
a r e  n e c e s s a r i l y  p r e s e n t  i n  a n y  g iv e n  d is c h a r g e  s i t u a t i o n .  A ls o ,
e n d  w a l l  e f f e c t s  m ay m o d i f y  th e s e  r e s u l t s .  T h e  r e s u l t s  d e p e n d
o n  t h r e e  d im e n s io n le s s  p a r a m e te r s .  T h e  f i r s t  i s  t h e  R ic h a r d s o n
n u m b e r ,  R i j = N h j / u j , w h ic h  i s  u s e d  t o  c l a s s i f y  w h e th e r  t h e  
s t a r t i n g  f l o w  i s  a  s t a r t i n g  j e t  o r  a  s t a r t i n g  p lu m e .  T h e  s e c o n d
i s  t h e  R e y n o ld s  n u m b e r ,  R e j = Q /v s , w h ic h  i s  u s e d  t o  d e te r m in e
w h e th e r  t h e  d is c h a r g e  f l o w  i s  t u r b u l e n t  o r  l a m in a r  i n i t i a l l y .
T h e  t h i r d  i s  a l s o  a  R e y n o ld s  n u m b e r ,  ReV = (N Q )1 / 2 h j / v s , w h ic h  
i s  u s e d  t o  d e te r m in e  w h e th e r  t h e r e  e x i s t s  a n  i n e r t i a l  p lu m e  re g im e  
o r  n o t .  E x c lu d in g  t h e  c a s e  o f  a s t a r t i n g  l a m in a r  j e t ,  a l l  
t h r e e  s ta g e s  o f  s p r e a d in g  f r o n t  e x i s t  o n l y  w h e n  t h e  i n i t i a l  
d is c h a r g e  R ic h a r d s o n  n u m b e r R i j  i s  r a t h e r  s m a l l  a n d  tw o  R e y n o ld s  
n u m b e rs ,  Rej  a n d  Rev , a r e  s im u l t a n e o u s ly  l a r g e .  I f  t h e  d is c h a r g e  
R ic h a r d s o n  n u m b e r , R i j , i s  l a r g e  a n d  th e  tw o  R e y n o ld s  n u m b e rs  a r e  
b o t h  s m a l l ,  t h e r e  w i l l  e x i s t  o n l y  t h e  v i s c o u s  s t a r t i n g  p lu m e  s ta g e  
( o r  m o re  p r e c i s e l y ,  w h e n  R1 / ℓ QM i s  v e r y  s m a l l ,
T h e re  a r e  tw o  o t h e r  c o m b in a t io n s  o f  t h e s e  t h r e e  p a r a m e te r s  
f o r  t h e  tw o  o t h e r  f l o w  p a t t e r n s .  T h e  d e t a i l s  a r e  g i v e n  i n  T a b le  6 . 2 . 4 .
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T a b le  6 . 2 . 4  F o u r  f l o w  p a t t e r n s  f o r  a p la n e  i n t r u s i o n  l a y e r  d u e  t o  
d i f f e r e n t  c o m b in a t io n s  o f  t h r e e  d im e n s io n le s s  n u m b e rs .
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T h e s e  t h r e e  d im e n s io n le s s  n u m b e rs  a r e  u s e f u l  i n  p r e d i c t i n g  
t h e  f o u r  p o s s i b le  d i f f e r e n t  g r o w th  h i s t o r i e s  o f  t h e  p la n e  i n t r u s i o n  
l a y e r .  I t  i s  e a s i l y  s e e n  w h y  t h r e e  k in d s  o f  g r o w th  r a t e  w e re  
o b s e r v e d  b y  M a n in s  (1 9 7 6 a ) ,  M a x w o r th y  ( 1 9 7 2 ) ,  Z u lu a g a - A n g e l  e t  a l .
(1 9 7 2 )  u n d e r  d i f f e r e n t  c o m b in a t io n s  o f  t h e  t h r e e  p a r a m e te r s .  I n  
a n  a n a lo g o u s  w a y , Im b e r g e r  e t  a l .  (1 9 7 6 )  sh o w e d  w h y  tw o  d i f f e r e n t  
g r o w th  r a t e s  o c c u r r e d  w i t h  a  s e l e c t i v e  w i t h d r a w a l  t h e o r y  w i t h  
n o  d i f f u s i o n  e f f e c t s .
A s  sh o w n  i n  T a b le  6 . 2 . 5  t h r e e  s e t s  o f  e x p e r im e n ts  b y  M a n in s ,
M a x w o r th y ,  a n d  Z u lu a g a - A n g e l  e t  a l .  h a v e  a lm o s t  t h e  sam e r a n g e  o f  v o lu m e
f l u x  Q , as  d o e s  t h e  d is c h a r g e  R e y n o ld s  n u m b e r R e j = Q /v s , s in c e
t h e  v a r i a t i o n  o f  k in e m a t i c  v i s c o s i t y  o f  d is c h a r g e  f l u i d  i s  r a t h e r
s m a l l .  H o w e v e r ,  t h e  d is c h a r g e  s l o t  t h i c k n e s s  2 h j  a n d  th e
B r u n t - V ä i s ä lä  f r e q u e n c y ,  N , o f  t h e  a m b ie n t  s t r a t i f i c a t i o n ,  d i d
v a r y  o n e  o r d e r  o f  m a g n i tu d e .  C o n s e q u e n t ly ,  t h e  d is c h a r g e
R ic h a r d s o n  n u m b e r , R i j = N h j / u j = 2 N h j 2 /Q ,  i n  th e s e  t h r e e  s e t s
o f  e x p e r im e n ts  h a s  a w id e  r a n g e  o f  v a r i a t i o n  a n d  c o v e r s  t h r e e  
o r d e r s  o f  m a g n i tu d e .
A s sh o w n  i n  F ig u r e  6 . 2 . 1 0 ,  M a n in s  (1 9 7 6 a )  o b s e r v e d  t h a t  th e  
l e n g t h  o f  t h e  i n t r u s i o n  l a y e r  in c r e a s e d  i n  p r o p o r t i o n  w i t h  t im e  t  
i n  m o s t  o f  h i s  e x p e r im e n t s .  I n  som e c a s e s ,  s u c h  as  i n  e x p e r im e n ts  
A , B , C , G , a n d  H , t h e  l a y e r  d e c e le r a t e d  t o  g ro w  w i t h  t 5 / 6  a t  
t h e  l a r g e r  t im e s .  A s  g iv e n  i n  F ig u r e  6 . 2 . 1 1 ,  M a x w o r th y  (1 9 7 2 )
r e p o r t e d  t h a t  t h e  l e n g t h  o f  i n t r u s i o n  l a y e r  i n c r e a s e d  w i t h  t 5 / 6 ,
T a b le  6 . 2 . 5  Sum m ary o f  e x p e r im e n t a l  p a r a m e te r s  f o r  s u b m e rg e d  p la n e  i n t r u s i o n  l a y e r  p r o p a g a t io n  i n  a 
l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  d u e  t o  a  h o r i z o n t a l  s l o t  b u o y a n t  j e t  d is c h a r g e  
a t  i t s  n e u t r a l  l e v e l .
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F ig u r e  6 . 2 . 1 0  G ro w th  h i s t o r y  o f  a n  i n e r t i a l  s t a r t i n g  p lu m e  o b s e r v e d  
b y  M a n in s  ( 1 9 7 6 a ) . D e t a i l s  o f  e x p e r im e n t a l  p a r a m e te r s  
a r e  g i v e n  i n  T a b le  6 . 2 . 6 .
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T a b le  6 . 2 . 6  E x p e r im e n t a l  d a ta  f o r  p la n e  i n t r u s i v e  l a y e r  s p r e a d in g  
r e l a t e d  t o  F ig u r e s  6 . 2 . 1 0 ,  6 . 2 . 1 1 ,  6 . 2 . 1 2 ,  6 . 2 . 1 5 ,  
6 . 2 . 1 6 ,  a n d  6 . 2 . 1 7 .
F ig u r e  6 . 2 . 1 1  G ro w th  h i s t o r y  o f  v is c o u s  p lu m e  o b s e rv e d  b y  M a x w o r th y  ( 1 9 7 2 ) .  D e t a i l s  o f  
e x p e r im e n t a l  p a r a m e te r s  a r e  g iv e n  i n  T a b le  6 . 2 . 6 .
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e s p e c i a l l y  a t  th e  lo w e r  s o u r c e  f l o w  r a t e .  He fo u n d  a l s o  t h a t  i t  
g ro w s  p r o p o r t i o n a l l y  w i t h  t w o - t h i r d s  p o w e r  o f  d is c h a r g e  r a t e ,  i . e .  
Q2 / 3 . T he  i n t r u s i o n  l a y e r  t h i c k n e s s ,  a f t e r  a n  i n t e n s i v e  m ix in g  
n e a r  t h e  s o u r c e  p o i n t ,  i n c r e a s e d  a s  t 1 / 6 , w h ic h  i s  p r e d i c t e d  b y  
t h e  f o r c e  s c a le  a n a l y s i s  a n d  a l s o  b y  t h e  v i s c o u s  lo n g  w a v e  t h e o r y .
I n  t h e  e x p e r im e n ts  b y  Z u lu a g a - A n g e l  e t  a l .  ( 1 9 7 2 ) ,  no  
d is c h a r g e  R ic h a r d s o n  n u m b e r , R i j  w as  a b o v e  0 . 0 1 .  I t  i s  t h e r e f o r e  
t o  b e  e x p e c te d  t h a t  t h e  d is c h a r g e  f l u i d  w o u ld  u n d e rg o  i n t e n s i v e  
j e t  m ix in g  o n  e n t e r in g  t h e  s t r a t i f i e d  t a n k ,  j u s t  a s  i n  t h e  c a s e  
o f  t h e  h i g h e r  f l o w  r a t e  e x p e r im e n ts  b y  M a x w o r th y  ( 1 9 7 2 ) .  The 
i n t r u s i o n  l a y e r  l e n g t h  w o u ld  t h e n  h a v e  a t  l e a s t  tw o  k in d s  o f  
s p r e a d in g  h i s t o r y  b e f o r e  m e e t in g  t h e  e n d  w a l l  o f  t a n k .  T h a t  
i s  t o  s a y  t h a t  t h e  i n t r u s i o n  l a y e r  w o u ld  in c r e a s e  w i t h  t 2 / 3 a t  
f i r s t  c o r r e s p o n d in g  t o  t h e  s t a r t i n g  t u r b u l e n t  j e t  r e g i o n ,  a n d  
t h e n  w i t h  t  a n d  t 5 / 6  f o r  b o th  t h e  i n e r t i a l  a n d  th e  v i s c o u s  p lu m e  
r e g i o n .  T he  c r i t e r i o n  t o  d e te r m in e  w h ic h  f l o w  p a t t e r n  w o u ld  
o c c u r  b e tw e e n  th e  tw o  p o s s i b i l i t i e s  i n  th e  l a t t e r  s ta g e  i s  t h e  
p lu m e  R e y n o ld s  n u m b e r Rev , a s  d e f i n e d  p r e v i o u s l y .
A s sh o w n  i n  T a b le  6 . 2 . 5  t h e  R e y n o ld s  n u m b e rs  ReV i n  th e  
e x p e r im e n ts  p e r fo r m e d  b y  Z u lu a g a - A n g e l  e t  a l .  (1 9 7 2 )  a r e  r a t h e r  
s m a l l ,  0 ( 1 )  i n  m a g n i tu d e ,  w h e re a s  M a x w o r t h y 's  a r e  0 ( 1 0 )  a n d  
M a n in s '  o r d e r  0 ( 1 0 0 ) .  C l e a r l y ,  i t  i s  n o t  e a s y  f o r  a n  i n e r t i a l  
s t a r t i n g  p lu m e  r e g io n  ( i . e .  a n  i n e r t i a l - b u o y a n c y  s p r e a d in g )  t o  
e x i s t  b e h in d  t h e  s t a r t i n g  j e t  r e g io n  i n  th o s e  e x p e r im e n ts  b y
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Z u lu a g a - A n g e l  e t  a l .  A s sh o w n  i n  F ig u r e  6 . 2 . 1 2 ,  m o s t o f  t h e i r  
e x p e r im e n ts  h a v e  tw o  s ta g e s  o f  s p r e a d ,  i . e .  t 2 / 3 a n d  th e n  t 5 / 6 , 
e x c e p t  f o r  R un N o . R - 9 .  T h e  t h r e e - q u a r t e r s  p o w e r  o f  t im e  
r e p o r t e d  b y  Z u lu a g a - A n g e l  e t  a l .  m ay b e  d u e  t o  t h e  f a c t  t h a t  
t h e  a v e r a g e  v a lu e  o f  t im e  p o w e r  b e tw e e n  t w o - t h i r d s  a n d  f i v e - s i x t h s  
w as  t a k e n  i n  o r d e r  t o  c o v e r  t h e  tw o  d i f f e r e n t  r e g io n s  o f  f l o w .
A c c o r d in g  t o  t h e  t h r e e  e x p e r im e n t a l  p a r a m e te r s  l i s t e d  i n  
T a b le  6 . 2 . 6 ,  t h e  v i s c o u s  s t a r t i n g  p lu m e  r e g io n  s h o u ld  h a v e  
a p p e a re d  a f t e r  t h e  i n e r t i a l  s t a r t i n g  p lu m e  i n  M a n in s '  e x p e r im e n t ,  
h o w e v e r ,  h i s  e x p e r im e n ts  w e re  l i m i t e d  b y  t h e  a v a i l a b l e  l e n g t h  
o f  t a n k .  T h is  i s  a p p a r e n t l y  t h e  r e a s o n  w h y  o n l y  o n e  i n e r t i a l  
p lu m e  w as o b s e r v e d  b y  M a n in s  i n  m o s t  o f  h i s  e x p e r im e n t s .  A l t h o u g h  
a s l i g h t l y  l o n g e r  c h a n n e l  w as  u s e d  b y  M a x w o r th y ,  o n l y  t h e  l a r g e r  
t im e  r e c o r d  w as p r e s e n t e d .  I t  c a n  b e  s u r m is e d  t h a t  t h e r e  w e re  
a ls o  tw o  p o s s i b le  f l o w  p a t t e r n s  w h ic h  e x i s t e d  b e f o r e  t h e  v i s c o u s  
p lu m e  r e g io n  fo u n d  b y  M a x w o r th y .
A c o m p a r is o n  o f  t h e  e x p e r im e n t a l  r e s u l t s  b y  M a n in s  w i t h  th e  
c o n s t a n t  p r o p a g a t io n  v e l o c i t y  i n e r t i a l  i n t r u s i o n  f r o n t  s i m i l a r i t y  
s o l u t i o n  ( n  = 0 a n d  m  = i  = 1 )  i s  g i v e n  i n  F ig u r e  6 . 2 . 1 3 .  I n  
F ig u r e  6 . 2 . 1 4  th e  i n t r u s i o n  l a y e r  t h i c k n e s s  n e a r  th e  s o u r c e  p o i n t  
i s  c o m p a re d  w i t h  th e  s e l f - s i m i l a r  s o l u t i o n ,  i . e .
( 6 . 2 . 1 6 )
F ig u r e  6 . 2 . 1 2  G ro w th  h i s t o r y  f o r  s u b m e rg e d  p la n e  h o r i z o n t a l  s t a r t i n g  b u o y a n t  j e t s  
o b s e rv e d  b y  Z u lu a g a - A n g e l  e t  a l .  ( 1 9 7 2 ) .  D e t a i l s  o f  e x p e r im e n t a l  
p a r a m e te r s  a r e  g iv e n  i n  T a b le  6 . 2 . 6 .
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F ig u r e  6 . 2 . 1 3  I n t r u s i o n  f r o n t  v e l o c i t y  a s  a f u n c t i o n  o f  b u o y a n c y  
f l u x  B 1  =  NQ. E x p e r im e n t a l  d a ta  a r e  t a k e n  f r o m  
M a n in s  ( 1 9 7 6 a ) ,  O , N2 = 3 . 5 ;  □ ,  N2 = 7 . 0 ;  Δ , N2 = 1 . 4 0 .
F ig u r e  6 . 2 . 1 4  S e l f - s i m i l a r  d i s t r i b u t i o n  o f  i n t r u s i o n  l a y e r  h a l f ­
t h i c k n e s s  n e a r  t h e  s o u r c e .  E x p e r im e n t a l  d a ta  a r e  
t a k e n  f r o m  M a n in s  ( 1 9 7 6 a ) , O , N 2 = 3 . 5 ;  □ ,  N2  =  7 . 0 ;  
Δ , N2 = 1 4 . 0 .
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w h e re  Η ( 0 )  i s  e q u a l  t o  1 .  T h a t  i s  t o  s a y ,  t h e  i n t r u s i o n  n o s e  
v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  p r o d u c t  o f  t h e  t h i c k n e s s  n e a r  
t h e  s o u r c e  p o i n t  a n d  t h e  B r u n t - V ä i s ä lä  f r e q u e n c y  o f  t h e  a m b ie n t  
s t r a t i f i c a t i o n .  T he  v a lu e s  o f  v o lu m e  f l u x  Q u s e d  i n  F ig u r e s  6 . 2 . 1 3  
a n d  6 . 2 . 1 4  a r e  t h e  Qc  c o m p u te d  b y  M a n in s  f r o m  th e  a c t u a l  f l o w  
p a t t e r n s ,  r a t h e r  th a n  a n  i n i t i a l  d is c h a r g e  v a lu e  Q. T h e  d i s c r e p a n c y  
sh o w n  i n  t h e  tw o  f i g u r e s  b e tw e e n  th e  e x p e r im e n ts  a n d  t h e o r e t i c a l  
v a lu e  m ay t h e r e f o r e  b e  d u e  t o  t h e  s m a l l  a m o u n t o f  j e t  m ix in g  
n e a r  th e  s o u r c e  p o i n t .  T h e s e  e r r o r s  c a n  b e  s e e n  m o re  c l e a r l y  f r o m  
th e  d i r e c t  c a l c u l a t i o n  o f  t h e  c o e f f i c i e n t s  i n  E q . ( 6 . 2 . 1 4 ) .
I n  F ig u r e  6 . 2 . 1 5  i s  g iv e n  th e  i n e r t i a l  s t a r t i n g  p lu m e  
c o e f f i c i e n t ,  R ( t ) / (N Q )1 / 2 t , w h ic h  i s  e x p r e s s e d  a s  a  f u n c t i o n  o f  
d is c h a r g e  R ic h a r d s o n  n u m b e r R i j . T w e n ty  d a ta  p o i n t s  a r e  a s y m p t o t i c  
t o  th e  t h e o r e t i c a l  v a lu e  √ 2 /2  a t  t h e  h ig h e r  v a lu e  o f  R ic h a r d s o n  
n u m b e r . S i g n i f i c a n t  d i s c r e p a n c ie s  o c c u r  a t  th e  lo w e r  R ic h a r d s o n  
n u m b e rs . T h is  i s  l o g i c a l  b e c a u s e  m o re  j e t - l i k e  f l o w s  a t  lo w e r  
R ic h a r d s o n  n u m b e rs  w i l l  in d u c e  m o re  j e t  m ix in g  n e a r  th e  d is c h a r g e  
p o i n t  so  t h a t  l a r g e r  v a lu e s  o f  c o e f f i c i e n t s  w i l l  r e s u l t .
A s i m i l a r  e x p la n a t io n  c a n  b e  a p p l ie d  t o  t h e  v a lu e  o f  t h e  
v i s c o u s  s t a r t i n g  p lu m e  c o e f f i c i e n t .  A s  sh ow n  i n  F ig u r e  6 . 2 . 1 6 ,  
th e  tw o  g ro u p s  o f  d a ta  a r e  b o t h  a s y m p t o t i c  t o  a  common v a lu e  
a ro u n d  0 .4 9 9  a t  a h ig h e r  R ic h a r d s o n  n u m b e r . T h e  tw o  g r o u p s  o f  
d a ta  a r e  s e p a r a t e d  b y  t h e  d im e n s io n le s s  n u m b e r ReV , w h ic h  i s  
t h e  p r o d u c t  o f  t h e  R e y n o ld s  n u m b e r R ej  a n d  th e  s q u a r e  r o o t  o f
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F ig u r e  6 . 2 . 1 5  T he  p la n e  s u b m e rg e d  f r o n t  v e l o c i t y  d u e  t o  a s t a r t i n g  h o r i z o n t a l  s l o t  
b u o y a n t  j e t  d is c h a r g e  a t  i t s  n e u t r a l  l e v e l  i n  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t .  T h e  r e l e v a n t  e x p e r im e n t a l  p a r a m e te r s  a r e  
g iv e n  i n  T a b le s  6 . 2 . 5  a n d  6 . 2 . 6 .
F ig u r e  6 . 2 . 1 6  T he  c o e f f i c i e n t  o f  s u b m e rg e d  p la n e  v is c o u s  s t a r t i n g  p lu m e  ( o r  s u b m e rg e d  v i s c o u s -  
b u o y a n c y  s p r e a d )  e x p r e s s e d  a s  a f u n c t i o n  o f  d is c h a r g e d  R ic h a r d s o n  n u m b e r R i j 
and  v is c o u s  p lu m e  R e y n o ld s  n u m b e r Rev . E x p e r im e n t a l  p a r a m e te r s  g iv e n  i n   
T a b le  6 . 2 . 6 .  
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R ic h a r d s o n  n u m b e r R i j . T h e y  a r e  a c t u a l l y  s e p a r a t e d  b y  th e  
R ic h a r d s o n  n u m b e r , s i n c e  m o s t o f  t h e  tw o  s e t s  o f  e x p e r im e n ts  
c o v e r  a lm o s t  t h e  sam e r a n g e  o f  R e y n o ld s  n u m b e r Rej . T h e  i n e r t i a l  
e f f e c t s  o n  t h e  v i s c o u s  i n t r u s i o n  l a y e r  s p r e a d in g  c a n  b e  s e e n  
m o re  c l e a r l y  i n  F ig u r e  6 . 2 . 1 7 .
I n  F ig u r e  6 . 2 . 1 8  i t  i s  s e e n  t h e  s t a r t i n g  j e t  c o e f f i c i e n t  
d e c r e a s e s  w i t h  i n c r e a s in g  R ic h a r d s o n  n u m b e r . T h e  e le v e n  d a ta  
p o i n t s ,  w h ic h  a r e  ta k e n  f r o m  Z u lu a g a - A n g e l  e t  a l . , a r e  a s y m p t o t i c  
t o  a c o n s t a n t  v a lu e  o f  a ro u n d  1 .9 0  a t  a lo w e r  R ic h a r d s o n  n u m b e r .
F ig u r e  6 . 3 . 1 9 ( a )  p r e s e n t s  th e  t y p i c a l  v i s c o u s  s p r e a d in g  
l a y e r  p r o f i l e  a t  e a c h  t im e  o f  m e a s u re m e n t as  r e c o r d e d  b y  
Z u lu a g a - A n g e l  e t  a l .  T h e  d a ta  h a v e  a  s e l f - s i m i l a r  p r o f i l e  as  
sh o w n  i n  F ig u r e  6 . 3 . 1 9 ( b ) .  T h e  n o r m a l i z in g  t h i c k n e s s  i s  
( v s R R /N 2 ) 1 / 4 , a n d  t h e  h o r i z o n t a l  d i s t a n c e  i s  n o r m a l iz e d  b y  
t h e  f r o n t a l  l e n g t h  R ( t )  e a c h  t im e .  S in c e  t h e  f r o n t a l  v e l o c i t y  
w as n o t  m e a s u re d  b y  Z u lu a g a - A n g e l  e t  a l . , t h e  v a lu e  i s  o b t a in e d  
b y  d i f f e r e n t i a t i n g  t h e  f r o n t a l  p o s i t i o n  f u n c t i o n ,  i . e .
i n  w h ic h  c i s  t h e  c o e f f i c i e n t  i n  E q . ( 6 . 2 . 1 5 ) .  T h e r e f o r e ,  th e  
t i m e - v a r y in g  t h i c k n e s s  c a n  b e  c o m p u te d  d i r e c t l y  w i t h  t im e  t  a n d  
t h e  u n k n o w n  d is c h a r g e  a n d  a m b ie n t  c o n d i t i o n s ,  i . e .
( 6 . 2 . 1 7 )
F ig u r e  6 . 2 . 1 7  T h e  c o e f f i c i e n t  f o r  a  s u b m e rg e d  p la n e  v is c o u s  s t a r t i n g  p lu m e  e x p r e s s e d  a s  a 
f u n c t i o n  o f  R1 / ℓ QM. S y m b o ls  a r e  d e f in e d  i n  T a b le  6 . 2 . 7 .
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T a b le  6 . 2 . 7  C a l c u l a t i o n  o f  t h e  c o e f f i c i e n t  o f  d is p la c e m e n t  f o r  
a s u b m e rg e d  p la n e  v i s c o u s  s t a r t i n g  p lu m e  a s  s h o w n  
i n  F ig u r e  6 . 2 . 1 7 .
F ig u r e  6 . 2 . 1 8  T h e  c o e f f i c i e n t  o f  s p r e a d in g  f o r  a s u b m e rg e d  p la n e  s t a r t i n g  j e t  e x p r e s s e d  a s  a 
f u n c t i o n  o f  d is c h a r g e  R ic h a r d s o n  n u m b e r R i j , d a ta  f r o m  T a b le  6 . 2 . 7 .
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F ig u r e  6 . 2 . 1 9 ( a )  V is c o u s  i n t r u s i o n  l a y e r  p r o f i l e s  a t  e a c h  t im e
t .  D a ta  a r e  t a k e n  f r o m  e x p e r im e n t  N o . R - 11  i n  
T a b le  4 o f  Z u lu a g a - A n g e l  e t  a l .  ( 1 9 7 2 ) .
F ig u r e  6 . 2 . 1 9 ( b )  S e l f - s i m i l a r  t h i c k n e s s  d i s t r i b u t i o n  o f  v i s c o u s
i n t r u s i o n  l a y e r .  S o l i d  c u r v e  i s  t h e  v is c o u s  
lo n g  w a v e  s o l u t i o n  ( 3 r d  o r d e r )  d e r i v e d  i n  
S u b s e c t io n  3 . 3 . 5 .
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( 6 . 2 . 1 8 )
U s in g  t h i s  schem e  th e  f o u r  p r o f i l e s  a t  e a c h  t im e  c o l l a p s e  i n t o  a 
s e l f - s i m i l a r  c u r v e .  T h e  t h e o r e t i c a l  p r o f i l e  Η ( ξ )  c a l c u la t e d  
f r o m  th e  s e c o n d - o r d e r  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n  
i n  S u b s e c t io n  3 . 3 . 5 ,
w i t h  b o u n d a r y  c o n d i t i o n  H ( 1 ) = 0 i s  sh o w n  b y  s o l i d  c u r v e .
T he  h ig h e r  v a lu e s  g iv e n  b y  t h e  e x p e r im e n t a l  c u r v e  m ay b e  d u e  t o  
i n t e n s i v e  e n t r a in m e n t  d u e  t o  j e t  m ix in g  n e a r  t h e  d is c h a r g e  
p o i n t  w h ic h  w i l l  g i v e  a  l a r g e r  v a lu e  o f  Q t h a n  u s e d  i n  th e  
n o r m a l i z a t i o n .
6 . 3 . 3  R a d ia l  S ubm erged C u r r e n t
O n ly  o n e  f i e l d  o b s e r v a t io n  r e s u l t  o f  a  h o r i z o n t a l  
s p r e a d in g  p lu m e  i n  a  s t a b l y  s t r a t i f i e d  a tm o s p h e re  i s  a v a i l a b l e  
f o r  c o m p a r is o n  w i t h  t h e  t h e o r e t i c a l  p r e d i c t i o n .  Two a e r i a l  
p h o to g r a p h s  o f  a  c o o l in g  to w e r  p lu m e  w e re  t a k e n  b y  K ra m e r  a n d  
S e ym o u r (1 9 7 6 )  a t  t h e  J o h n  E . Amos p o w e r  p l a n t  (s h o w n  i n  
F ig u r e s  2 . 1 . 2 ( a )  a n d  ( b )  o f  C h a p te r  2 ) .  T he  s u b m e rg e d  r a d i a l  
s p r e a d in g  r i n g  s t r u c t u r e  a t  o n e  i n s t a n t a n e o u s  t im e ,  a s  sh o w n
( 6 . 2 . 1 9 )
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i n  F ig u r e  2 . 1 . 2 ( b ) ,  i s  r e p r o d u c e d  i n  t h e  l i n e  s k e t c h  i n  
F ig u r e  6 . 2 . 2 0 .  I f  i t  i s  a ssu m e d  t h a t  t h e  c e n t e r  o f  r a d i a l  
s p r e a d in g  p lu m e  i s  l o c a t e d  a t  t h e  p o i n t  o f  t h e  m ax im um  h e i g h t  
o f  p lu m e  r i s e ,  th e n  f o u r  s u b s e q u e n t  l o c a t i o n s  o f  t h e  c i r c u l a r  
d i s c o n t i n u i t y  c a n  t h e n  b e  s c a le d  f r o m  th e  f i g u r e .  T h re e  
s u c c e s s iv e  r a t i o s  f o r  t h e  r a d i i  o f  th e  d i s c o n t i n u i t y  r i n g  a r e  
c a l c u la t e d  t o  b e  0 . 7 3 ,  0 . 7 2 ,  a n d  0 . 7 1 ,  w h ic h  a r e  o n l y  6% h ig h e r  
t h a n  t h e  t h e o r e t i c a l  v a lu e  0 .6 9 2  g iv e n  p r e v i o u s l y .
E x p e r im e n ts  p e r fo r m e d  r e c e n t l y  b y  Z a t s e p in  e t  a l .  ( r e p o r t e d  
i n  B a r e n b la t t  a n d  M o n in  ( 1 9 7 9 ) )  sh o w  t h a t  t h e  r a d i a l  v i s c o u s -  
b u o y a n c y  s p r e a d in g  c u r r e n t  a d v a n c e s  p r o p o r t i o n a l l y  t o  t 1 / 10 i n  
a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .  S i m i l a r i t y  s o l u t i o n s  
d e v e lo p e d  in d e p e n d e n t ly  b y  B a r e n b la t t  a n d  M o n in  (1 9 7 9 )  a l s o  sh o w  
t h a t  th e  p la n e  v is c o u s - b u o y a n c y  s p r e a d in g  f r o n t  in c r e a s e s  i t s  
l e n g t h  i n  t h e  l i n e a r l y  d e n s i t y - s t r a t i f i e d  a m b ie n t  p r o p o r t i o n a l l y  
t o  t 1/ 6 a n d  th e  r a d i a l  f r o n t  t o  t 1 / 1 0 .
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F ig u r e  6 . 2 . 2 0  L in e  s k e t c h  f o r  a s e r i e s  o f  r a d i a l  r i n g
d i s c o n t i n u i t i e s  i n  a h o r i z o n t a l  s p r e a d in g  
c o o l in g  t o w e r  p lu m e  i n  a tm o s p h e r e .
3 6 0
A p r im a r y  a p p l i c a t i o n  o f  t h e  r e s u l t s  o f  t h e  p r e s e n t  i n v e s t i g a t i o n  
i s  i n t e r m e d ia t e  f i e l d  p r o b le m s  ( b u o y a n c y - d r iv e n  g r a v i t a t i o n a l  
s p r e a d in g )  a s s o c ia t e d  w i t h  o c e a n  o u t f a l l  d is c h a r g e  o f  t r e a t e d  
w a s te  w a t e r s .  B a rg e  d i s p o s a l  o f  s lu d g e  a n d  d re d g e d  s p o i l  a r e  
a ls o  im p o r t a n t  e n v i r o n m e n t a l  a p p l i c a t i o n s .  T he  r e s u l t s  o f  th e s e  
i n v e s t i g a t i o n s  c a n  a l s o  b e  a p p l ie d  t o  t h e  a n a l y s i s  o f  a c c i d e n t a l  
r e le a s e s  o f  h a z a r d o u s  f l u i d s ,  s u c h  as  t h e  s p r e a d in g  o f  d e n s e  
p o is o n o u s  o r  e x p lo s i v e  g a s e s  o r  l i q u i d s .  T h e  s p r e a d in g  o f  c o o l i n g  
w a t e r  f r o m  p o w e r p l a n t s  i s  a  f u r t h e r  a p p l i c a t i o n .
7 . 1  O ce a n  O u t f a l l  D is c h a r g e
F ig u r e s  7 . 1 . 1 ( a ) ,  ( b ) , ( c ) , a n d  ( d )  sh o w  f o u r  p h o to g r a p h s  
a n d  l i n e  s k e tc h e s  o f  a t y p i c a l  b u o y a n t  s u r f a c e  s p r e a d in g  w a s te w a te r
f i e l d  u n d e r  a n  a m b ie n t  c r o s s  c u r r e n t .  T h e  p h o to g r a p h s  sh o w  th e  
s i t u a t i o n  p r e v a i l i n g  b e f o r e  t u r b u l e n t  d i f f u s i o n  b e co m e s  d o m in a n t  
a n d  a  s h a r p  b o u n d a ry  b e tw e e n  th e  d i l u t e d  e f f l u e n t  a n d  th e  a m b ie n t  
s e a  w a t e r  c a n  b e  c l e a r l y  s e e n .  T he  w id t h  o f  t h e  s h a r p  b o u n d a r ie s  
h a s  b e e n  p l o t t e d  i n  F ig u r e  7 . 1 . 2  t o  d e te r m in e  th e  l a t e r a l  g r o w th  
r a t e  o f  t h e  p lu m e .
T h e  w id t h  o f  th e  w a s te w a te r  f i e l d  a s  a f u n c t i o n  o f  d i s t a n c e  
f r o m  th e  s o u r c e  i s  p l o t t e d  i n  F ig u r e  7 . 1 . 2  f o r  t h e  f o u r  c a s e s  
sh o w n  i n  F ig u r e s  7 . 1 . 1 ( a )  -  ( d ) . T h e re  i s  n o  c l e a r l y  d e f in e d  
g r o w th  r a t e  f o r  th e s e  f i e l d  r e s u l t s  a l t h o u g h  a d e p e n d e n c e  o n  x 1 / 2
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F ig u r e  7 . 1 . 1 ( a )  B u o y a n t  s u r f a c e  s p r e a d in g  w a s te w a te r  f i e l d  f r o m  s u b ­
m e rg e d  s i n g l e  p o r t  ( d ia m e t e r  78  in c h e s )  d i s c h a r g e ,  
a v e r a g e  d i s c h a r g e  r a t e  Q = 1 2 0  mgd ( 1 8 5 . 6  c f s ) , 
s u b m e rg e d  d e p th  H = 55 f t ,  Δ = 0 . 0 2 5 .  P h o to g r a p h  
f r o m  F ig u r e  21  o f  A l l a n  H a n c o c k  F o u n d a t io n  ( 1 9 6 4 ) .
3 6 2
F ig u r e  7 . 1 . 1 ( b )  P h o to g r a p h  f r o m  F ig u r e  22 o f  A l l a n  H a n c o c k  
F o u n d a t io n  ( 1 9 6 4 ) .
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F ig u r e  7 . 1 . 1 ( c )  P h o to g r a p h  f r o m  F ig u r e  20  o f  A l l a n  H a n c o c k  
F o u n d a t io n  ( 1 9 6 4 ) .
364
F ig u r e  7 . 1 . 1 ( d )  B u o y a n t  s u r f a c e  s p r e a d in g  w a s te w a te r  f i e l d  f r o m
s u b m e rg e d  s i n g l e  p o r t  ( d ia m e t e r  36  i n c h e s )  d i s c h a r g e .  
A v e ra g e  d i s c h a r g e  r a t e  Q = 2 .2 0  mgd ( 3 . 4 0  c f s ) ,  
s u b m e rg e d  d e p th  H = 35 f e e t .  P h o to g r a p h  f r o m  F ig u r e  4 
o f  F o x w o r th y  a n d  K n e e l in g  ( 1 9 6 9 ) .
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F ig u r e  7 . 1 . 2 ( a )  G ro w th  o f  b u o y a n t  s u r f a c e  w a s te w a te r  f i e l d  sh o w n  i n  
F ig u r e s  7 . 1 . 1 ( a ) ,  ( b ) , ( c ) , a n d  ( d ) .
F ig u r e  7 . 1 . 2 ( b )  D im e n s io n le s s  p l o t t i n g  o f  g r o w th  o f  b u o y a n t  s u r f a c e  
w a s te w a te r  f i e l d  sh ow n  i n  F ig u r e  7 . 1 . 2 ( a ) .
3 6 6
a p p e a r s  r e a s o n a b le .  A  g r o w th  r a t e  o f  x 1 / 2 c o r r e s p o n d s  t o  b u o y a n c y  
d r i v e n  s p r e a d in g  w i t h  v i s c o u s  f r i c t i o n .  I n  F ig u r e  7 . 1 . 2 ( b )  o n e  
c a n  s e e  t h e  i n e r t i a l  p lu m e  c o e f f i c i e n t  y / B 1 / 4 ( x / U )  3 / 4 , i s  d e c r e a s in g  
w h i l e  t h e  v i s c o u s  p lu m e  c o e f f i c i e n t ,  y / ( g ΔQ3 / v ) 1 / 8 ( x / U ) 1 / 2 , r e m a in s  
a t  a  c o n s t a n t  v a l u e ,  w h ic h  i s  a ro u n d  t h e  e x p e r im e n t a l  v a lu e  g iv e n  
i n  E q . ( 5 . 3 . 1 0 ) .
F ig u r e  7 . 1 . 3  sh o w s  a  s u r f a c e  t h e r m a l  f i e l d  o b s e r v e d  b y  
So n n ic h s e n  ( 1 9 7 1 ) .  T h e  w id t h  o f  t h e  p lu m e  g ro w s  a s  x 3 / 4  w h ic h  
i s  c o n s i s t e n t  w i t h  a b u o y a n c y  d r i v e n  i n e r t i a l  p lu m e .  T h e re  
a r e  a g a in  u n f o r t u n a t e l y  i n s u f f i c i e n t  d a t a  t o  e s t a b l i s h  t h e  b u o y a n c y  
f l u x .
7 .2  S u r fa c e  B u o y a n t  D is c h a r g e
T he  i n t e r m i t t e n t  s u r g in g  o f  a r a d i a l  d i s c h a r g e  a s  d is c u s s e d  
i n  S e c t io n  3 . 2  h a s  b e e n  o b s e r v e d  i n  t h e  f i e l d .  F ig u r e s  7 . 2 . 1 ( a ) ,
( b ) ,  a n d  ( c )  sh o w  t h r e e  l i n e  s k e tc h e s  o f  a  t h e r m a l  p lu m e  d u e  t o  
c o o l i n g  w a t e r  d is c h a r g e d  a t  a lo w  F ro u d e  n u m b e r f r o m  th e  s h o r e -  
s id e  p o w e r  p l a n t .  T he  s e q u e n t i a l  r a t i o  o f  t h e  p o s i t i o n  o f  t h e  
r a d i a l  d i s c o n t i n u i t i e s  ( a s  n o te d  b y  c i r c l e s )  i s  f o u n d  t o  v a r y  
f r o m  0 .7 9  t o  0 .6 3  f o r  F ig u r e  7 . 2 . 1 ( a ) ,  f r o m  0 . 7 5  t o  0 .6 7  f o r  
F ig u r e  7 . 2 . 1 ( b ) ,  a n d  f r o m  0 .7 9  t o  0 .7 2  f o r  F ig u r e  7 . 2 . 1 ( c ) .  The  
a v e r a g e  v a lu e  o f  t h i s  r a t i o  i s  a r o u n d  0 .7 4  w h ic h  i s  q u i t e  c lo s e  
t o  t h e o r e t i c a l  v a lu e  0 .7 5 3  g i v e n  i n  S u b s e c t io n  3 . 2 . 5 . 3 .  A s  sh ow n  
i n  F ig u r e  7 . 2 . 2  t h e  o s c i l l a t i n g  p e r i o d  e x p e r ie n c e d  b y  a s t a t i o n a r y  
o b s e r v e r  i n  m e a s u r in g  t h e  t e m p e r a tu r e  a n d  th e  v e l o c i t y  o f  t h e
F ig u r e  7 . 1 . 3  G ro w th  o f  h e a te d  ( a ,  b ,  c )  a n d  n o n h e a te d  ( d ,  e )  s u r f a c e  p lu m e  f i e l d  d u e  t o  a 
s u b m e rg e d  o u t f a l l  d is c h a r g e .  D a ta  f r o m  T a b le  1 o f  S o n n ic h s e n  ( 1 9 7 1 ) .
( a )  Q = 7 5 ,0 0 0  c f s ,  ( b )  1 1 0 ,0 0 0  c f s ,  ( c )  1 4 5 ,0 0 0  c f s ,  ( d )  5 0 ,0 0 0  c f s ,
( e )  1 0 0 ,0 0 0  c f s .
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F ig u r e  7 . 2 . 1 ( a )  L in e  s k e t c h  o f  th e  t h e r m a l  im a g e  o f  a
d is c o n t i n u o u s  r a d i a l  t h e r m a l  p lu m e  f i e l d  a t  
S h e b o y g a n  P o w e r S t a t i o n ,  W is c o n s in ,  o n  
S e p te m b e r  1 5 ,  1 9 7 1 ; a e r i a l  p h o to g r a p h  ta k e n  
a t  a  f l y i n g  h e i g h t  5 0 0 0  f e e t .  P h o to g r a p h  w as 
sh o w n  i n  F ig u r e  19  o f  S c a rp a c e  a n d  G re e n  ( 1 9 7 3 ) .
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F ig u r e  7 . 2 . 1 ( b )  L i n e  s k e t c h  o f  t h e r m a l  im a g e  o f  a  
d i s c o n t i n u o u s  r a d i a l  t h e r m a l  p lu m e  a t  S h e b o y g a n  
E d g e w a te r  P l a n t .  P h o to g r a p h  w as  sh o w n  i n  
F ig u r e  8a  o f  G re e n  e t  a l .  ( 1 9 7 2 ) .
3 7 0
F ig u r e  7 . 2 . 1 ( c )  L in e  s k e t c h  o f  t h e r m a l  im a g e  o f  a  
d i s c o n t i n u o u s  r a d i a l  t h e r m a l  p lu m e  a t  P o r t  
W a s h in g to n  h a r b o r  o n  S e p te m b e r  1 9 7 1 . P h o to g r a p h  
w as  sh o w n  i n  F ig u r e  8b  o f  G re e n  e t  a t .  ( 1 9 7 2 ) .
F ig u r e  7 . 2 . 2  C o m p a r is o n  o f  o s c i l l a t i n g  p e r i o d  o f  i n e r t i a l  r a d i a l  s u r f a c e  th e r m a l  p lu m e  w i t h  
t h e o r e t i c a l  v a lu e  g iv e n  b y  E q . ( 3 . 2 . 8 7 ) .
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t h e r m a l  p lu m e  i s  a l s o  c o m p a re d  f a i r l y  w e l l  w i t h  th e  p r e d i c t e d  
v a lu e  g iv e n  b y  E q . ( 3 . 2 . 8 7 ) .
T h e  p e r i o d i c  s h a r p  te m p e r a tu r e  g r a d i e n t s  in d u c e d  b y  t h i s  
s u r g in g  a r e  p r o b a b ly  u n d e s i r a b le  e n v i r o n m e n t a l l y .  I n  o r d e r  t o  
e l i m i n a t e  th e s e  o s c i l l a t i o n s  i n  t h e  p lu m e  z o n e ,  o n e  w o u ld  
re d u c e  t h e  d is c h a r g e  f l o w  r a t e  Q ( s im u l t a n e o u s l y  i n c r e a s in g  t h e  
r e l a t i v e  d e n s i t y  d i f f e r e n c e  Δ s in c e  th e  w a s te  h e a t  r a t e  o f  a 
p o w e r  p l a n t  i s  f i x e d ) .  T h is  w o u ld  d e c re a s e  th e  l e n g t h  s c a le  
R1 = (Q 5 / g Δv s ) 1 / 8  so  t h a t  a v i s c o u s  s u r f a c e  t h e r m a l  p lu m e  w i t h  
a n  a lm o s t  u n i f o r m  t h i c k n e s s  o f  o r d e r  ( v s Q /g Δ ) 1 / 4  w o u ld  r e s u l t ,
7 .3  B a rg e  D is p o s a l  o f  D re d g e d  S p o i l  a n d  S lu d g e
F i e l d  o b s e r v a t io n s  o f  b o t t o m  t u r b i d i t y  c lo u d s  p r o d u c e d  b y  t h e  
d u m p in g  o f  t h e  n o n c o h e s iv e  d re d g e d  s p o i l  i n  t h e  n e a r - s h o r e  o c e a n  
w a t e r s  w e re  m ade b y  G o rd o n  ( 1 9 7 4 ) .  A f t e r  s i n k i n g ,  t h e  n e g a t i v e l y  
b u o y a n t  p a r c e l  o f  t u r b i d  w a t e r  im p a c te d  th e  o c e a n  f l o o r ,  a n d  a n  
o u tw a r d  s p r e a d in g  t u r b i d i t y  c u r r e n t  w as p r o d u c e d .  T he  t u r b i d i t y  
c u r r e n t  fo rm e d  m oved  a s  a h o m o g e n e o u s  f l u i d  a t  a s p e e d  s u b s t a n t i a l l y  
h i g h e r  th a n  a n y  o c e a n  c u r r e n t  s p e e d . T h e  t u r b i d i t y  c u r r e n t  w as 
m e a s u re d  b y  o b s e r v in g  t h e  t u r b i d i t y  a n d  s a l i n i t y  a n d  a s h a rp  
d i s t i n c t  i n t e r f a c e  w as o b s e r v e d .
S u ch  a  r a d i a l  t u r b i d i t y  c u r r e n t  in c r e a s e s  i t s  r a d iu s  
p r o p o r t i o n a l l y  t o  t 1 / 2 , a s  sh o w n  i n  F ig u r e  7 . 3 . 1 ,  a n d  d e c r e a s e s  
i t s  t h i c k n e s s  a t  a  f i x e d  l o c a t i o n  r s f r o m  th e  dump s i t e  a c c o r d in g  t o
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F ig u r e  7 . 3 . 1  T h e  t im e  a n  a x i a l l y  s y m m e t r ic  b o t t o m  t u r b i d i t y  c u r r e n t  
a r r i v e d  a t  f o u r  f i x e d  l o c a t i o n s  a t  a r a d i a l  d i s t a n c e  
r s f r o m  th e  dump s i t e  o f  d r e d g e  s p o i l ;  d a ta  f r o m  
F ig u r e  2 o f  G o rd o n  ( 1 9 7 4 ) .
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H o w e v e r ,  t h e r e  i s  i n s u f f i c i e n t  i n f o r m a t i o n  a b o u t  t h e  r e l a t i v e  
d e n s i t y  d i f f e r e n c e  Δ , t o  c o m p a re  t h o s e  f i e l d  d a ta  m e a s u re d  b y  
G o rd o n  (1 9 7 4 )  w i t h  E q . ( 7 . 3 . 1 ) .  H o w e v e r ,  a n  o b l i q u e  l i n e  w i t h  
a  s lo p e  - 2  i s  fo u n d  t o  f i t  t h e  f i e l d  d a t a ,  r e a s o n a b ly  w e l l ,  
a s  sh o w n  i n  F ig u r e  7 . 3 . 2 .  T h is  i s  a t  l e a s t  c o n s i s t e n t  w i t h  
E q . ( 7 . 3 . 1 ) .
7 . 4  B a s e  S u rg e  F lo w
A c c o r d in g  t o  t h e  r e p o r t  o f  t h e  U . S . A to m ic  E n e rg y  C o m m is s io n  
( 1 9 5 0 ) ,  a t  t h e  B i k i n i  s h a l lo w  o c e a n  a to m ic  bomb t e s t  i t  w a s  
o b s e r v e d  t h a t  a s  t h e  c o lu m n  o f  w a t e r  a n d  s p r a y  c o n s t i t u t i n g  th e  
p lu m e  f e l l  b a c k  i n t o  t h e  la g o o n ,  t h e r e  d e v e lo p e d  a g i g a n t i c  
c lo u d  o f  r a d i o a c t i v e  m i s t  o n  t h e  s u r f a c e  a t  t h e  b a s e  o f  t h e  
c o lu m n . T h is  m i s t  w a v e  t r a v e l l e d  r a p i d l y  o u tw a r d ,  a s h o r t  t im e  
a f t e r  t h e  d e t o n a t i o n ,  m a i n t a i n in g  a n  e v e r - e x p a n d in g  d o u g h n u t ­
s h a p e d  fo r m .  T h is  d e n s e  m i s t - l a d e n  a i r  h a s  t h e  p r o p e r t y  o f  
f l o w i n g  a lm o s t  a s  i f  i t  w e re  a h o m o g e n e o u s  f l u i d .  A s  sh o w n  i n  
F ig u r e  7 . 4 . 1  i t s  r a d i u s  in c r e a s e s  a s y m p t o t i c a l l y  a s  t 1 / 2 a t  
f i r s t  a n d  t h e n  a s  t 1 / 8 a s  p r e d i c t e d  b y  t h e  lo n g  w a v e  t h e o r i e s  
f o r  b o t t o m  c u r r e n t  d e v e lo p e d  i n  C h a p te r  3 .
( 7 . 3 . 1 )
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F ig u r e  7 . 3 . 2  "W a v e -g a g e  t y p e "  r e c o r d  o f  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  
o f  th e  b o t t o m  t u r b i d  c lo u d  f r o m  t h r e e  d i f f e r e n t  dump 
o p e r a t io n s  m e a s u re d  a t  a r a d i a l  d i s t a n c e  r s = 30  m e te r s  
f r o m  th e  dump s i t e ;  d a ta  f r o m  F ig u r e  5 o f  G o rd o n  ( 1 9 7 4 ) .
F ig u r e  7 . 4 . 1  P r o p a g a t in g  m i s t - l a d e n  a i r  f o r m in g  th e  b a s e  s u r g e  f o l l o w i n g  an  u n d e r w a te r  a to m ic  
bomb e x p lo s io n  a t  B i k i n i  A t o l l .
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CHAPTER 8
D ISC U SSIO N  AND CONCLUSIONS
G r a v i t a t i o n a l  s p r e a d in g  c u r r e n t s  a r e  a  t y p e  o f  t im e - d e p e n d e n t ,  
n o n - l i n e a r ,  n o n - u n i f o r m  a n d  u n s te a d y  f r e e  b o u n d a r y  f l o w .  G iv e n  t h i s  
i t  i s  v e r y  d i f f i c u l t  t o  h a v e  a c o m p le te  s o l u t i o n  w h ic h  w i l l  c o v e r  a l l  
r e g im e s  o f  f l o w  a n d  i n c lu d e  a l l  p o s s i b le  e f f e c t s  f r o m  i n i t i a l  a n d  
b o u n d a r y  c o n d i t i o n s .  T h is  i n v e s t i g a t i o n  i s  a s te p  f o r w a r d  i n  t h i s  
c o m p l ic a t e d  p r o b le m  w h ic h ,  h o w e v e r ,  w i l l  r e m a in  t h e  s u b j e c t  o f  m uch  
f u r t h e r  r e s e a r c h .  T h e  p r o b le m  h a s  b e e n  a p p ro a c h e d  b y  f i n d i n g  a s e t  
o f  a s y m p t o t i c  s o l u t i o n s  a p p r o p r i a t e  f o r  e a c h  r e g i o n  o f  f l o w .  T h e s e  
w e re  d e r i v e d  b y  t h e  m e th o d  o f  f o r c e  s c a le  a n a l y s i s  a n d  t h e  d e v e lo p m e n t  
s e l f - s i m i l a r i t y  s o l u t i o n s  f o r  t h e  i n e r t i a l  ( s h a l l o w - w a t e r  w a v e ) a n d  
v i s c o u s  lo n g  w a ve  e q u a t io n s .  D im e n s io n a l  a n a l y s i s  w as u s e d  t o  f i n d  
t h e  p e r t i n e n t  d im e n s io n le s s  n u m b e rs  w h ic h  c o n t r o l  t h e  v i s c o u s  re g im e s  
o f  t h e  s p r e a d in g  c u r r e n t s .  T h e  f o l l o w i n g  c o n c lu s io n s  m ay b e  d ra w n .
8 . 1  On th e  S i m i l a r i t y  S o lu t i o n s  f o r  B u o y a n t  S p r e a d in g  C u r r e n t s
F ro m  th e  s e l f - s i m i l a r  s o l u t i o n s  o f  i n v i s c i d  s h a l lo w - w a t e r  w a v e s  
a n d  t h e  v i s c o u s  lo n g  w a ve  e q u a t io n s ,  t h e  b u o y a n c y - d r iv e n  s p r e a d in g  
c u r r e n t s  g ro w  a s y m p t o t i c a l l y  a c c o r d in g  t o
( 8 . 1 . 1 )
f o r  t h e  i n e r t i a l  s p r e a d in g  l a y e r  w i t h  t h e  s p r e a d in g  l a y e r  t h i c k n e s s
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g iv e n  b y
( 8 . 1 . 2 )
( 8 . 1 . 3 )
w i t h  t h e  t h i c k n e s s  g i v e n  b y
( 8 . 1 . 4 )
F o r  v is c o u s - b u o y a n c y  s p r e a d in g  c u r r e n t s  t h e  d is p la c e m e n t  i s  g i v e n  b y
i n  w h ic h  t h e  k i n e m a t i c  b u o y a n c y  f l u x  i n  g e n e r a l  fo r m  Bi  i s  e q u a l  t o
I n  t h e  a b o v e :
i  = 0 d e n o te s  a  u n i f o r m  d e n s i t y  e n v i r o n m e n t  
i  = 1 d e n o te s  a  l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  
Δo = Δ t h e  d e n s i t y  a n o m a ly  o f  t h e  s o u r c e
, d e n s i t y  g r a d i e n t  o f  s t r a t i f i e d  e n v i r o n m e n t
n  =  0 d e n o te s  a  p la n e  c u r r e n t  
n  =  1 d e n o te s  a r a d i a l  c u r r e n t  
m d e n o te s  t h e  s o u r c e  c o n d i t i o n  w i t h  
m = 0 a n  f i n i t e  v o lu m e  s o u r c e  i n  w h ic h  Q i s  r e p la c e d  
b y  V t h e  v o lu m e  o f  t h e  s o u r c e  
m =  1 a  c o n t in u o u s  s o u r c e  w i t h  f l o w  r a t e  Q
E q u a t io n s  ( 8 . 1 . 1 )  a n d  ( 8 . 1 . 3 )  f o r  e a c h  c a s e  o f  i ,  n , a n d  m a r e  l i s t e d  
i n  T a b le  8 . 1 .
Table 8.1 Summary o f asym ptotic formulae o f f r o n ta l t r a je c to ry  fu nc tions  derived by in e r t ia l  
(sha llow -w ater wave) and viscous long wave th e o rie s .
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T h e  s p r e a d in g  l a y e r  t h i c k n e s s  s c a l e ,  T ( t ) ,  c a n  b e  d e r i v e d  f r o m  T a b le  
8 . 1 .  F o r  t h e  i n e r t i a l - b u o y a n c y  c u r r e n t s ,
( 8 . 1 . 5 )
a n d  f o r  t h e  v is c o u s - b u o y a n c y  c u r r e n t s ,
( 8 . 1 . 6 )
S i m i l a r i t y  p r o f i l e s  Η ( ξ )  f o r  e a c h  c a s e  o f  i ,  m a n d  n  i n  E q u a t io n s  ( 8 . 1 . 2 )  
a n d  ( 8 . 1 . 4 )  c a n  b e  fo u n d  i n  S e c t io n s  3 . 2  a n d  3 . 3 .
8 . 2  On th e  I n i t i a l  S ta g e  o f  F lo w s
B e fo r e  s p r e a d in g  c u r r e n t s  d e v e lo p  f u l l y  i n t o  t h e  c a s e  d is c u s s e d  i n  
t h e  p r e v io u s  s e c t i o n ,  t h e r e  i s  a  s h o r t  i n i t i a l  s t a g e  w h ic h  i s  g o v e rn e d  
b y  t h e  i n i t i a l  c o n d i t i o n s .
F o r  a  f i n i t e  v o lu m e  r e le a s e  a n  i n i t i a l  s p r e a d in g  c u r r e n t  i s  fo u n d  
t o  a d v a n c e  w i t h  a  s e l f - s i m i l a r  m ean v e l o c i t y  d i s t r i b u t i o n  g iv e n  b y
( 8 . 2 . 1 )
a n d  a  s e l f - s i m i l a r  t h i c k n e s s  p r o f i l e  g iv e n  b y
( 8 . 2 . 2 )
w h e re  t h e  i n i t i a l  t h i c k n e s s  s c a le  i s  d e v e lo p e d  f r o m  t h e  i n i t i a l  s h a p e
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T h e  c o e f f i c i e n t  i n  a b o v e  e q u a t io n  ( 8 . 2 . 4 )  i s  fo u n d  t o  d e p e n d  m a in ly  on  
t h e  d i s c h a r g e  F ro u d e  n u m b e r . F o r  t h e  l i m i t i n g  c a s e  w h e re  t h e  F ro u d e  
n u m b e r i s  v e r y  l a r g e ,  t h e  c o e f f i c i e n t  a p p e a rs  t o  b e  a s y m p t o t i c  t o  a 
v a lu e  o f  a b o u t  1 f o r  a  r a d i a l  s u r f a c e  b u o y a n t  j e t  w i t h  s m a l l  a s p e c t  
r a t i o  d i s c h a r g in g  i n t o  a h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 ) . T h e  c o e f f i c i e n t  
i s  a b o u t  1 .5 0  f o r  a  p la n e  s l o t  j e t  d i s c h a r g in g  i n t o  a l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) a t  a  n e u t r a l l y  b u o y a n t  l e v e l .
8 .3  On th e  M e m o ry  o f  S p r e a d in g  C u r r e n t s
T h e  a s y m p t o t i c  s i m i l a r i t y  s o l u t i o n s  a r e  d e r i v e d  o n  t h e  b a s is  o f  
a s s u m in g  t h a t  t h e  f l u i d  i s  e i t h e r  p e r f e c t l y  i n v i s c i d  w i t h  n o  f r i c t i o n  
o r  v i s c o u s  w i t h  la m in a r  f r i c t i o n .  A t r a n s i t i o n  l e n g t h  s c a le  i s  
e s t a b l i s h e d ,  o n e  l i m i t  o f  w h ic h  g i v e s  t h e  i n v i s c i d  s o l u t i o n ,  a n o th e r
( s e e  T a b le  3 . 2 . 1  f o r  a  h o m o g e n e o u s  e n v i r o n m e n t  ( i  =  0 )  a n d  T a b le  3 . 2 . 2  
f o r  c u r r e n t s  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t  ( i  =  1) ) .
I n  t h i s  i n i t i a l  s ta g e  t h e  t r a j e c t o r y  f u n c t i o n  o f  f r o n t a l  d i s p la c e ­
m e n t i s  g e n e r a l l y  d e s c r ib e d  b y
( 8 . 2 . 3 )
i n  w h ic h  t h e  d im e n s io n le s s  t im e a n d  η = R ( t ) / R o .
F o r  a  c o n t in u o u s  b u o y a n t  d i s c h a r g e  t h e r e  i s  i n i t i a l l y  a  s t a r t i n g  
j e t  z o n e  f o l l o w e d  b y  a s t a r t i n g  p lu m e  f l o w .  T h e  s t a r t i n g  j e t  f r o n t  
g ro w s  a c c o r d in g  t o
( 8 . 2 . 4 )
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l i m i t  g i v e s  t h e  v i s c o u s  s o l u t i o n .  H o w e v e r ,  i t  i s  c l e a r  t h a t  t h e  c o ­
e f f i c i e n t s  i n  th e s e  l i m i t i n g  s o l u t i o n s  a r e ,  t o  some d e g r e e ,  d e p e n d e n t 
o n  c e r t a i n  i n i t i a l  d im e n s io n le s s  n u m b e rs  s u c h  a s  t h e  F ro u d e  n u m b e r , 
R e y n o ld s  n u m b e r ,  a n d  o t h e r  g e o m e t r i c a l  r a t i o s  s u c h  a s  t h e  r e l a t i v e  
d e p t h ,  a n d  a s p e c t  r a t i o  o f  t h e  d i s c h a r g e .  T he  a s s u m p t io n  o n  t h e  
a s y m p t o t i c  s o l u t i o n s  i s  t h a t  th e s e  p a r a m e te r s  o n l y  e n t e r  i n  a  s e c o n d a r y  
r o l e  i n  c e r t a i n  r e g im e s  o f  f l o w  i n  w h ic h  o n e  e f f e c t  a lo n e  i s  d o m in a n t ,  
a s  f o r  e x a m p le ,  t h e  b u o y a n c y  f l u x  i n  t h e  i n e r t i a l - b u o y a n c y  r e g im e .
I t  i s  c l e a r  t h a t  som e o f  t h e  e f f e c t  o f  t h e  i n i t i a l  d i s c h a r g e  p a r a m e te r s  
i s  t o  d r i f t  t h e  t im e  o r i g i n ,  o r  g e o m e t r i c  o r i g i n  o f  t h e  f l o w .  I t  i s  
n o t  a lw a y s  c l e a r  w h e th e r  t h e  v a r i a t i o n  b e tw e e n  e x p e r im e n ts  a n d  t h e o r y  
i s  t o  b e  a c c o u n te d  f o r  w i t h  a t im e  o r i g i n  s h i f t  o r  t h r o u g h  f u n c t i o n a l  
d e p e n d e n c e  o f  t h e  c o e f f i c i e n t s  o n  t h e  i n i t i a l  d im e n s io n le s s  p a r a m e te r s  
o f  t h e  d i s c h a r g e .  I n  o t h e r  w o r d s ,  a m e m o ry  f o r  t h e  i n i t i a l  c o n d i t i o n s  
a p p e a rs  t o  e x i s t  a l t h o u g h  n o t  a t  a p r im a r y  l e v e l  o f  f l o w  i n f l u e n c e .
8 . 4  On th e  T h ic k n e s s  P r o f i l e  o f  S p r e a d in g  C u r r e n t s
T he  t h i c k n e s s  p r o f i l e  o f  s p r e a d in g  c u r r e n t s  v a r i e s  s i g n i f i c a n t l y  
f r o m  o n e  t y p e  o f  f l o w  s i t u a t i o n  t o  a n o t h e r .  I n  g e n e r a l ,  t h e  t r a n s i ­
t i o n s  i n  t h i c k n e s s  f r o m  o n e  r e g im e  t o  a n o t h e r  a r e  s m o o th ,  b u t  th e  
a s y m p t o t i c  s o l u t i o n s  d e v e lo p e d  i n  t h i s  i n v e s t i g a t i o n ,  o f  c o u r s e ,  do  
n o t  g i v e  s u c h  s m o o th  t r a n s i t i o n s .  H o w e v e r ,  i t  i s  c l e a r  t h a t  i t  i s  
s im p ly  n o t  a p p r o p r i a t e  t o  a ssum e  a n  a r b i t r a r y  d i s t r i b u t i o n  f o r  t h e  
t h i c k n e s s  o f  a  s p r e a d in g  l a y e r ,  a s  h a s  b e e n  f r e q u e n t l y  d o n e  i n  p r e v io u s  
i n v e s t i g a t i o n s .  T h e  c h o ic e  o f  t h e  t h i c k n e s s  p r o f i l e  i s  n o t  f r e e  a s  h a s  
b e e n  o f t e n  a s s u m e d . T he  p r o f i l e  t h i c k n e s s  a p p e a rs  t o  b e  s t r o n g l y
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i n f l u e n c e d  b y  i n i t i a l  c o n d i t i o n s ,  e s p e c i a l l y  m o m e n tu m - in d u c e d  e n t r a i n ­
m e n t ,  w h ic h  r e s u l t s  i n  s i g n i f i c a n t  in c r e a s e s  i n  s p r e a d in g  l a y e r  
t h i c k n e s s .  F u r t h e r m o r e ,  t h e  i n f l u e n c e  o f  i n t e r f a c i a l  f r i c t i o n  b e tw e e n  
th e  s p r e a d in g  l a y e r  a n d  t h e  f l u i d  b e n e a th  i s  c o n t r o l l e d  t o  a  l a r g e  
d e g r e e  b y  t h e  m om entum  f l u x  o f  t h e  d i s c h a r g e .  W i t h  a s t r o n g  r e l a t i v e  
b u o y a n c y  f l u x  a n d  w e a k e r  i n i t i a l  m om entum  f l u x  t h e  f r i c t i o n  i s  c l e a r l y  
v i s c o u s  a s  t h e  c o n s e q u e n c e  o f  a  la m in a r  s h e a r  l a y e r  p r o d u c t i o n .  T h is  
a p p e a rs  t o  b e  g iv e n  b y  t h e  t r a n s i t i o n  l e n g t h  s c a le  R1 ( s e e  T a b le s  3 . 1  
a n d  3 . 5 ) .
8 . 5  On D im e n s io n a l  A n a ly s i s  a n d  S p r e a d in g  C u r r e n t s
D im e n s io n a l  a n a l y s i s  i s  a n  e x t r e m e ly  p o w e r f u l  t o o l  f o r  th e  
d e v e lo p m e n t  o f  a s y m p t o t i c  s o l u t i o n s  w h e re  t h e  m a jo r  e f f e c t s  o f  d i s ­
c h a r g e  p a r a m e te r s  c a n  b e  r e d u c e d  t o  a  p r im a r y  v a r i a b l e  s u c h  a s  t h e  
k i n e m a t i c  b u o y a n c y  f l u x .  T h e  d e v e lo p m e n t  o f  c h a r a c t e r i s t i c  l e n g t h  
a n d  t im e  s c a le s  b a s e d  o n  t h e  r e l e v a n t  p a r a m e te r s  a p p e a rs  t o  g i v e  a n  
e x c e l l e n t  g u id e  t o  t h e  a p p r o p r ia t e n e s s  o f  g iv e n  s o l u t i o n s  f o r  s p e c i f i c  
r e g im e s  o f  f l o w .
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D E R IV A TIO N  OF LO N G ITU D IN AL IN TERNAL SHALLOW-WATER WAVE E Q U A T IO N S 
Two s e t s  o f  s h a l lo w  w a t e r  w a v e  e q u a t io n s  a r e  d e r i v e d  h e r e
f o r  t h e  i n e r t i a l  r e g im e  o f  s u r f a c e  a n d  s u b s u r f a c e  d e n s i t y  
s p r e a d in g  f l o w s .
A . 0 B a s ic  E q u a t io n s  a n d  A s s u m p t io n s
W hen s u r f a c e  a n d  i n t e r f a c i a l  t e n s i o n  f o r c e s  a r e  n e g le c t e d ,
t h e  c o n t i n u i t y  a n d  t h e  m om entum  e q u a t io n s  f o r  p la n e  o r  a x i ­
s y m m e t r ic ,  u n s te a d y ,  i n v i s c i d ,  a n d  i n c o m p r e s s ib le  f l o w  i n  an  
i n f i n i t e  d e p th  o f  f l u i d  a r e
( A . 0 . 1 )
( A . 0 . 2 )
( A . 0 . 3 )
w h e re  u  a n d  w a r e  h o r i z o n t a l  a n d  v e r t i c a l  v e l o c i t i e s  i n  t h e  r  
a n d  z d i r e c t i o n s  as  d e f in e d  r e s p e c t i v e l y  i n  F ig u r e s  3 . 2 . 1 ( a ) ,  ( b ) , 
a n d  ( c ) . T h e  s ig n  b e f o r e  g r a v i t a t i o n a l  te r m  g i n  E q . ( A . 0 . 3 )  
d e p e n d s  o n  t h e  d i r e c t i o n  o f  z c h o s e n ;  p o s i t i v e  w h e n  d o w n w a rd s  
a n d  n e g a t i v e  w h e n  u p w a rd s ,  ρ s  i s  t h e  m ass d e n s i t y  o f  t h e  s p r e a d in g
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p lu m e  a n d  p  =  p ( r ,  z ,  t )  i s  t h e  p r e s s u r e  a t  p o i n t  ( r ,  z )  w h e n  t im e  
i s  e q u a l  t o  t .  T he  c o m p le te  s o l u t i o n s  o f  th e s e  t h r e e  n o n l i n e a r  
e q u a t io n s  seem  i n t r a c t a b l e  a n d  some a s s u m p t io n s  a r e  n e c e s s a r y  
t o  s i m p l i f y  t h e  p r o b le m .  C o n s id e r  t h e  c a s e  w h e n  th e  h o r i z o n t a l  
s c a le  o f  a  s u r f a c e  s p r e a d in g  l a y e r  i s  v e r y  l a r g e  i n  c o m p a r is o n  
w i t h  t h e  v e r t i c a l  s c a l e .  T h e n  th e  v e r t i c a l  a c c e l e r a t i o n  i s  a 
n e g l i g i b l e  f r a c t i o n  o f  t h e  h o r i z o n t a l  a c c e l e r a t i o n  so  t h a t
( A . 0 . 4 )
a n d  t h e  u n s te a d y  p r e s s u r e  d i s t r i b u t i o n  i s  h y d r o s t a t i c
( A . 0 . 5 )
T h u s  t h e  e q u a t io n  o f  m o t io n  i s  s i m p l i f i e d  t o
( A . 0 . 6 )
A ssum e t h a t  t h e r e  i s  n o  d i f f u s i o n  a n d  no  m ix in g  t h r o u g h  th e  
i n t e r f a c e  a n d  n o  e v a p o r a t io n  a n d  n o  b r e a k in g  a t  th e  
f r e e  s u r f a c e ,  th e n  a p a r t i c l e  o n c e  o n  th e  i n t e r f a c i a l  s u r f a c e  w i l l  
r e m a in  t h e r e ,  i . e .  t h e  d e n s i t y  o n  a p a r t i c l e  p a th  i s  c o n s t a n t .
3 8 6
A .1 F r e e  S u r fa c e  D e n s i t y  S p r e a d in g  P lo w s
I n  t h i s  c a s e  t h e  tw o  k in e m a t i c  b o u n d a r y  c o n d i t i o n s  o n  th e  
i n t e r f a c e  a n d  t h e  f r e e  s u r f a c e  o f  a  s p r e a d in g  p lu m e  a r e
( A . 1 . 1 )
( A . 1 . 2 )
a n d  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i s
( A . 1 . 3 )
w h e re  th e  s u p e r e l e v a t i o n  δ ( r ,  t )  a b o v e  f r e e  s u r f a c e  c a n  b e  d e r i v e d  
a s  a f u n c t i o n  o f  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  h ( r ,  t )  b e lo w  th e  
f r e e  s u r f a c e  f r o m  th e  h y d r o s t a t i c  e q u i l i b r i u m ;
( A . 1 . 4 )
i . e .
( A . 1 . 5 )
I n t e g r a t i n g  t h e  c o n t i n u i t y  E q . ( A . 0 . 1 )  a n d  th e  s i m p l i f i e d  
m om entum  E q . ( A . 0 . 6 )  f r o m  z = - δ ( r ,  t )  t o  z = h ( r ,  t )  o n e  f i n d s
3 8 7
( A . 1 . 6 )
( A . 1 . 7 )
T h is  p r o v id e s  t h e  u s e  o f  t h e  tw o  k in e m a t i c  b o u n d a r y  c o n d i t i o n s  ( A . 1 . 1 )  
a n d  ( A . 1 . 2 )  a n d  b y  t h e  a id  o f  L e i b n i z '  r u l e
( A . 1 . 8 )
( A . 1 . 9 )
( A . 1 .1 0 )
( A . 1 .1 1 )
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T h e  i n t e g r a l  c o n t i n u i t y  e q u a t io n  b e co m e s
( A . 1 .1 2 )
a n d  t h e  i n t e g r a l  m om entum  e q u a t io n  b e co m e s
( A . 1 .1 3 )
S in c e  t h e  s p r e a d in g  l a y e r  i s  v e r y  t h i n ,  a u n i f o r m  h o r i z o n t a l  
v e l o c i t y  d i s t r i b u t i o n  i s  a  g o o d  a p p r o x im a t io n ,  i . e .
( A . 1 .1 4 )
T h u s ,  E q s .  ( A . 1 . 1 2 )  a n d  ( A . 1 .1 3 )  a r e  r e d u c e d  t o  a  s e t  o f  n o n ­
l i n e a r  s h a l lo w  w a t e r  w a v e  e q u a t io n s  i n  e x p l i c i t  f o r m ,
( A . 1 .1 5 )
( A . 1 .1 6 )
a n d
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w h ic h  w e re  u s e d  e a r l i e r  b y  H o u l t  (1 9 7 2 )  t o  s o lv e  t h e  i n e r t i a l  o i l  
s l i c k  s p r e a d in g  p r o b le m .
A . 2 B o t to m  S u r fa c e  D e n s i t y  S ip re a d in g  F lo w s
F o r  t h e  c a s e  o f  b o t t o m  s u r f a c e  s p r e a d in g  l a y e r  a s  sh o w n  i n  
F ig u r e  3 . 3 . 2  t h e r e  i s  o n l y  o n e  k i n e m a t i c  b o u n d a r y  c o n d i t i o n  a t  
th e  i n t e r f a c e ,  i . e . ,  E q . ( A . 1 . 1 ) .  I f  t h e  b o t t o m  f l o o r  i s  
p e r f e c t l y  h o r i z o n t a l  a n d  im p e r v io u s ,  t h e n
( A . 2 . 1 )
T he  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i s  th e n
( A . 2 . 3 )
( A . 2 . 4 )
( A . 2 . 5 )
( A . 2 . 2 )
o r
I n t e g r a t e  c o n t i n u i t y  E q . ( A . 0 . 1 )  a n d  m om entum  E q . ( A . 0 . 6 )  f r o m  
z  =  0 ( r a t h e r  th a n  f r o m  z = - δ ( r ,  t )  i n  th e  p r e v io u s  c a s e )  t o  
z = h ( r ,  t ) , i . e . ,
3 9 0
a n d
( A . 2 . 6 )
W i t h  o n e  k i n e m a t i c  b o u n d a r y  c o n d i t i o n  ( A . 1 . 1 )  a t  t h e  i n t e r f a c e  
a n d  t h e  im p e r v io u s  c o n d i t i o n  ( A . 2 . 2 ) ,  a n d  a l s o  b y  t h e  a i d  o f  
L e i b n i z '  r u l e ,  w e h a v e
( A . 2 . 7 )
( A . 2 . 8 )
( A . 2 . 9 )
( A . 2 .1 0 )
T h e  i n t e g r a l  c o n t i n u i t y  e q u a t io n  b e co m e s
( A . 2 .1 1 )
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a n d  th e  i n t e g r a l  m om entum  e q u a t io n
( A . 2 .1 2 )
I f  a  u n i f o r m  h o r i z o n t a l  v e l o c i t y  ( A . 1 . 1 3 )  w e re  a l s o  a s s u m e d , 
t h e  sam e s e t  o f  s h a l lo w  w a t e r  w a v e  e q u a t io n s  ( A . 1 . 1 4 )  a n d  ( A . 1 .1 5 )  
i s  a ls o  d e r i v e d  b u t  w i t h in s t e a d  o f f o r  Δ .
T h e  sam e e q u a t io n s  w e re  a l s o  d e r i v e d  b y  P e n n e y  a n d  T h o r n h i l l  
(1 9 5 2 )  f o r  t h e  s q u a t t i n g  f l o w  o f  a  l i q u i d  c o lu m n  w i t h  a  d e n s i t y  
c o m p a r a b le  t o  t h e  a m b ie n t  m e d iu m . F re e m a n  (1 9 4 8 )  a l s o  d e r i v e d  
s i m i l a r  p la n e  s h a l lo w  w a t e r  w a v e  e q u a t io n s  f o r  a t m o s p h e r ic  c o ld  
f r o n t  p r o p a g a t io n ,  e x c e p t , w h e re  θa a n d  θ s a r e  t h e  
p o t e n t i a l  t e m p e r a tu r e s  o f  t h e  a m b ie n t  w a rm  a i r  a n d  th e  s p r e a d in g  
c o ld  a i r  r e s p e c t i v e l y .
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A . 3 S u b m e rg e d  D e n s i t y  S p r e a d in g  F lo w s
A ssum e  t h a t  t h e  s u b m e rg e d  s p r e a d in g  i n t e r f l o w s  a r e  r a d i a l l y  
s y m m e t r ic .  L e t  t h e  o r i g i n  o f  t h e  c h o s e n  c o o r d in a t e  s y s te m  b e  
a t  t h e  p o i n t  o f  s y m m e tr y ,  a s  sh o w n  i n  F ig u r e  A . 3 . 1 .  T h e  
l i n e a r  a m b ie n t  d e n s i t y  d i s t r i b u t i o n  c a n  b e  e x p r e s s e d  as
( A . 3 . 1 )
w h e re B a s e d  o n  th e  s h a l lo w - w a t e r  w a ve  a p p r o x im a t io n ,
t h e  tw o  e q u a t io n s  o f  c o n t i n u i t y  a n d  o f  m o t io n  becom e
( A . 3 . 2 )
a n d
( A . 3 . 3 )
T h e  h y d r o s t a t i c  p r e s s u r e  a s s u m p t io n ,
( A . 3 . 4 )
g iv e s
( A . 3 . 5 )
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F ig u r e  A . 3 . 1  C o o r d in a t e  s y s te m  o f  s u b m e rg e d  d e n s i t y  s p re a d  f l o w s .
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T he  h o r i z o n t a l  p r e s s u r e  g r a d i e n t  c a n  b e  d e r i v e d  d i r e c t l y  
b y  t h e  d i f f e r e n t i a t i o n  o f  E q . ( A . 3 . 5 )
( A . 3 . 6 )
i n  w h ic h  h  =  h ( r ,  t )  i s  t h e  h a l f - t h i c k n e s s  o f  t h e  i n t e r f l o w i n g  l a y e r .
I n t e g r a t i n g  E q s . ( A . 3 . 2 )  a n d  ( A . 3 . 3 )  f r o m  z  =  - h ( r ,  t )  t o  
z = + h ( r ,  t ) ,  i . e .
( A . 3 . 7 )
( A . 3 . 8 )
T h e n , w i t h  t h e  a id  o f  r e l a t i o n s h i p s  f r o m  L e i b n i z '  r u l e :
( A . 3 . 9 )
( A . 3 .1 0 )
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( A . 3 .1 1 )
T h e  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n  g iv e s
( A . 3 .1 2 )
a n d  t h e  k i n e m a t i c  b o u n d a r y  c o n d i t i o n s  a t  i n t e r f a c e ,  n a m e ly ,
( A . 3 .1 3 )
g iv e s
( A . 3 .1 4 )
and
( A . 3 .1 5 )
A g a in ,  a s s u m in g  t h a t  t h e  h o r i z o n t a l  v e l o c i t y  i s  u n i f o r m l y  
d i s t r i b u t e d ,
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( A . 3 .1 6 )
g iv e s  th e  c o n t i n u i t y  e q u a t io n
( A . 3 .1 7 )
a n d  m om entum  e q u a t io n
( A . 3 .1 8 )
B o th  s h a l lo w - w a t e r  w a ve  e q u a t io n s  ( A . 3 . 1 7 )  a n d  ( A . 3 . 1 8 )  w e re  
u s e d  e a r l i e r  b y  M e i (1 9 6 9 )  t o  s o lv e  t h e  i n i t i a l  c o l l a p s e  s ta g e  o f  
a m ix e d  r e g io n  s p r e a d in g  i n  a l i n e a r l y  d e n s i t y - s t r a t i f i e d  e n v i r o n m e n t .
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D E R IV A TIO N  OF S IM IL A R IT Y  SOLUTIONS FOR IN ER TIAL-BU O YAN C Y SPREAD
Two s e t s  o f  s i m i l a r i t y  s o l u t i o n s :  ( 3 . 2 . 1 6 )  a n d  ( 3 . 2 . 3 2 )  a n d
( 3 . 2 . 1 6 )  a n d  ( 3 . 2 . 3 3 ) ,  f o r  t h e  i n e r t i a l - b u o y a n c y  re g im e  o f  b o t h  
s u r f a c e  d e n s i t y  s p r e a d in g  f l o w  a n d  s u b s u r f a c e  d e n s i t y  s p r e a d in g  
f l o w  w i l l  b e  d e r i v e d  h e r e .  T h e  d e r i v a t i o n  t e c h n iq u e  w a s  i n i t i a t e d  
b y  T a y lo r  (1 9 5 0 )  t o  d e te r m in e  th e  s p h e r i c a l  s h o c k  w a v e  p r o p a g a t io n  
p r o d u c e d  b y  a n  in t e n s e  e x p l o s io n .  A  s i m i l a r  t e c h n iq u e  w as  a l s o  
u s e d  b y  L i n  ( 1 9 5 4 ) ,  L a t t e r  (1 9 5 5 )  a n d  R o u s e  ( 1 9 5 9 ) .  A n  o v e r a l l  
r e v ie w  o f  th e s e  s e l f - s i m i l a r  p r o c e s s e s  i n  g a s d y n a m ic s  w a s  g iv e n  i n  
C h a p te r  V I I  o f  t h e  t e x t b o o k  b y  Z e l ' d o v i c h  a n d  R a iz e r  ( 1 9 6 7 ) .  A 
m a t h e m a t ic a l  d i s c u s s io n  o n  t h e  g e n e r a l  t y p e  o f  s e l f - s i m i l a r  s o l u t i o n  
w as  p r e s e n t e d  i n  a  r e v ie w  a r t i c l e  b y  B a r e n b la t t  a n d  Z e l ' d o v i c h  ( 1 9 7 2 ) .  
O th e r  a p p l i c a t i o n  t o  g a s  f l o w s  w e re  a l s o  g iv e n  b y  S a k u r a i  (1 9 6 5 )  a n d  
K o r o b e in i k o v  ( 1 9 7 1 ) .
B .1 S u r fa c e  D e n s i t y  Sp r e a d in g  F lo w s
I n  A p p e n d ix  A tw o  s h a l lo w - w a t e r  w a v e  e q u a t io n s
( B . 1 . 1 )
a n d
( B . 1 . 2 )
3 9 8
w e re  d e r i v e d  t o  d e s c r i b e  f r e e  s u r f a c e  d e n s i t y  s p r e a d in g  a n d  an  
u n d e r f lo w in g  d e n s i t y  s p r e a d .  We now  a ssum e  t h a t  t h e  tw o  u n k n o w n s , 
u  a n d  h ,  o f  t h i s  u n s te a d y  a n d  n o n - u n i f o r m  f l o w  h a v e  th e  f o l l o w i n g  
fo r m
( B . 1 . 3 )
( B . 1 . 4 )
w h e re  t h e  d im e n s io n le s s  v a r i a b l e  ξ  i s  d e f in e d  a s  r / R ( t ) , a n d  R ( t )  i s  
t h e  f r o n t a l  p o s i t i o n  a t  t im e  t ;  k  a n d  ℓ  a r e  tw o  u n k n o w n  r a t i o n a l  n u m b e rs .
S u b s t i t u t i n g  t h e  a b o v e  tw o  r e l a t i o n s  i n t o  t h e  s h a l lo w - w a t e r  w a ve  
e q u a t io n s  g iv e s
( B . 1 . 8 )
and
( B . 1 . 5 )
( B . 1 . 6 )
I n  o r d e r  t o  h o m o g e n iz e  b o t h  E q s . ( B . 1 . 5 )  a n d  ( B . 1 . 6 )  i n t o  a 
d im e n s io n le s s  f o r m ,  o n e  h a s  t o  s e t
( B . 1 . 7 )
399
a n d  assum e
i n  w h ic h  A  i s  a  d im e n s io n a l  c o n s t a n t .  T h u s ,  f r o m  E q s . ( B . 1 . 3 ) ,  
( B . 1 . 4 ) ,  ( B . 1 . 7 ) ,  ( B . 1 . 8 ) ,  ( B . 1 . 9 )  a n d  ( B . 1 . 1 0 ) ,  t h e  s i m i l a r i t y  
s o l u t i o n s  a r e  d e r i v e d  a s  h a v in g  t h e  f o l l o w i n g  fo r m s
( B . 1 . 1 1 )
a n d  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n s  ( B . 1 . 5 )  a n d  ( B . 1 . 6 )  a r e  
re d u c e d  t o
( B . 1 . 9 )
( B . 1 . 1 0 )
a n d
( B . 1 . 1 2 )
( B . 1 . 1 3 )
( B . 1 . 1 4 )
B . 2 S u b m e rg e d  D e n s i t y  S p r e a d in g  F lo w s
T h e  tw o  s h a l lo w - w a t e r  w a v e  e q u a t io n s  i n  t h i s  c a s e  a r e
( B . 2 . 1 )
4 0 0
a n d
( B . 2 . 2 )
i n  w h ic h  N i s  t h e  B r u n t - V ä i s ä lä  f r e q u e n c y  f o r  t h e  l i n e a r l y  d e n s i t y -  
s t r a t i f i e d  a m b ie n t  f l u i d .  A ssum e  now  t h a t  th e  tw o  u n k n o w n s , u  a n d  h ,  
o f  t h i s  u n s te a d y  a n d  n o n - u n i f o r m  f l o w  h a v e  t h e  f o l l o w i n g  fo r m
( B . 2 . 3 )
( B . 2 . 4 )
w h e re  ξ  =  r / R ( t ) , R ( t )  i s  t h e  s u b m e rg e d  i n t e r f l o w i n g  f r o n t  p o s i t i o n  
a t  t im e  t .
S u b s t i t u t i n g  t h e s e  a ssu m e d  fo r m s  i n t o  tw o  s h a l lo w - w a t e r  w a ve  
E q s . ( B . 2 . 1 )  a n d  ( B . 2 . 2 ) ,  g iv e s
( B . 2 . 7 )
( B . 2 . 5 )
( B . 2 . 6 )
T o  h o m o g e n iz e  b o t h  E q s . ( B . 2 . 5 )  a n d  ( B . 2 . 6 )  i n  a  d im e n s io n le s s  
f o r m ,  o n e  h a s  t o  s e t
4 0 1
( B . 2 . 8 )
a n d  a ssum e  t h a t
( B . 2 . 9 )
i n  w h ic h  A  i s  a  d im e n s io n a l  c o n s t a n t .  T h u s ,  f r o m  E q s . ( B . 2 . 3 ) ,  
( B . 2 . 4 ) ,  ( B . 2 . 7 ) ,  ( B . 2 . 8 ) ,  ( B . 2 . 9 ) ,  a n d  ( B . 2 . 1 0 )  t h e  s i m i l a r i t y  
s o l u t i o n s  h a v e  t h e  f o l l o w i n g  f o r m
( B . 2 . 1 1 )
( B . 2 . 1 2 )
a n d  t h e  o r d i n a r y  d i f f e r e n t i a l  E q s . ( B . 2 . 5 )  a n d  ( B . 2 . 6 )  a r e  r e d u c e d  to
( B . 2 . 1 3 )
( B . 2 . 1 4 )
( B . 2 . 1 0 )
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D E R IV A TIO N  OF BOUNDARY CONDITIONS AT THE FRONT 
C .0  I n t r o d u c t i o n
T o  s o lv e  th e  tw o  s i m i l a r i t y  fo r m s  o f  s o l u t i o n  f o r  t h e  s h a l lo w - w a t e r  
w a v e  e q u a t io n s ,  a s  d e r i v e d  i n  A p p e n d ix  B , i t  i s  n e c e s s a r y  t o  f i n d  a p p r o ­
p r i a t e  b o u n d a ry  c o n d i t i o n s .  F o r  s u r f a c e  a n d  b o t t o m  s p r e a d in g  w e h a v e
a n d
F o r  a n  i n t e r f l o w i n g  l a y e r  we h a v e
( C . 0 . 1 )
( C . 0 . 2 )
( C . 0 . 3 )
( C . 0 . 4 )
T h e s e  f u n c t i o n s  t h e r e f o r e  g i v e  t h e  r a t i o  o f  p a r t i c l e  v e l o c i t y  a t  a n y  
l o c a t i o n  t o  t h e  f r o n t a l  p r o p a g a t io n  v e l o c i t y ,  a n d  e x p r e s s  t h e  l o c a l  
R ic h a r d s o n  n u m b e r o f  t h e  s p r e a d in g  l a y e r  i n  te r m s  o f  t h e  f r o n t a l  v e l o c i t y .  
F a y  (1 9 7 1 )  (s e e  L ia n g ,  1 9 7 1 )  u s e d  v o n  K á rm á n ' s  s o l u t i o n ,
( C . 0 . 5 )
APPEN D IX  C
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a s  t h e  b o u n d a ry  c o n d i t i o n s .  H o u l t  (1 9 7 2 )  a n d  F a n n e lo p  a n d  W a ldm an  (1 9 7 2 )  
u s e d  t h e  d o w n s tre a m  s p r e a d in g  l a y e r  t h i c k n e s s  a s  t h e  b o u n d a ry  c o n d i t i o n  
o f  t h e i r  s i m i l a r i t y  s o l u t i o n s .  M o re  g e n e r a l l y ,  a  v a r i a b l e  λ c a n  b e  u s e d  
s o  t h a t
I n  t h i s  a p p e n d ix  tw o  p o s s i b le  s e t s  o f  b o u n d a r y  c o n d i t i o n s  a t  t h e  
f r o n t  w i l l  b e  d e r i v e d  b a s e d  e s s e n t i a l l y  o n  W h ith a m 's  r u l e s  (1 9 7 4 )  f o r  
th e  ju m p s  i n  c o n s e r v e d  p r o p e r t i e s  a c r o s s  t h e  f r o n t .
C . 1 S u r fa c e  D e n s i t y  S p re a d
T h e  s p r e a d in g  f l o w  m o t io n  i n v o l v e s  d i s c o n t i n u i t i e s  i n  t h r e e  
v a r i a b l e s :  d e n s i t y ,  v e l o c i t y  a n d  t h i c k n e s s .  W h i le  we h a v e  tw o
e q u a t io n s ,  c o n t i n u i t y  ( A . 1 . 1 5 )  a n d  m om entum  ( A . 1 . 1 6 ) ,  w h ic h  a r e
( C . 0 . 6 )
( C . 1 . 1 )
a n d
( C . 1 . 2 )
E q u a t io n  ( C . 1 . 2 )  c a n  a l s o  b e  r e w i t t e n  as
( C . 1 . 3 )
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Now s u p p o s e  t h a t  t h e r e  i s  a  s i n g l e  d i s c o n t i n u i t y  l o c a t e d  a t  
r  = r d ( t )  b e tw e e n  tw o  p o s i t i o n s  r  =  r 2 ( t )  a n d  r  =  r 1 ( t ) ,  i . e . ,  
r 2 ( t )  <  r d ( t )  <  r 1 ( t ) . I n t e g r a t i n g  t h e  a b o v e  t h r e e  e q u a t io n s  f r o m  
r  =  r 2 ( t )  t o  r  =  r 1 ( t )  g iv e s
( C . 1 . 4 )
( C . 1 . 5 )
a n d
( C . 1 . 6 )
U s in g  L e i b n i z  r u l e ,  p e r f o r m in g  th e  i n t e g r a t i o n s  a n d  th e n  
a l l o w in g  r 1 ( t )  →  rd+ ( t ) a n d  r 2 ( t )  →  r d - ( t )  g iv e s  t h e  c o n d i t i o n s
( C . 1 . 7 )
o r ( C . 1 . 9 )
( C . 1 . 8 )
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w h e re  [ ] d e n o te s  t h e  ju m p  v a lu e  i n s i d e  b r a c k e t s  b e tw e e n  r ig h t h a n d  
s id e  a n d  l e f t h a n d  s id e  o f  d i s c o n t i n u i t y  a t  r d ( t )  a n d
( C . 1 . 1 0 )
E x p l i c i t l y ,  t h e  t h r e e  b o u n d a r y  c o n d i t i o n s  a t  t h e  f r o n t  f o r  
s u r f a c e  d e n s i t y  f l o w  a r e
a n d
( C . 1 . 1 1 )
( C . 1 . 1 2 )
( C . 1 . 1 3 )
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  r a d i a l  f l o w  ju m p  c o n d i t i o n s  
a r e  e s s e n t i a l l y  t h e  sam e a s  t h e  p la n e  ju m p  c o n d i t i o n s .  B o th  
c a n  b e  e a s i l y  d e r i v e d  f r o m  W h ith a m 's  ( 1 9 7 4 ,  p p .  1 3 8 )  r u l e s ,  
b y  t h r e e  p a r t i a l  d i f f e r e n t i a l  E q s .  ( C . 1 . 1 ) ,  ( C . 1 . 2 ) ,  a n d  ( C . 1 . 3 ) .
C .2  S u b m e rg e d  D e n s i t y  S pread
T h e  tw o  e q u a t io n s  o f  c o n t i n u i t y  and  o f  m om entum n ( A . 3 . 1 7 )  
a n d  ( A . 3 . 1 8 ) ,  a r e
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( C . 2 . 1 )
( C . 2 . 2 )
a n d  t h e  s e c o n d  e q u a t io n  ( C . 2 . 2 )  c a n  b e  r e w r i t t e n  a s
( C . 2 . 3 )
S u p p o s e  t h a t  t h e r e  i s  a s i n g l e  d i s c o n t i n u i t y  l o c a t e d  a t  
r  =  r d ( t )  b e tw e e n  tw o  p o s i t i o n s ,  r  =  r 2 ( t )  a n d  r  =  r 1 ( t ) ,  i . e .  
r 2 ( t )  ≤ r d ( t )  ≤  r 1 ( t ) .  I f  we i n t e g r a t e  t h e  a b o v e  t h r e e  e q u a t io n s  
f r o m  r  = r 2 ( t )  t o  r  =  r 1 ( t )  f o l l o w i n g  th e  same l i m i t i n g  p r o c e d u r e s  
a s  p r e v i o u s l y ,  we f i n d
( C . 2 . 4 )
( C . 2 . 5 )
o r
( C . 2 . 6 )
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w h e re  [ ] d e n o te s  th e  ju m p  v a lu e  i n s i d e  b r a c k e t s  b e tw e e n  th e  
r i g h t h a n d  s id e  a n d  t h e  l e f t h a n d  s id e  a t  a f r o n t a l  d i s c o n t i n u i t y .  
T h e s e  t h r e e  ju m p  d i s c o n t i n u i t y  r e l a t i o n s h i p s  c a n  a l s o  b e  d e r i v e d  
e a s i l y  f r o m  Whi th a m 's  ( 1 9 7 4 ,  p p .  1 3 8 )  r u l e s  a p p l ie d  t o  E q s . ( C . 2 . 1 ) ,  
( C . 2 . 2 ) , a n d  ( C . 2 . 3 ) .
4 0 8
SEDOV' S (1 9 5 7 )  L IN E A R  S IM IL A R IT Y  VELO C ITY  FUNCTION
A l i n e a r  s i m i l a r i t y  f u n c t i o n  f o r  t h e  m ean p a r t i c l e  v e l o c i t y
w as u s e d  b y  S e d o v  (1 9 5 9 )  t o  s o lv e  th e  p r o b le m  o f  s p h e r i c a l  
e x p a n s io n  o f  a  g a s  c lo u d  i n t o  v a c u u m . ( F o r  d e t a i l s  o f  t h i s  
g a s  e x p a n s io n  f l o w ,  s e e  Z e l ' d o v i c h  a n d  R a iz e r  ( 1 9 6 7 ) ,  p p .  2 7 6 - 2 8 1 . )  
T h e  r e a s o n  f o r  s e l e c t i o n  o f  t h i s  l i n e a r  f u n c t i o n  w a s  c l e a r l y  
e x p la in e d  in d e p e n d e n t ly  b y  S ta n y u k o v ic h  ( 1 9 6 0 ) .  T h e  c o n c e p t  o f  
h i s  d e r i v a t i o n  o f  t h i s  l i n e a r  f u n c t i o n  i s  u s e d  h e r e  t o  show  
t h a t  t h e  l i n e a r  f u n c t i o n  i s  a g o o d  a p p r o x im a te  s o l u t i o n  t o  th e  
i n i t i a l  p h a s e  o f  s u r f a c e  a n d  s u b s u r f a c e  d e n s i t y  s p r e a d  f l o w s .
T h e  tw o  s e t s  o f  s h a l lo w - w a t e r  w a v e  e q u a t i o n s ,  w h ic h  w e re  
d e r i v e d  i n  A p p e n d ix  A ,  a n d  u s e d  i n  C h a p te r  3 t o  s o lv e  t h e  i n i t i a l  
s ta g e  o f  d e n s i t y  s p r e a d in g  f l o w s ,  a r e
( D . 1 )
( D .2 )
f o r  t h e  f r e e  s u r f a c e  b o t to m  s u r f a c e  s p r e a d in g  a n d
( D .4 )
APPEND IX  D
( D .3 )
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( D .5 )
E q u a t io n  ( D .5 )  i m p l i e s  t h a t  t h e  m ean p a r t i c l e  v e l o c i t y  
m u s t h a v e  t h e  fo r m
w h ic h  m eans t h a t  t h e  m ean f l u i d  p a r t i c l e  v e l o c i t y  i s  p r o p o r t i o n a l  
t o  t h e  l o c a t i o n  r .  S u b s t i t u t i n g  E q . ( D .6 )  i n  E q s . ( D . 1 ) a n d  
( D . 3 ) ,  g iv e s
( D .7 )
o r
( D .8 )
( D .6 )
f o r  s u m b e rg e d  i n t e r f l o w s .
C o n s id e r  t h e  c a s e  w h e n  th e  g r a d i e n t  o f  th e  s p r e a d in g
t h i c k n e s s , , i s  r a t h e r  s m a l l .  T h e n , tw o  p r e s s u r e  g r a d i e n t
te r m s  i n  b o t h  m om entum  e q u a t io n s  ( D .2 )  a n d  ( D . 4 ) , a n d
, a r e  s m a l l  i n  c o m p a r is o n  w i t h  t h e  i n e r t i a l  te r m .
T h e r e f o r e ,  t h e  tw o  m om entum  e q u a t io n s  c a n  b e  a p p r o x im a te d  b y  
t h e  e q u a t io n
4 1 0
w h ic h  i m p l i e s  t h a t
( D .9 )
F o r  a f i x e d  l o c a t i o n  r  =  r 1 , s p r e a d in g  l a y e r  t h i c k n e s s  i s  i n v e r s e l y  
p r o p o r t i o n a l  t o  t n + 1 . T h e s e  tw o  fo r m s  w e re  fo u n d  i n  S e c t io n  3 . 2 . 7  
f o r  t h e  s u r f a c e  s p re a d  l a y e r  a s
( D .1 0 )
i n  w h ic h  tw o  t h i c k n e s s  s c a le s  h 1  a r e  l i s t e d  r e s p e c t i v e l y  i n  
T a b le  3 . 2 . 1  ( f o r  s u r f a c e  s p r e a d in g  l a y e r )  a n d  T a b le  3 . 2 . 2  ( f o r  
s u b m e rg e d  s p r e a d in g  l a y e r )  f o r  e a c h  i n i t i a l  s h a p e  o f  r e le a s e d  
v o lu m e .  T h e  f r o n t a l  d i s t a n c e  R  =  R ( t )  i s  p r o p o r t i o n a l  t o  t im e  
t  w h e n  t  i s  v e r y  l a r g e .
a n d  f o r  t h e  s u b m e rg e d  s p r e a d  l a y e r  as
( D . 1 1 )
4 1 1
D E R IV A TIO N  OF VISCOUS LONG WAVE EQUATION FOR D EN S ITY  SPREADING FLOWS
Two v i s c o u s  lo n g  w a v e  e q u a t io n s  d e s c r i b i n g  th e  v is c o u s - b u o y a n c y  
r e g i o n  o f  b o t h  s u r f a c e  a n d  s u b m e rg e d  d e n s i t y  s p r e a d in g  f l o w s  w i l l  b e  
d e r i v e d  h e r e .
E . 0  B a s ic  E q u a t io n s  a n d  A s s u m p t io n s
T h e  N a v ie r - S t o k e s  e q u a t io n s  d e s c r i b i n g  v i s c o u s  s u r f a c e  a n d  s u b m e rg e d  
d e n s i t y  s p r e a d in g  f l o w s  a r e
( E . 0 . 1 )
( E . 0 . 2 )
a n d  t h e  c o n t i n u i t y  e q u a t io n  i s
( E . 0 . 3 )
i n  w h ic h  u  a n d  w a r e  r e s p e c t i v e l y  th e  u n s te a d y  h o r i z o n t a l  a n d  v e r t i c a l  
v e l o c i t y  o f  th e  s p r e a d in g  f l u i d ,  a n d  i s  i t s  m ass d e n s i t y  a n d  ν  i s  
i t s  k i n e m a t i c  v i s c o s i t y .  ∇ 2 i s  t h e  L a p la c ia n  o p e r a t o r .  T h e  c o o r d in a t e  
s y s te m  f o r  f r e e  s u r f a c e  s p r e a d in g  f l o w  i s  sh o w n  i n  F ig u r e  3 . 2 . 1 ( a )  a n d  
t h a t  f o r  s u b m e rg e d  s p r e a d in g  f l o w  i n  F ig u r e  3 . 2 . 1 ( c ) .  T h e  p o s i t i v e  s i g n  
b e f o r e  th e  g r a v i t a t i o n a l  te r m  g i s  f o r  th e  s u r f a c e  s p r e a d in g  c a s e  a n d  th e
APPEND IX E
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n e g a t i v e  s i g n  f o r  t h e  s u b m e rg e d  s p r e a d in g  c a s e .
I n  o r d e r  t o  s i m p l i f y  t h e  a b o v e  t h r e e  e q u a t io n s ,  t h e  f o l l o w i n g  
a s s u m p t io n s  a r e  m a d e :
1 .  A  lo n g  w a v e  a p p r o x im a t io n  i s  a p p l i c a b l e .  T h e  h o r i z o n t a l  
l e n g t h  s c a le  i s  m uch  l a r g e r  th a n  th e  v e r t i c a l  l e n g t h  s c a le  
s o  t h a t  th e  v a lu e  o f  t h e  v e r t i c a l  c o m p o n e n t o f  f l u i d  p a r t i c l e  
v e l o c i t y  i s  n e g l i g i b l e  i n  c o m p a r is o n  w i t h  t h a t  o f  t h e  h o r i ­
z o n t a l  c o m p o n e n t ,  i . e .  w << u ,
2 .  T h e  i n e r t i a l  f o r c e  i s  n e g l i g i b l e  i n  c o m p a r is o n  t o  th e  v is c o u s  
f o r c e ,  i . e .  D u /D t  << ν  ∇ 2u  a n d  D w /D t << ν  ∇ 2w ,
3 .  A  b o u n d a r y - la y e r  t y p e  a s s u m p t io n  f o r  t h e  v i s c o u s  f o r c e  te r m s  
i s  a p p l i c a b l e  so  t h a t  t h e  v i s c o u s  f o r c e  te r m s  a r e  d o m in a te d  
b y  t h e  v e r t i c a l  g r a d i e n t  te r m s  r a t h e r  th a n  h o r i z o n t a l  g r a d i e n t  
t e r ms ,  i . e .
W i th  th e s e  a s s u m p t io n s ,  t h e  N a v ie r - S t o k e s  e q u a t io n s  a r e  s i m p l i f i e d  
t o  a  r e l a t i o n s h i p  g i v i n g  a  b a la n c e  o f  h o r i z o n t a l  p r e s s u r e  f o r c e  w i t h  
v i s c o u s  f o r c e ,
a n d  a  h y d r o s t a t i c  p r e s s u r e  d i s t r i b u t i o n  g iv e n  b y
( E . 0 . 4 )
( E . 0 . 5 )
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E . 1 V is c o u s  S u r fa c e  D e n s i t y  S p re a d
S in c e  t h e  h o r i z o n t a l  g r a d i e n t  o f  t h e  s p r e a d in g  l a y e r  t h i c k n e s s  
i s  r a t h e r  s m a l l ,  t h e  s u p e r - e l e v a t i o n  o f  a s p r e a d in g  l a y e r  a b o v e  th e  
f r e e  s u r f a c e  w i l l  b e  g i v e n  b y
( E . 1 . 1 )
w h ic h  c a n  b e  d e r i v e d  f r o m  t h e  e q u i l i b r i u m  o f  h y d r o s t a t i c  p r e s s u r e  
a lo n g  t h e  i n t e r f a c e .
T h e  p r e s s u r e  f o r c e  i n s i d e  t h e  s p r e a d in g  l a y e r  i s  th e n
( E . 1 . 2 )
w h e re  t h e  d im e n s io n le s s  d e n s i t y  d i f f e r e n c e  Δ i s  d e f in e d  b y
Δ = (ρ a -  ρs ) /ρ s . T h u s ,  t h e  h o r i z o n t a l  p r e s s u r e  g r a d i e n t  
b e co m e s
( E . 1 . 3 )
We a ssum e  t h a t  t h e  v e r t i c a l  g r a d i e n t  o f  h o r i z o n t a l  f l u i d  
v e l o c i t y  a t  t h e  l e v e l  o f  f r e e  s u r f a c e  w i l l  b e  v a n i s h in g ,  i . e .
( E . 1 . 4 )
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a n d  t h a t  t h e  v a lu e  o f  t h e  h o r i z o n t a l  f l u i d  v e l o c i t y  a t  th e  i n t e r f a c e  
i s  n e g l i g i b l e ,  i . e .
I n t e g r a t i n g  t h e  a p p r o x im a te d  N a v ie r - S t o k e s  e q u a t io n ,
( E . 1 . 6 )
t w i c e ,  g iv e s  t h e  h o r i z o n t a l  c o m p o n e n t o f  f l u i d  v e l o c i t y ,
( E . 1 . 7 )
I n t e g r a t i n g  t h e  c o n t i n u i t y  e q u a t io n  f r o m  z = - δ ( r ,  t )  t o  
z = h ( r ,  t ) , g iv e s
( E . 1 . 8 )
so  t h a t  w i t h  t h e  k i n e m a t i c  b o u n d a r y  c o n d i t i o n s
( E . 1 . 9 )
( E . 1 . 1 0 )
( E . 1 . 5 )
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o n e  h a s
( E . 1 . 1 1 )
F ro m  E q s . ( E . 1 . 1 1 )  a n d  ( E . 1 . 7 ) ,  t h e  i n t e g r a l  t e r m  i n  E q . ( E . 1 . 1 1 )  
b e co m e s
( E . 1 . 1 2 )
T h u s ,  t h e  c o n t i n u i t y  r e l a t i o n s h i p  ( E . 1 .1 1 )  i s  r e d u c e d  t o
( E . 1 . 1 3 )
o r
( E . 1 . 1 4 )
F o r  th e  c a s e  o f  a  p la n e  v i s c o u s  s p r e a d in g  l a y e r ,  E q . ( E . 1 . 1 4 )  
b e co m e s
( E . 1 . 1 5 )
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w h ic h  i s  i n  t h e  same fo r m  d e r i v e d  b y  S . H . S m ith  ( 1 9 6 9 ) ,  P . S m ith  (1 9 6 9 )  
a n d  B u c k m a s te r  (1 9 7 7 )  f o r  a  p la n e  v i s c o u s  s h e e t  a d v a n c in g  o v e r  a 
h o r i z o n t a l  d r y  b e d  (s e e  F ig u r e  3 . 2 . 1 ( b ) )  e x c e p t  f o r  t h e  r e d u c e d  g r a v i t a ­
t i o n a l  te r m  g Δ .
We a ssu m e  t h a t  t h e  s i m i l a r i t y  s o l u t i o n  f o r  t h e  t h i c k n e s s  o f  a 
v i s c o u s  s p r e a d in g  l a y e r  w i l l  b e
S u b s t i t u t i n g  t h i s  a s s u m p t io n  i n t o  t h e  v i s c o u s  lo n g  w a v e  E q . ( E . 1 . 1 4 )  
g iv e s
I n  o r d e r  t o  h o m o g e n iz e  t h e  d im e n s io n  i n  b o t h  s id e s  o f  E q . ( E . 1 . 1 7 ) ,  o n e  
m u s t s e t
( E . 1 . 1 6 )
( E . 1 . 1 7 )
( E . 1 . 1 8 )
s o  t h a t  th e  s i m i l a r i t y  a s s u m p t io n  ( E . 1 . 1 6 )  b e co m e s
( E . 1 . 1 9 )
w h e re  t h e  d im e n s io n le s s  v a r i a b l e  ξ  i s  d e f i n e d  a s  r / R ( t ) ,  R ( t )  b e in g  th e  
f r o n t a l  d is p la c e m e n t  a t  t im e  t .
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E . 2 V is c o u s  S u b m e rg e d  D e n s i t y  S p re a d
T he  c o o r d in a t e  s y s te m  f o r  t h e  p r e s e n t  c a s e  i s  sh o w n  i n  F ig u r e s  
3 . 2 . 1 ( c )  a n d  A . 3 . 1 .  A ssum e  t h a t  t h e  d e n s i t y  o f  i n t e r f l o w i n g  f l u i d  i s  
u n i f o r m  a n d  t h e  f l o w  i s  r a d i a l l y  s y m m e t r ic .  T h e  N a v ie r - S t o k e s  
e q u a t io n s  f o r  t h i s  c a s e  b ecom e
f o r  t h e  h o r i z o n t a l  c o m p o n e n t a n d
( E . 2 . 1 )
( E . 2 . 2 )
f o r  t h e  v e r t i c a l  c o m p o n e n t .  T h e  u n s te a d y  p r e s s u r e  d i s t r i b u t i o n  a t  
e a c h  p o i n t  ( r ,  z )  b e co m e s
( E . 2 . 3 )
a n d  t h e  h o r i z o n t a l  p r e s s u r e  g r a d i e n t  b e co m e s
( E . 2 . 4 )
4 1 8
w h e re
( E . 2 . 5 )
i s  c o n s id e r e d  c o n s t a n t .
T h e  i n t e r f l o w i n g  f l u i d  p a r t i c l e  v e l o c i t y  c a n  b e  fo u n d  b y  i n t e g r a t ­
i n g  E q . ( E . 2 . 1 )  o r  E q . ( E . 2 . 6 ) :
( E . 2 . 6 )
f r o m  z = 0 t o  z f o r  t h e  f i r s t  i n t e g r a t i o n
( E . 2 . 7 )
a n d  f r o m  z = h  t o  z f o r  t h e  s e c o n d  o n e
( E . 2 . 8 )
a n d  u s in g  t h e  b o u n d a r y  c o n d i t i o n s
( E . 2 . 9 )
a n d
( E . 2 .1 0 )
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I n t e g r a t i o n  o f  c o n t i n u i t y  E q . ( E . 0 . 3 )  f r o m  z = - h ( r ,  t )  t o  
z = h ( r ,  t ) ,  w i t h  t h e  b o u n d a r y  c o n d i t i o n s
( E . 2 . 1 1 )
g iv e s
( E . 2 . 1 2 )
S u b s t i t u t i n g  E q . ( E . 2 . 8 )  i n  E q . ( E . 2 . 1 2 ) ,  g i v e s  t h e  v i s c o u s  lo n g  
w a v e  e q u a t io n  f o r  t h e  i n t e r f l o w i n g  s p r e a d in g  l a y e r  a s
( E . 2 . 1 3 )
o r  m o re  s im p ly
( E . 2 . 1 4 )
A s s u m in g  a s i m i l a r i t y  s o l u t i o n  o f  t h e  fo r m  ( E . 1 . 1 6 )  g i v e s  th e  
r e d u c e d  o r d i n a r y  d i f f e r e n t i a l  e q u a t io n  a s
( E . 2 . 1 5 )
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s o  t h a t  f o r  d im e n s io n a l  h o m o g e n e i ty
( E . 2 . 1 6 )
a n d  t h e  s i m i l a r i t y  s o l u t i o n  m u s t b e  i n  t h e  f o l l o w i n g  fo r m
( E . 2 . 1 7 )
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